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Statistical and regression analyses of sands stiffness in triaxial tests and
application of the results

SHARAFUTDINOV Rafael

Gersevanov Research Institute of Bases and Underground Structures (NIIOSP), Research Center of Construction, Moscow, Russia

Abstract: The density and stress state significantly impact on the sand stiffness. Many of hardening soil models used for geotechnical
computation are based on Duncan-Chang model and do not consider the influence of density on the soil stiffness. In course of triaxial
compression of very dense or loose sands, the shear strains rise induces significant changes in density. In order to evaluate the effects of
grain size distribution, density, and stress state on stiffness, the results of 962 isotropic triaxial tests on soil samples from 15 Moscow and
Minsk construction sites were processed using statistical and regression analysis. As a result, empirical equations enabling evaluation of
the effects of density and stress state on stiffness of sands with different particle size distribution were proposed. Comparative analysis
of tests performed on alluvial and continental soils from Europe, India, and the United States sites showed that the sand stiffness is in the
same range as sands from Moscow and Minsk sites. Proposed equations can be applied for preliminary estimation of the stiffness
parameters for finite element method calculation and also can be used in geotechnical models that allow variability, horizontal and
vertical distribution of stiffness to be taken into account. Additionally, the semi-empirical relationship based on the Duncan-Chang
model, is proposed. The relationship provides more realistic results for loose and extra dense sands affected by large deformations
and/or complex loading paths, when the changes in density influence soil stiffness. Generally, geotechnical engineers may utilize the
obtained results to apply them to design of complex soil models.
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1 Introduction Using Eq. (1), Duncan and Chang proposed the

o . following equation to estimate tangent modulus E; for
Triaxial compression is the most common method £ & '

. . . . different strain states!’):
for characterizing mechanical properties of soil and

1
rockl'™. The International Standards ASTM D2850, z
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test results are used for computing of different soil where Sz&is stress level; R, :1—3)f
models that successfully characterize the soil behavior (01 -3); (0 -05),,
. . is the failure ratio that is always less than one and
realistically. Therefore, for the past 30 years, triaxial .
. 2ccosp+20;sing
tests have been used to determine soil stiffness!*. derived from test results, (o, —03), = I—sing

The soil behavior in terms of triaxial compression
[5-6]

¢ is the cohesion of soil, ¢ is the internal friction angle

can be approximated by a hyperbolic function of soil.

using the following equation (Fig. 1).
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is the
axial strain in the direction of deviatoric stress; and

where E; is the initial tangent modulus; &
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(0, —03,),, 1sanasymptotic value of stress difference.
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The tangent modulus value for any stress conditions

can be expressed by following®!:

E,=(-R.S)Kp, [ﬁj 4

where o3 is the minor principal stress; pa. is the
atmospheric pressure (100 kPa); K is the modulus

number; n describes the rate of variation of E; with o3,
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and it is the power index associated with the stress
level S.

Equation (4) results from a standard triaxial test
performed at a constant minimum stress rate. For
evaluating plane and volumetric strains, the specimen
destruction and its stress state should be considered
with respect to three principal stresses.

The Duncan and Chang variable stiffness model
has been widely applied to FEM analyses of soil-structure
interaction®. For example, the PLAXIS hardening soil
model utilizes the dependence that considers cohesion

pressure ¢ cot ¢ 1

tp+o, |
Eyy = EX (—CCO % J (5)
ccotp+ o,

where EL' is the reference secant modulus at the
mobilization of 50% of the maximum shear strength,
corresponding to a reference confining pressure o3
assumed as 0.1 MPa. The Esp parameter has been
considered due to unambiguity of its definition. Similar
general principles using Eso stiffness are used in
hardening soil models implemented in Midas GTS NX,
OPTUM, Z-Soil, etc. software.
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Fig.1 Results of the test on the medium sand e = 0.52 under
a different radial pressure

Nelson et al.l''l, Breth, Schuster et al.'?} as well as
Nelson et al.l"¥ proposed more complex variable stiffness
models than Duncan and Chang. Corotis et al.'¥l

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
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proposed a quasi-variable model, in which the strain
was considered as a function of stress and strain rates.

The most advantageous feature of the variable
stiffness models is its simplicity. However, it precludes
the coupling between the deviatoric and volumetric
components, which is a significant property of dilatant
materials such as cohesionless soil. In addition, none
of the proposed variable-stiffness models satisfies the
continuity condition!!%),

The drawback of the models!’ ™! lies in the fact
that the accepted relations do not consider the effect of
physical properties of soil on shear stiffness. Figure 2
shows the results of triaxial tests on three sand specimens
with the same initial void ratio. It is noticeable that
during triaxial compression, the void ratio is changing
significantly and affects the actual stiffness.
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Fig.2 Results of tests on different sands with the same
initial void ratio ei= 0.6 and confining pressure of 200 kPa

Another essential drawback is that the statistical
variability of stiffness is not considered in both the
horizontal and vertical directions. For most computational
problems, the overall results of calculations show good
agreement with observational data. In some cases, for
sensitive models, the stiffness distribution significantly
affects the settlement, particularly for those with
heterogeneous inclusions!'®. In fact, Paice et al.l'”!
showed that the average settlement could increase by
12% with increasing non-uniformity of the soil under
foundation. Furthermore, the bearing capacity could
change by 20%—30% with the coefficient of variation
of the parameters!'®. This significantly affects the design
decisions.

Presently, statistical geotechnical models, which
take into account the horizontal or vertical distribution
of properties, are becoming increasingly widespread!’ .
Simulations that consider the soil property distribution
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more accurately reflect the basement behavior more

(29 The usage of regression relationships

realistically
and machine learning methods for developing these
calculation methods is very perspective and it is the
most powerful tool for studying the influence of
factors on soil properties®! 23],

However, existing correlations seldom incorporate
the required input parameters for FEM calculation and
they are made for specific regions: a few publications?* 2’
present the analysis of a limited number of tests and
do not encompass particle size distribution or density
of most types of sands. In case of variability of
physical properties, they do not provide the possibility
to evaluate the stiffness with sufficient reliability. The
published data do not consider the variability of the
soil properties, and therefore, should be used cautiously.

