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Application of nonlinear soil resistance-pile lateral displacement curve based on 
Pasternak foundation model in foundation pit retaining piles 
 
ZHU Yan-peng1, 2, WU Lin-ping1, 2, SHI Duo-bang1, 2, ZHAO Zhuang-fu1, 2, LÜ Xiang-xiang1, 2, DUAN Xin-guo1, 2 
1. Key Laboratory of Disaster Mitigation in Civil Engineering of Gansu Province, Lanzhou University of Technology, Lanzhou, Gansu 730050, China  
2. Western Center of Disaster Mitigation in Civil Engineering of Ministry of Education, Lanzhou University of Technology, Lanzhou, Gansu 730050, China 
 
Abstract: As a direct retaining structure in the process of foundation pit excavation, the internal force and deformation of pile under 
horizontal load have great influence on the safety and economy of foundation pit engineering. In order to calculate the internal force 
and deformation of the supporting pile more accurately, the nonlinear foundation reaction modulus is obtained according to the nonlinear 
soil resistance-pile lateral displacement (p−y) curve of pile-soil interaction. At the same time, the Pasternak two-parameter foundation 
model is introduced to fully consider the continuity of pile side soil deformation. The differential equation of retaining pile deflection 
considering pile-anchor deformation coordination is derived, and the internal force and deformation of the retaining pile are obtained 
by the transfer matrix method. Then the calculation program is compiled based on the engineering example, and the calculation results 
of the program are compared with the monitoring values and the calculation results of the p−y curve method based on the traditional 
Winkler foundation model. It is found that the traditional Winkler foundation model will overestimate the horizontal deformation and 
internal force of the retaining pile. The displacement and bending moment calculated by the program can better meet the actual requirements 
of the project. Furthermore, the finite element software is used for numerical simulation analysis of the engineering example to verify the 
rationality and applicability of the calculation method of foundation pit supporting piles based on the nonlinear Pasternak two-parameter 
foundation model. 
Keywords: foundation pit; retaining pile; p−y curve; Pasternak two-parameter foundation model; transfer matrix method 
 

1  Introduction 

During the design of foundation pit retaining piles, 
to ensure safety and reduce economic cost, it is necessary 
to investigate the internal force and deformation of the 
retaining pile in depth under the action of horizontal loads. 
At present, the research methods for the stress and defor- 
mation analysis of foundation pit retaining piles mainly 
include on-site monitoring[1], numerical simulation[2], 
theoretical analysis[3], model tests[4]. In the existing 
theoretical analysis, the pile side soil is generally regarded 
as the Winkler foundation model to investigate pile-soil 
interaction. Based on the Winkle foundation model, 
Ma et al.[5] investigated the nonlinear dynamic response 
of laterally loaded long piles by replacing the elastic 
foundation with independent linear springs. Zhao et al.[6] 
simplified the horizontal load and soil resistance on the 
pile side based on the Winkler foundation model, and 
established a simplified calculation model for laterally 
loaded piles under the effect of steep slopes. In the above 
literature, the foundation is regarded as the Winkler elastic 
foundation, and the soil on the pile side is discretized into 
independent linear springs, while the continuity of internal 
force and deformation of soil induced by pile-soil interaction 

is ignored, which is not consistent with the stress state 
of piles in actual engineering.  

To address the shortcomings of the Winkler foundation 
model, the two-parameter foundation model takes into 
account the shear action of the soil around the pile by 
introducing a second parameter G, where G is the shear 
modulus of soil (kN/m). The calculation results are better 
than those from the conventional single-parameter foun- 
dation model. Based on the two-parameter foundation 
theory, Zhang et al.[7] applied the energy variation principle 
to the derivation of the deflection differential equation 
for laterally loaded long piles. The modulus of subgrade 
reaction was assumed to be constant, and the analytical 
solution for the lateral displacement of the pile was obtained. 
Considering the variation of f modulus of subgrade reaction 
with depth, Liang et al.[8] proposed a simplified analysis 
method for laterally loaded piles based on the Pasternak 
two-parameter foundation model. Although the two- 
parameter foundation model can consider the continuity 
of lateral soil deformations, it still belongs to the elastic 
foundation theory. Some researchers believe that the soil 
resistance increases linearly with the increase of soil 
deformation. However, in fact, the soil resistance changes 
nonlinearly with the increase of soil deformation and 
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finally tends to a certain critical value.  
The p−y curve can reflect the nonlinear characteristics 