Considering the widespread use of various correlational
relationships in engineering practice (at least for
preliminary calculations in Russia), a thorough analysis
of the experimental data collected for a wide range of
sand is conducted.

This paper presents results of the statistical analysis
of the stiffness parameters obtained through triaxial
compression tests on sand specimens from Moscow
and Minsk. A method of evaluation the stiffness Eso
has been developed considering the grain size distribution,
actual stress level, and initial void ratio. The data can
be applied for estimation of the sand stiffness without
any further testing. Proposed equations can be used in
geotechnical models that allow variability, horizontal
and vertical distribution of stiffness to be taken into
account. Additionally, the semi-empirical relationship
based on the Duncan-Chang model, is proposed. The
relationship provides more realistic results for loose and
extra dense sands affected by large deformations and/or
complex loading paths, when the changes in density
influence soil stiffness. Generally, geotechnical engineers
may utilize the obtained results to apply them to design
of complex soil models.

2 General description of investigated soil

Experimental data include results of triaxial
compression tests on soil specimens collected at 15
construction sites in Moscow (Russia) and in Minsk
(Belarus) (Fig. 3). The sands were classified based on
the Russian GOST 25100 classification system, where
sand is graded according to the predominant particles’
diameter (Table 1). Table 2 shows the physical and
mechanical properties of the sand.

Published by Rock and Soil Mechanics, 2022

The results of 962 isotropic consolidated drained
triaxial tests were processed through statistical and
regression analysis. Reconstituted soil specimens were
prepared from the disturbed soil samples by compacting
sand in the air or under water.

During the compaction in the air, dry sand was
poured in layers through a funnel on the membrane
stretched over a special sample former. Thereafter, the
specimen was compacted to a required density either
by tamping on the mold or by vibration. The sand
compaction under water was performed on the saturated
sand. The sand was poured on the membrane filled
with water and thereafter compacted to a required density
by tapping on the mold or by vibration according to
ISO 17892-9-2018%!, ASTM D7181-2017, and GOST
12248.3-20201%],

The initial diameter of the test specimen varied
from 38 mm to 76 mm and H/D=2. Deviator stress was
applied under the stress-controlled or strain-controlled
loading mode. Though the loading type is pivotal,

according to many studies!? 3

, it mainly affects the

post-peak parameters which are not considered here.
The test procedure was performed according to

GOST 12248.3-2020%! and conformed to ASTM

D7181-2087 and ISO 17892-9-2018!2¢.
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Fig.3 Layout of the construction site locations

Table 1 Classification of sand based on particle size
distribution?®!

Type of sand Diameter of particles /mm  Particle distribution /%
Gravel sand >2 >25
Coarse sand >0.5 >50
Medium sand >0.25 >50
Fine sand >0.10 =175
Silty sand >0.10 <75
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Table 2 Physical and mechanical sand properties of different construction sites

Construction site Sand age and type  Sample size N e c /kPa @/(°) o3 /MPa Eso /MPa E../MPa
Q — coarse 3 - 6 34.8 0.05—0.20 22.1—27.9 -
. Q — medium 18 0.35—0.47 4—17 35.7—412 0.05—0.30 19.5—60.2 -
Okskaya subway station*
Q —fine 69 0.36—0.71 4—10 29.7—39.6 0.05—0.65 17.1—45.6 -
Q —silty 33 0.42—0.70 8§—11 31.6—382 0.05—045 17.4—39.1 -
Q — medium 18 0.58—0.62 1—=7 32.1—404 0.05—0.55 18.1—44.3 64.5—105.3
) Q — fine 9 0.574 5—=17 345—372 0.10—0.60 28.7—44.0 61.2—88.2
Stakhanovskaya subway station* .
Q —silty 3 0.606 3—9 342—39.2 0.10—0.55 24.7—30.9 62.5—65.6
J — fine and silty 9 044—0.69 6—12 349—38.1 0.15—0.75 23.5—513 72.5—14538
. ) Q — coarse 20 0.50—0.83 1 41.0 0.02—0.06 18.1—39.0 73.5—99.4
Luzhniki stadium/3!}-¥ ]
Q — medium 40 0.52—0.87 3—11 34.0—37.0 0.02—0.06 7.9—46.5 60.5—120.0
Q — coarse 1 0.48 - - 0.35 34.1 -
Q — medium 5 0.50—0.63 1—=7 34.0—37.0 0.03—0.75 11.2—41.1 -
Q —fine 2 0.53 4 359 0.27—0.30 32.5—33.0 -
Subway between stations Michurinsky .
prospect and Aminevskoe highway* Q —silty 8 0.54—0.73 3—6 322—36.0 0.025—0.32 8.5—25.7 -
J — fine and silty 5 0.53—0.60 3—5 33.0—34.8 047—0.75 29.4—36.5 -
K — medium 2 0.48 5 355 0.27—0.37 354—36.0 -
K — fine and silty 31 0.50—0.73 3—13  31.0—36.0 0.36—0.95 23.5—41.8 -
Q — coarse 37 0.44—0.70 0—2 358—404 0.03—0.28 11.4—52.4 41.7—137.8
Q — medium 69 0.49—0.77 1—4 30.0—37.0 0.01—0.19 5.0—39.1 19.6—127.6
Subway between stations of Q —fine 47 0.52—0.78 0—7 26.0—35.0 0.02—0.18 8.7—359 13.7—107.2
Narodnigo opolchenia street and Q —silty 12 0.54—0.58  6—7 33.0 0.09—022 84—27.7 27.8—89.4
Khoroshovskoe highway* .
J — fine and silty 24 0.48—0.60 4—=7 34.0—35.0 0.21—0.57 11.2—33.1 42.0—130.2
K — fine 6 0.54—0.57 7 36.0 0.12 20.4—29.8 65.0—97.1
K —silty 6 0.57—0.59 6 35.0 0.12 11.5—18.1 35.8—56.8
Q — medium 58 0.50—0.70  9—41 299—363 0.10—1.50 14.9—93.9 52.2—403.0
NIIOSP experimental site 2018% k32 Q —fine 27 0.50—0.70 0—22 343—40.6 0.10—0.50 17.1—243.0 88.0—234.8
Q —silty 27 0.50—0.70 9—28 33.8—41.4 0.10—0.50 10.7—113.3 92.4—255.3
. . Q — medium 36 0.56—0.64 11—12 35.7—35.8 0.08—0.58 11.4—76.3 74.7—266.0
Kosino subway station®*
Q —fine 36 0.51—0.63 9—22 33.5—36.8 0.08—0.58 5.9—50.9 59.5—248.4
Q — medium 38 0.45—0.61 1—82  359—393 025—1.50 25.7—325.0 3588
Minsk® Q — fine 31 041—0.63 9—76 359—40.6 020—1.30 25.0—158.1239.4~301.4
Q —silty 4 0.51—0.61 27 39.2 0.20 45.1—474 -
) Q — coarse 2 - 7 34.9 0.35—0.36 83.9—122.4390.8—487.7
VDNH complex reconstruction ¢
Q — medium 5 - 0—7 36.9 0.35—0.52 97.3—140.6329.7—375.2
Q — medium 45 0.46—0.64 1—6 32.1—39.0 0.01—0.22 6.3—49.6 263—184.0
Aviamotornaya subway station ¢ Q — fine 22 0.53—0.54 6—10 35.8—399 0.05—0.13 12.5—29.1 72.4—111.6
Q —silty 25 0.56—0.57 5—10 30.0—33.9 0.09—0.17 12.5—29.1 53.4—84.1
) Q — coarse 3 0.50 1 38.0 0.02 3.0—4.0 109—15.6
Shelepikha transport hub *
Q — medium 6 0.53—0.63 1 35.0 0.03 42—69 123—264
Q — coarse 3 0.49 3 34.0 0.26 22.4—28.5 163.2—175.3
Setun’ tower 23] Q — medium 3 0.63 2 33.0 0.21 36.9—37.7 56.8—88.8
K —silty 6 0.60 10 35.0 0.37 19.7—39.5 146.2—288.1
NIIOSP experimental site 2019 *[33] Q — medium 9 0.52 6 36.8 0.03—0.15 9.6—30.6 61.9—119.9
Troekurov's chamber® Q — medium 6 0.60—0.67 1 34.0 0.10 8.6—21.9 -
Q — medium 21 0.64—0.69 2 30.0—32.6 0.12—0.96 7.7—44.2 -
Michurinsky prospekt transport hub* J —fine 15 0.56—0.59  2—7  27.5—30.0 020—0.83 10.5—44.4 -
K — fine 27 0.54—0.56 1—7 29.0—329 0.13—0.73 9.5—352 -
o ) ) Q — coarse 3 0.51—0.53 1 34.0 0.15—0.20 36.1—38.8 -
Luzhniki rhytmic gymnastic center .
Q — medium 8 0.53—0.66 3—6 33.0—35.0 0.10 324—43.0 -

Note: a — tests processed by the author; k — strain-controlled loading mode; s — stress-controlled loading mode; Q — Quaternary age; K — Cretaceous age; J —

Jurassic age.
The research was carried out on the soil, that (7.6%), and Jurassic-age (6%) sands. The depth of
comprised Quaternary-age (86.4%), Cretaceous-age sampling varied from 0.8 m to 58.1 m. The sand

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
DOI: 10.16285/j.rsm.2022.00006
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presented here was mainly of quartz or feldspar genesis.
The Quaternary sample consisted of alluvial and lacustrine
sediments (48%), fluvioglacial and glaciolacustrine
sediments (51.7%), as well as moraine sediments
(0.3%). The pre-Quaternary sample consisted of the
Cretaceous-age (54%) and Jurassic-age (43%) sand.
The following sand parameters were determined
from the standard drained triaxial test results: secant
modulus determined at 50% strength Eso; unloading—
reloading modulus standard
(isotropic) drained triaxial test Ey (Fig. 4); Poisson’s
ratio v; unloading-reloading Poisson’s ratio Uy

determined by the

effectives angle of friction and cohesion.

Failure point
‘ -
P
& Eso o, -0,
é 1 2
@
=
2
3
%
Q Elll'
0,~0,
1 2

o »
Axial strain g

Fig.4 Definition of stiffness parameters

3 Methods and results of statistical and
regression analysis

3.1 Methods

The correlation and regression statistical data analysis
technique was employed using MS Excel and IBM
SPSS Statistics. The following stiffness parameters were
analyzed: stiffness Eso and Ey, Poisson’s ratios v and
Uur, and the ratio of unloading-reloading modulus and
secant modulus at 50% strength:

ky =— (6)

At present, these parameters are used as input data
for FEM computation for the hardening soil models and
are of greatest interest for geotechnical engineers.

It should be noted that the ratio between Eso, Eoed
and Ey is not constant and depends on the type of
soil'%. The kg parameter was introduced for statistical
analysis.

The experimental approach is as follows.

In the first stage, the experimental data were
incorporated in a total sample. The strength of
relationships was estimated via correlation analysis
without considering the particle size distribution. The
Pearson’s correlation coefficient p, significance level

Published by Rock and Soil Mechanics, 2022

(using P-value), and sample correlation ratio 7 343

were calculated via statistical analysis.

The Pearson’s correlation coefficient p is widely
used in statistical analysis. It evaluates the correlation
relationship among the parameters and lies in the ranges
from —1 to 1. The closer its value is to 1 (or —1), the
stronger is the degree of linear relationship between
parameters. If the p value is close to zero, it indicates a
weak linear strength of relationship

The correlation parameter 7 is the ratio of a
between-group dispersion to the total dispersion. It
estimates the strength of the non-linear correlation
relation between the parameters and ranges from zero
to one. If 7 is close to zero, the strength of relationship
is weak or does not exist; if it is close to one, the
relationship is strong. The correlation ratio and the
Pearson’s correlation coefficient satisfy the condition
n=p.

The correlation analysis
significant factors and nature of the relationship (linear
or non-linear). Relationship in correlation interaction

revealed the most

was analyzed at the significance level a =0.05. This
corresponds to the GOST 20522 requirements for
calculating soil safety factor.