of pile-soil interaction and is widely used in the analysis 
of foundation pit retaining piles. Based on the ideal 
elastic-plastic p−y curve, Zhu et al.[9] investigated the 
pile-soil interaction in the deep foundation pit, and derived 
the pile deflection differential equation considering the 
pile-anchor deformation coordination. The deformation 
and internal force of the retaining structure were calculated 
using the finite difference method. Zhu et al.[10] combined 
the p−y curve and unified ultimate resistance to calculate 
the displacements of foundation retaining piles. The results 
were compared with those of m-method, where m is the 
proportional coefficient of the horizontal resistance 
coefficient of soil. It is found that when the p−y curve 
is applied to the calculation of the foundation pit retaining 
structure, the calculation results obtained were more 
consistent with the actual engineering. However, the p−y 
curve also has evident shortcomings, that is, the p−y 
curves at each position along the pile depth are independent 
and cannot reflect the mechanical properties of the soil 
as a continuous medium. 

Based on the Pasternak two-parameter foundation 
model and p−y curve, a coupled calculation method 
combining advantages of both methods is proposed in 
this study. Based on the Pasternak two-parameter foundation 
model, the continuity of pile side soil deformation is fully 
considered. Meanwhile, the corresponding soil reaction 
modulus at different depths of the pile is obtained based 
on the nonlinear p−y curve. Then the differential equation 
for pile deflection is derived considering the pile−anchor 
deformation coordination. Finally, substituting the obtained 
soil reaction modulus into the above deflection differential 
equation, the internal force and deformation of the pile 
are solved using the transfer matrix method. Therefore, 
the calculation method of this study not only considers 
the lateral continuity of the pile side soil deformation 
through the nonlinear Pasternak two-parameter foundation 
model, but also reflects the nonlinear characteristics of 
the pile side soil in different stress states through the 
obtained soil reaction modulus using the nonlinear p−y 
curve. Finally, an engineering example is demonstrated 
to verify the rationality and applicability of the calculation 
method in this study. 

2  Calculation model development 

2.1 Pasternak two-parameter foundation model 
Among various two-parameter foundation models, 

the most reasonable and widely used one is the Pasternak 
two-parameter foundation model[11]. Based on the Winkler 
single-parameter foundation model, it assumes that the 

soil spring is connected to a shear layer that only undergoes 
shear deformation without compression to consider the 
mutual shearing effect of the soil along the pile depth. 
Thus, it reflects the continuity of soil deformation. Compared 
with the Winkler foundation model, the Pasternak two- 
parameter foundation model is more theoretically rigorous, 
and the calculation results are more accurate. It can better 
reflect the force−deformation characteristics of the soil 
around the pile. 

The shear layer shown in Fig. 1 is the Pasternak two- 
parameter foundation model. To consider the continuity 
of soil deformation, it is assumed that there is a medium 
that produces only shear deformation without compression, 
which is connected to the Winkler soil springs. For a 
horizontally loaded pile, the lateral soil perpendicular 
to the horizontal load plane will generate shear force. 
Combining the shear force into the soil resistance, the 
above model can be expressed as 

2

2
d( , ) ( )
d

yp y z Ky z G
z

= −                      （1） 

where p(y, z) is the soil resistance (kN/m); K is the modulus 
of subgrade reaction (kPa); and z is the depth from the 
ground surface (m). 

 
Fig. 1  Pasternak two-parameter foundation model 

 

Therefore, the differential equation for the retaining 
pile deflection based on the Pasternak two-parameter 
foundation model can be written as[11] 

4 2

p p 4 2
d d 0
d d

y yE I GB KBy
z z

− + =                 （2） 

where Ep is the elastic modulus of the retaining pile (kPa); 
Ip is the moment of inertia of the retaining pile cross-section 
(m4); and B is the calculation width of the retaining pile 
cross-section (m).  

When the shear modulus G in the above model tends 
to 0, the Pasternak two-parameter foundation model 
degenerates into the Winkler foundation model, that is, 
the Winkler foundation model is an extreme case[12]. 

In general, the soil shear modulus is closely related 
to the elastic modulus and Poisson’s ratio of the foundation 
soil, and is obtained according to the solution analogy 

p(y, z) 

z 

yShear layer

Soil spring
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of the pile−soil interaction problem. Among these solutions, 
a representative formula for calculating the soil shear 
modulus is proposed by Tanahashi[13]: 

( )
t

6 1
E tG

ν
=

+
                              （3） 

where Et is the elastic modulus of soil (kPa); t is the shear 
layer thickness of the foundation soil (m); ν is the Poisson’s 
ratio of soil. 