It is well known that stiffness depends on the soil
density, stress state, and strength(® 27 Therefore, the
following factors that are considered to affect the soil
stiffness were analyzed:

Initial void ratio e;.

Stress state considered as radial stress o3 and
relative radial stress!'”! that is expressed as:

RRS = _CC0tPtos 7
ccoto+ 0oy,

Strength properties: the friction angle ¢, cohesion
¢, and cohesion pressure H = ccote.

Stiffness parameters: Eso, Eyu, and the Poisson’s
ratios v and vy

The RRS parameter includes the reference radial
stress and takes into account the dependency of stiffness
properties on the soil stress state. Here, the reference
pressure ozrer is considered as 0.1 MPa.

These stiffness parameters were chosen because
they were used to characterize sand during engineering
surveys at different construction sites (at least in Russia)
and in FEM calculations.

In the second stage, the influence of stress state
and density was studied in detail, based on the particle
size distribution. Due to the variations in the roundness,
mineral composition, and admixtures of the sand material,
the total sample was provisionally divided into Quaternary
and pre-Quaternary groups. Influence of age was not
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investigated in detail as all the samples were disturbed,
and the soil skeleton as well as the pore voids were not
appropriately inspected.
3.2 Analysis of the total sample

The relationships between all parameters are highly
non-linear (Table 3). The radial stress o3 and RRS
considerably affect the sand stiffness Eso, Eu. The
stiffness—RRS relationship is 10% stronger than the
stiffness—o3 relationship associated with the strength
parameters considered in RRS. However, 7 between
RRS and E5 or Eyr exceeds p by 1.3—1.6 times and 7
is close to one. It indicates a non-linear relationship.
Therefore, it is preferable to use RRS for a more
effective description of the relation between stiffness
and stress state.

Table 3 Correlation parameters for the total sample

Stiffness Factor
parameter s H RRS ¢ ¢ Esx Ex 0 ou
p -0.18" 0.68° 038" 0.62° 021" 040° - - — -
Esx 1 064 088 077 098 065 070 - - - -
N 918 962 962 962 962 962 - - - -
p —0.14% 075" 042° 074" 0.16" 049" 0.84° - — -
060 093 082 098 076 066 097 — — -
520 532 532 532 532 532 515 - - -
0.05 —0.08°—0.16° —0.08 0.01 —0.16° 0.03 009 — -
044 070 074 082 051 042 086 069 — -
547 587 587 587 587 587 580 322 - -
0.04 —0.25" —0.02 —0.25" —0.02 —0.06-0.28"-0.24"—0.03 —
036 070 058 073 032 045 090 091 080 -
249 249 249 249 249 249 249 248 249 —
0.09% —0.06 006 —0.04 —0.02 0.07 —031%0.10% 0.12 0.06
ke 7 055 071 075 087 065 071 089 093 0.66 0.92
N 508 515 515 515 515 515 515 498 322 248

=
3

Our

"N=23I D =23 v o=

Note: * — correlation relationship at significance level o = 0.05.

The initial void ratio has a significant effect on Eso,
E.r; nonetheless, its effect is less influential than the
stress state effect. Non-linear behavior prevails here,
and 7 exceeds p by 3.5 times. Similar non-linear
influence of density on some types of sands have also
been reported® '°. Moreover, the same relationship
can be observed during triaxial or oedometer tests.
When analyzing the stiffness according to triaxial test
results, the essential non-linear influence of the void
ratio should be taken into account.

The relationship between stiffness and strength is
statistically significant, but it is weak. Poisson’s ratios
v and v, exhibit a weak relationship, or does not
statistically relate with the analyzed factors.

The kr ratio has a weak relationship with the
parameters investigated. However, the relation between
Euand Eso is non-linear. With an increase in Eso due to

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
DOI: 10.16285/j.rsm.2022.00006

an increase in confining pressure and a decrease in the
void ratio, E, increases less intensively (Fig. 5). Nevertheless,
for the sake of convenience, a linear relation is appropriate
because p =0.837 is close to 7= 0.967. It is worth
mentioning that the determined strength of the relationship
is significantly higher than that described previously?!.
This depends on the volume of the data sample and on
the wide range of measurements.

In general, the following conclusion can be drawn
based on the performed analysis of the total data
sample:

Stiffness of sand essentially depends on the radial
stress and void ratio and to a lesser extent, on the
strength parameters.

Stiffnesses Eso and Eyr is strongly related to each
other.

The Poisson’s ratio slightly depends on the physical
and mechanical properties of sand.

600 E, =72E] PR .
R2=0.72 s
500 | o g
7
400 -7 °
L R o
do/ *®

300 F g Ao

Eu/MPa

200

100

150 200 250 300
Eso /MPa

Fig.5 Relationship between stiffness moduli of the total
sample Eso—Eur

3.3 Influence of the initial void ratio and radial
pressure on Es

Based on empirical data, the diagram showing the
dependency of RRS on stiffness Eso was drawn (Fig. 6).
Lower and upper bonds correspond to the standard
deviation for silty and coarse sands, respectively. For
particle size analysis, the sample was divided into four
provisional zones, depending on the predominance of
the different particle sizes: Quaternary sand (A—coarse,
B-medium and fine, C—silty) and pre-Quaternary sand
(D-fine and silty). With an increasing number of
particles of predominant size, the increase in stiffness
Eso was observed. Stiffness of the pre-Quaternary sands
differs from that of Quaternary sand; nevertheless, it
partially overlaps with the zone of silty sand.

The smaller values of Esy for pre-Quaternary sands
are associated with disturbed soil specimens, for which
the realistic structure of soil skeleton formed within
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the specific period was not considered. Characterization
of such soil density via indirect methods (such as CPT)
necessitates more extensive investigation. Real stress
state and lateral earth pressure coefficient Ko of such
soil may differ from those assumed by the equation!*”!
corresponding to Quaternary sands. Plate-bearing and
pressuremeter field tests provide stiffness £ as 35—
45 MPal*®3% However, the test data showed that
stiffness essentially changes for disturbed soils samples.
For practical application, it is worth calibrating the
triaxial test results against the direct field tests.

10> FThe upper bond of pre-Quaternary sand

The upper bond of
Quaternary sand

100 foa[ B

Eso/MPa

The lower bond of
pre-Quaternary sand

+ Q- coarse

0 Q- medium

4 Q- fine

® Q-silty

o Pre—Q fine andsilty

The lower bond of
Quaternary sand

100 1
0.1 1.0 10.0

Relative radial stress RRS

Fig. 6 Influence of the relative radial stress on the stiffness
Eso of Quaternary (A — coarse; B — medium and fine; C -
silty) and pre-Quaternary (D — fine and silty) sand

Figure 6 provides quantitative and qualitative
assessment of the effect of RRS on the measured
parameters, depending on particle size distribution.
With increasing particle size, the intensity of the RRS
influence reduces. The degree of relationships for the
Quaternary sands is strong and higher than that for the
pre-Quaternary sand. The equation obtained may be
useful for practical applications:

E,, = Eg' -RRS” (8)

where Eg' is the reference Eso at a radial stress of
0.1 MPa, and m is a power-law coefficient. The values
of EJ' and m depend on grain size distribution for
Quaternary sand, their values are respectively equal to:
30 MPa and 0.48 (coarse), 25.4 MPa and 0.5 (medium
and fine), and 18.1 MPa and 0.75 (silt) and for pre-
Quaternary sand as 13.3 MPa and 0.49. These factors
have a high coefficient of determination: R>= 0.59-0.85.
Equation (8) thoroughly describes the relationship
between the stiffness and radial stress without considering
sand density. Based on available data, the diagram
showing the dependency of initial void ratio on Eso was
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drawn (Fig.7). With decreasing size of particles and
increasing void ratio, the value of Eso reduces (similar
to the Fig. 6), except for coarse sands, where the void
ratio slightly affects the stiffness. It is worth mentioning
that the presented relations are expressed based on the
power law.

Figure 7 shows that the void ratio significantly
influences the soil stiffness. Indeed, when e; changes
by 7%—10%, Esomay change by 15%—-20% on average.
With the growing quantity of fine particles, the influence
of ej on E5p becomes more significant.

100 & Q- coarse
0 Q- medium
90 A Q-fine
® Q- silty
80 O Pre— Q fine and silty
70 F
60
<
o
S 50t
5
40 F
30 |
20 |
10
O 1 1 1 1 1 1

0.3 0.4 0.5 0.6 0.7 0.8 0.9

Initial void ratio ¢;

Fig.7 Influence of the initial void ratio on sand stiffness Eso

The relationship incorporating the combined effect
of the confining pressure and density on the sand
stiffness is shown above. Considering the processed
data of large number of triaxial tests performed on
sand, the following semi-empirical dependence was
proposed:

E,, =(ae")-RRS* (9

The empirical coefficients a, b, and ¢ can be
defined for all types of sand. Accordingly, Table 4
presents a, b, and ¢ values in the Moscow and Minsk
regions. Figure 8 shows the results of comparing the
design and actual values of Ejs.

Equation (9) demonstrates variations in stiffness,
however, other multifactor models (linear and non-
linear)*” produced less significant results. The values
observed and calculated, when compared using Fisher’s
test, do not reveal any statistically significant difference
at the bilateral significance level a = 0.05. The existing
scatter can be attributed to the large sample size, in-
between-laboratory error in stiffness assessment and
influence of other factors!*!l.
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Table 4 Empirical coefficients of regression equation for

Exo for the Moscow and Minsk regions In addition, Eso defined according to Eq. (9) was

Empirical Quaternary Pre-Quaternary compared with other published test results (Table 5).
coefficients C Medi Fi Sil Fi d sil . .
ogme e - Lol Ine anc Ty Offshore and barchan sand deposits were not considered
a 31.1 8.1 1.0 120 7.76
b 0051 -1.888 —0.95 —0.691 ~1.164 since the form of their particles essentially differs from
¢ 0295 0.731 0767 0.803 0432 the one that used here. The comparison analysis was
R 0523 0668 0479 0570 0.557 ) o ]
Standard error 6.3 199 218 124 59 made for axisymmetric triaxial test with H/D =2 and
N 64 360 237 119 131

for biaxial and triaxial tests with H/D =1.

Table 5 Summary data used for comparison with the results obtained using Eq. (9)

Reference Sand region Sand type according Table 1 N e o3 /MPa Eso /MPa
Destues et al 1 Hostun (France) Medium 16 0.659—1.026  0.100—0.800 9.2—105.0
Manche (France) Medium 3 1.246—1.270  0.100—0.400 6.2—17.8
Raghunandan et al.*}!  Kutch district of Gujarat (India) Coarse 4 0.594—0.685 0.150 22.4—37.7
Gravel and coarse 31 0.405—0.722  0.100—0.400 8.7—87.7
Wichirmamm et a B4 I Dorsten (Germany) Medium 5 0.613—0.754  0.100—0.400  10.0—37.7
Fine 5 0.650—0.789  0.100—0.400 9.0—57.0
Silty 11 0.741—0.873  0.100—0.400 8.3—33.5
Varadarajan et al.[#4}! Damuna River (India) Medium 3 0.600 0.100—0.300  22.0—70.6
Neumann!*’}! Willamette River (USA) Medium 9 0.607—0.813  0.140—0.410 28.2—317.7
Latini et al.146} 1! Fontainebleau (France) Fine 9 0.612—0.708  0.050—0.200  17.0—86.3
Ecemis et al.l47}! - Fine 2 0.740 0.100—0.200  15.0—30.0
Jansen8h! Florida (USA) Medium 21 0.606—0.874  0.020—0.103 45—382
Coarse 12 0.550 0.235 314
Mirnyy et al.?5}! Moscow (Russia) Fine 42 0.600 0.314 439
Silty 18 0.600 0.170 13.8

Test type: I — triaxial test H/D = 2; Il — biaxial test /#/D = 3.5; III — triaxial test H/D = 1.

Test results obtained by the other researchers are
plotted in Fig. 8. The values of Es in Table 5 fall within
the same range as that corresponding to the Moscow
and Minsk regions mentioned in Table 2. Results
obtained using Eq. (9) agree well with experimental data.

Gravel and coarse sands show a slight scatter in
the Eso values, evidently associated with compaction
of specimens disturbed in the initial part of the
deviator loading. This is often observed for soils with
loose density and is associated with the quality of
sample preparation. In fact, the stiffness of the soil is
larger that is confirmed by in-situ tests. Therefore,
when interpreting the results of such test, the initial
part should be omitted or a short-term loading (to
compress the roughness between specimen and
top-cap) followed by a slow compression.

The Eso values estimated from the results of the
plane strain biaxial test are almost similar to those of
the axisymmetric triaxial test. This is due to the fact
that Eso characterizes the plastic strain of the foundation

soil. Shear stress in homogeneous soils within the

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
DOI: 10.16285/j.rsm.2022.00006

plastic strain limits is similar under both triaxial and
biaxial compression (although not identical). However,
biaxial compression allows better visualization of the
shear process!*?!.

Furthermore, it has been found that the E'5oestimated
from biaxial test and triaxial test with H/D = 1 slightly
differs from triaxial compression with H/D =2. This
indirectly indicates that when the specimen collapses,
the shear area develops through the area of the smallest
resistance. A similar process has been observed for
biaxial testing™®®l. In the case of H/D = 1, the shear
area is formed at an angle of 45° and for homogeneous
specimens, this does not significantly affect the
measured Eso. At the same time, testing with H/D = 1
in some cases provides a higher strength.

In general, Eq. (9) can be used for a generalized
evaluation of soil stiffness with sufficient engineering
accuracy. The comparison analysis of the foreign data
confirms the conclusion that the stiffness of the Moscow
and Minsk Quaternary sands insignificantly differs
from the sands of the other regions.
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values, respectively.

Fig.8 Comparison results for the observed and calculated Eso

3.4 Analysis of the power-law coefficient m

The state-of-art non-linear models with isotropic
hardening treat the relation between the stiffness and
stress state based on Eq. (8). The parameter m is used
in the models that consider the dependence between
stiffness and stress statel’ ®!% The m-parameter can
be obtained both on the basis of oedometer test (to
identify the compression law) and on the basis of
triaxial compression (to identify the dependence of stress
state on the shear stiffness).

Table 6 shows the values of m estimated from Eq.
(8) for various types of sand. It is evident that for
Quaternary sand, m ranges from 0.46 to 0.85 and app-
ropriately correlates with the experimental data [82549-50],
The value of m tends to increase with the decreasing
size of particles. However, for medium, fine, and silty
sand, m changes insignificantly.

In addition, m exhibits a downward trend as the
soil density increases and doubles when the density of
gravel and coarse sand changes from medium to dense.
In case of medium sand, it increases by 1.13, and in
case of fine and silty sand, it increases by 1.05 and
1.26, respectively. Evidently, the influence of the
radial stress decreases with increasing density. Such an
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effect can be attributed to the internal cohesion that
appears when the density increases and affects RRS
(according to Mohr—Coulomb theory). The described
behavior has been revealed based on several processed
triaxial tests results, but it contradicts the observation
of some researchers. For example, Teo and Wong!>")
mentioned that m equals 0.45+0.003/p for sand, that is,
m increases with the density index Ip. Schanz et al.[*]
demonstrated the tendency of m to decrease with
increasing porosity by performing oedometer tests on
Karlsruhe (fine sand) and Hostun and Japanese Toyoura
sand (medium sand).

The parameter m depends on the testing method.
Thus, it can be obtained from either the oedometer or
triaxial test results. Under triaxial isotropic compression,
m ranges from 0.4 to 0.7, and this behavior is not as
stable as in the oedometer tests'.

A small sample size or the fact that the aforementioned
researchers did not grade the soils based on particle
size distribution could cause this contradiction. In
addition, they analyzed the ratio o1 /0, or o3 /0, and
did not consider the cohesion pressure H =ccote.
Mirnyy et al.”>! confirmed these studies and demonstrated
that m increases with e.
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Table 6 Value of m for Quaternary and pre-Quaternary
sands

Quaternary Pre-Quaternary
Grg(\)/:rlsaend Medium Fine Silty Fine and silty
e<<0.55 e<0.60
0.20 0.75 0.63 0.66 0.47
0.55<e<0.75 0.6<e <0.75 0.6<e<0.80 -
0.41 0.85 0.66 0.83 -

3.5 Analysis of kg ratio

Table 7 assembles kg, used in Eq. (6), with respect
to the age and particle size of sands. The average value
of kg ranges from 3.46 to 4.64. The kg ratio does not
depend on the age and dispersity of sand. It depends
on the strain level at which unloading/reloading is
initiated!*"!.

It has been determined that kz~ 3.8 can be used for
preliminary calculations. Considering this, Ey can be
determined from the following expression:

E, ~38E, (10)

The resulting stiffness ratio is extremely close to
the data received for some types of sands. Schanz et al.
recommended this value as four. However, previous
researchers failed to assess the effect of particle size
distribution on stiffness. It should be considered that
Eyr is stress-dependent and should be evaluated based
on RRS.

Table 7 Results of statistical analysis of kg ratio with
respect to the age of sands

Sand type N Average Median Séi?i?;i Min. Max.
Pre-Quaternary age

Fine 18 3.45 322 0.78 2.56 4.90

Silty 22 4.13 3.12 2.6 2.57 12.32

Total sample 40 3.78 3.23 1.93 2.56 12.32

Quaternary age

Coarse 65 3.46 3.25 0.90 2.18 7.30

Fine 117 4.64 3.64 243 1.00 15.16

Silty 45 3.48 3.04 1.36 1.88 8.641

Medium 238  3.61 3.19 1.50 1.44 13.55

Total sample 465  3.83 3.28 1.77 1.00 15.16

3.6 Analysis of Poisson’s ratio

The outcome of the statistical analysis of Poisson’s
ratios v and vy is shown in Table 8. The Poisson’s
ratio v slightly varies within the range of 0.278 to
0.307 and does not depend on the dispersity of the
sand. The unloading-reloading Poison’s ratio vy
varies from 0.164 to 0.194 and does not depend on the
dispersity either. In general, the Poison’s ratio vy can
be taken as 0.184 and 0.165 for Quaternary and
pre-Quaternary sands, respectively.

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
DOI: 10.16285/j.rsm.2022.00006

Table 8 Results of statistical analysis of Poisson’s ratios

Poisson’s ratio v

Sand type N Average Median g;i?i?;i in. Max.
Quaternary age

Coarse 75 0.307 0.300 0.033 0.25 0.43

Fine 134 0.305 0.300 0.019 0.25 0.38

Silty 63 0.301 0.300 0.019 0.26 0.37

Medium 205 0.306 0.308 0.025 0.23 0.40
Total sample 477 0.305 0.300 0.024 0.23 0.43

Pre-Quaternary age

Fine 40 0.295 0.292 0.023 0.25 0.39
Silty 46 0.293 0.300 0.032 0.22 0.36
Medium 2 0.278 0.278 0.007 0.27 0.28

Total sample 88 0.294 0.298 0.027 0.22 0.39

Unloading—reloading Poisson’s ratio vy,

Sand type N Average Median géi?gt?;i Min. Max.
Quaternary age

Coarse 41 0.194 0.180 0.047 0.140 0340

Fine 53 0.174 0.176 0.028 0.110  0.300

Silty 18 0.182 0.172 0.045 0.130  0.340

Medium 88 0.186 0.185 0.039 0.110  0.340

Total sample 200 0.184 0.180 0.039 0.110  0.340
Pre-Quaternary age

Fine 18 0.164 0.164 0.011 0.150  0.190

Silty 21 0.165 0.178 0.042 0.050  0.200

Total sample 39 0.165 0.170 0.030 0.050  0.200

4 Practical application of the research
results

Statistical analysis revealed that the grain size
distribution, density of sands, and initial stress state
quantitatively affect the stiffness.

Based on statistical analysis, Table 9 shows guideline
values of Eso. The soil stiffness Eso can be selected for
various initial void ratios and relative radial stresses.
Along with FEsg, the stiffness Ey can be calculated
based on Eq. (10) and m can be taken from Table 6. In
some cases, the cost of soil testing can be optimized
and it allows assigning stiffness characteristics when
performing the preliminary calculations. To obtain the
final stiffness characteristics for specific soils, it is
necessary to confirm the characteristics by direct tests.

The initial stiffness can be described using the
hyperbolic Eq. (3)!"%!:

E = LESO an
2—-R:
The stiffness in relation to stress level and void ratio
can be presented as
2(1-R.S)’
E = —( :S) ae’RRS*
2-R;

where e; is the void ratio at a specific moment of

(12)

loading e, = e, + Ae, depending on the stress path and

10
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volume strain. Consequently, the volume strain can be e, =e +sinydy’ (1+¢) (15

considered depending on a stress path, as follows: where &, is the initial volume strain; &, is the

volume strain; &P is the plasticity volume strain; »°

Table 9 Guideline values of soil stiffness Eso for Quaternary is the plasticity shear strain; and  is the dilatancy
and pre-Quaternary deposits angle
d Guideline values of Esy (RRS=1-6) ' . . .
2;25 e ; N 5 504 5 . This approach was tested on silty, fine, and medium
Modiom sands (Fig. 9) sampled at the NIIOSP experimental site
. [32] . .
04 46 76 102 126 148 169 in 2018““. Triaxial tests were performed under
05 30 50 67 83 97 111 strain-rate control with initial void ratios ¢; = 0.7, 0.6,
06 21 35 47 59 69 79 and 0.5 under confining pressures of 0.1, 0.2, and 0.5
07 16 26 35 44 52 59 MPa. Specimens were prepared in accordance with the
o Fine aforementioned technique.
g 04 26 45 62 77 92 106
The Duncan—Chang method!” (Eq.(2)) was compared
af; 05 21 36 50 63 75 86 ) g (Eq.(2)) : P
& o6 18 30 © 53 63 7 with Eq. (12) proposed for tangent stiffness. The
0.7 15 27 36 46 54 62 values were obtained under 2% deformation that did
Silty not exceed the expected deformations under most
04 23 39 55 69 82 95 geotechnical impactsl®?. Figure 10 shows the most
05 19 34 47 59 71 82 . - .
typical triaxial compression curves and E;. Table 10
06 17 30 41 52 62 72 d . It
0715 »7 3 47 s 6 provides comparison results.
> Fine and silty
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£ 9 | ’
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o 80 | o
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, . » Fig.9 Cumulative curve of the particle size distribution,
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Fig.10 Comparison of average observed and calculated E; based on Egs. (12) and (2)!"!
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Table 10 Deviation of the observed E; and calculated E¢
using Egs. (2) and (12) (unit: %)
03=0.1 MPa
Eq.(2) Eq.(12) Eq.(2) Eq.(12) Eq.(2) Eq.(12)
Silty sand, ¢;=0.7 —32.0 23.0 -23.0 20.5 38.0 19.0

03=0.2 MPa 03=0.5 MPa

Type of sand and
density

Silty sand, ¢=0.6 —2.0 -10.0 -160 -10.0 -31.0 -20.0
Silty sand, ¢,=0.5 —9.0 —40.0 —-48.0 -50.0 —49.0 —54.0
Fine sand, ¢;=0.7 8.0 -0.4 -145 25 -19.0 -3.0
Fine sand, ¢,=0.6  —2.0 —-10.0 —23.0 20 -33.0 —0.5
Fine sand, ¢,=0.5 —34.0 —28.0 -33.0 -21.0 -33.0 -14.0
Medium sand, ¢;=0.7  34.0 34.0 —4.0 -9.0 0.3 -7.0
Medium sand, =0.6 —2.3 -20.0 -20.0 -25.0 -10.0 11.0
Medium sand, ¢,=0.5  92.0 17.0  -18.0 -6.0 -15.0 —4.4

Calculations performed for both models gave
extremely close results. At the same time, Eq. (12) gave
less scatter of the E; values for sands that underwent
drastic changes in density during initial loading.

The model corresponding to Eq. (12) describes
silty sand with e;= 0.7 that is 10%—17% better than the
model corresponding to Eq. (2). If ¢; is 0.6, the average
difference between the observed and calculated E; by
Eq. (12) is 9.2%; and the average difference for Eq. (2)
is 15.5%. Eq. (12) adequately describes E; in high-
pressure scenarios. In the case of ¢; =0.5, Eq. (12) does
not provide any advantage: the discrepancy between
the actual and calculated E; is approximately 50% for
both the models.

The results for fine and medium sand are the same:
with increasing initial void ratio and confining pressure,
the calculations using Eq. (12) characterize the soil
behavior 20%-30% more accurately, and the values
obtained differ slightly from the actual values. The
accuracy in calculations performed for dense fine sand
with e = 0.5 is also slightly (20%) higher. Variations of
E; appear already during dilatancy.

In general, Eq. (12) provides a more accurate E;
values for loose and dense sands which are characterized
by a change in the volume during shear (contraction or
dilatancy)**341,

The analysis showed that the Duncan—Chang
model is suitable for sands undergoing slight changes
in density during loading. This refers to specimens
with a void ratio of e =0.6. If the specimen suffers drastic
changes in density during dilatancy (dense sands e =
0.5 and low confining pressures) or contraction (loose
sands or at high confining pressures), the soil stiffness
varies significantly. In this case, the proposed empirical
dependence matches the stiffness more realistically.

The resulting discrepancies can also be explained

https://rocksoilmech.researchcommons.org/journal/vol43/iss10/8
DOI: 10.16285/j.rsm.2022.00006

by the use of common empirical coefficients a, b, and c.
Application of more accurate empirical coefficients
for specific sands may produce better results. It is also
worth noting that the scatter resulting from the method

based on Eq. (12) is lower than the one that based on Eq.

(2): generally 1.7 times lower.

Additionally, the tests on loose dense medium sand
incorporated several unloading—reloading cycles (Fig.
10(d)), for example, excavation and subsequent load
transfer from a building. It was found that with each
unloading cycle, additional compaction of sand associated
with rearrangement of sand particles occurred due to a
change in loading path. Consequently, both the stress
state and density of the sands varied, thereby emphasizing
the importance of considering the density using Eq.
(12). This is particularly important for repeated loading
and unloading cycles in multi-stage loading.

If the void ratio insignificantly changes, the derived
relationship agrees well with the Duncan—Chang method.
Thus, the results of the two approaches were observed
to overlap when the volume constantly changes under
low-pressure conditions. It can be observed that for
loose sands with explicit compaction in the initial
stage, the E; obtained from Eq. (12) within the compaction
interval (at &<2 %) is much closer to the actual E:.
Equation (12) is applicable to calculations of significant
strain and complex stress paths, when the changes in
volume affect the density and stiffness.

Generally, geotechnical engineers may utilize the
obtained results, applying them to the simulation of
complex soil models.

S Summary and conclusions

The results of 962 isotropic consolidated drained
triaxial tests performed on sand specimens from Moscow
(Russia) and Minsk (Belarus) construction sites were
processed using statistical and regression analysis. The
empirical relationship (Eq. (9)) that considers the
mutual influence of the confining pressure and density
on sand stiffness was obtained.

Comparison analysis of tests performed on alluvial
and continental soils from Europe, India, and the United
States sites!?> 3642747 showed that the stiffness Eso of
the sand is in the same range as soils from Moscow
and Minsk sites. Therefore, Eq. (9) is applicable to
samples obtained from places outside the Moscow and
Minsk regions, with sufficient engineering accuracy.

It has also been found that Eso determined from the
results of biaxial or triaxial compression with H/D =1
does not differ significantly from Eso determined from
triaxial compression with H/D =2. This indirectly indicates
that when the sample ruptures, the shear area develops

12
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along the area of least resistance. The process is similar
to biaxial compression!®*®. For H/D =1, the shear area
develops at an angle of 45° and should not significantly
affect the measured Eso of the homogeneous samples.
At the same time, testing with H/D =1 in some cases
provides higher strength characteristics.

The proposed Eq. (9) can be used in geotechnical
models that allow variability, horizontal and vertical
distribution of stiffness to be taking into account. This
facilitates more accurate modelling of the mechanical
behavior in the computational model.

Furthermore, the results of regression analysis can
be used for considering change of sand stiffness due to
the stress state and density under loading. Based on
the Duncan—Chang method!”), a semi-empirical relation
(Eq. (12)) is proposed to assess the large deformations
and complex loading paths, where the volume and density
of the soil change, thereby affecting the stiffness. A
comparison of the methods performed at the NIIOSP
experimental site®?] showed that the model (Eq. (12))
provides more realistic results consistent with actual £\
values for loose and dense sands typically suffering
significant changes in density during shear. This
corresponds to the conditions of drastic changes in the
sample density during dilatancy (for dense sands, e =
0.5 under low pressure) and contraction (for loose sands
or under high pressure). The Duncan—Chang model is
well-suited for sands in case of a slight change in
density during loading. In case of the need to determine
the parameters of Equation (12) for other soil types or
for certain sands, regression analysis of drained triaxial
test results with different densities and at different
confining pressure can be made according to Equation
).

The m-parameter describes the dependence of the
stiffness on the stress state in non-linear hardening soil
model'%!. The performed studies revealed the values of
the m-parameter depending on the particle size distribution
and density (Table 6). However, this parameter depends
on the test method. For compression-type problems, it
should be determined using oedometer tests. For shear-
type problems, triaxial test data should be used.

Numerical values of the ratio of the unloading-
reloading stiffness to the secant stiffness at 50% strength
ke were obtained. For sands, the kg parameter does not
depend on the age, particle size distribution and density.
The large scatter of data can probably be attributed to
the influence of the strain level at which unloading/
reloading was performed®®!!. The obtained kg values are
close to those recommended by Schanz et al.l*], that is,
four.

An obvious direction for further research is the

Published by Rock and Soil Mechanics, 2022

study of the structure of sand on undisturbed samples.
It is also advisable to conduct similar detailed stiffness
studies for clay. It is promising to introduce models
with the dependence of stiffness on density into the
FEM software for large strain problem (for example,
PLAXIS, etc.).
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