For the value of the shear layer thickness, according 
to the numerical simulation results of literature [14], it 
is considered that the influence zone of the pile side soil 
is about 11d (d is the pile diameter) when subjected to 
the horizontal load. Therefore, the shear layer thickness 
can be approximated as t = 11d in this study. In fact, the 
value of the shear layer thickness is closely related to the 
properties of the foundation soil. Due to its complexity, 
the deep investigation is beyond the scope of this study. 

When the Pasternak two-parameter foundation model 
is applied in pile−soil interaction analysis, regardless of 
the subgrade type, it assumes that the pile and soil are in 
close contact without gaps during the force and deformation 
analysis. In addition, the Pasternak two-parameter foun- 
dation model can simulate a variety of subgrades ranging 
from discrete media to continuous media[15]. 
2.2 p−y curve 

The p−y curve can reflect the real state of soil defor- 
mation squeezed by the retaining structure. It connects 
the resistance p of soil around the pile with the lateral 
displacement y of the pile under the action of the laterally 
horizontal thrust. It better reflects the complexity and 
nonlinearity of pile−soil interaction, which is suitable 
for the study of foundation pit retaining structures. 
Many results have been achieved related to the p−y 
curve model, such as the ideal elastic-plastic model[16], 
hyperbolic model[17], and various p−y curves fitted using 
experiments[18]. 

Kim et al.[19] proposed a hyperbolic p−y model, as 
shown in Fig. 2. Its form is simple and clear. It conforms 
to the soil stress−strain relationship, and can better reflects 
the nonlinear properties of soil. In the initial stage, the 
modulus of subgrade reaction K0 is the slope of the tangent 
line of the curve at the origin. With the increase of the 
lateral displacement y of the pile, the soil resistance p also 
increases gradually. The pile undergoes plastic deformation, 
and the corresponding modulus of subgrade reaction is 
the secant slope K of the curve (K = p/y). When the soil 
resistance reaches the ultimate soil resistance Pu, the 
modulus of subgrade reaction tends to 0. Based on the 
above train of thought, the p−y curve model in this study 
is chosen as the hyperbolic model, and it can be expressed 
as 

0 u

1
yp y

K P

=
+

                             （4） 

 
Fig. 2  Hyperbolic p−y model 

 
2.3 Differential equation for pile deflection 

Based on the Pasternak two-parameter foundation 
model, the continuity of the pile side soil deformation 
is considered. At the same time, the nonlinear characteristics 
of soil spring deformation are reflected through the modulus 
of subgrade reaction calculated using the nonlinear p−y 
curve. Then the calculation sketch of the pile−anchor 
retaining structure is established, as shown in Fig. 3, where 
Kti and Ktj are the stiffness coefficients of the i-th and j-th 
anchor rods, respectively; L1 and L2 are the pile lengths 
above and below the excavation surface, respectively. 

 
Fig. 3  Calculation diagram of pile−anchor retaining 

structure in two-parameter foundation model 

 
The soil on both sides of the foundation pit retaining 

pile is equivalent to soil springs. To consider the force and 
deformation continuity of the pile side soil, it is assumed 
that soil springs are connected to a shear layer that produces 
only shear deformation without compression. Considering 
the pile−anchor rod deformation coordination, the anchor 
rod is replaced by a spring and its stiffness coefficient 
is denoted as Kt. 

In this calculation model, the earth pressure is calculated 
based on the earth pressure at rest, and the tensile force 
of the anchor rod is based on the initial prestress. It is 

EpIp

o y

Ki 

Kti

Ktj

Shear 
layer 

L 1
 

L 2
 

z

K0

K = p/y

y

p

Pu
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defined that the active deformation occurs when the 
displacement y is positive, and the passive deformation 
occurs when y is negative. Therefore, when the active 
deformation occurs, the increment of earth pressure is 
negative and the increment of anchor rod tension is positive; 
when the passive deformation occurs, the increment of 
soil resistance is positive and the increment of anchor rod 
tension is negative[20].  

Substituting the above earth pressure and anchor rod 
tension calculation model into the deflection differential 
Eq. (2) of the retaining pile of the Pasternak two-parameter 
foundation model, Eq. (2) for the free section (0≤z≤L1) 
can be written as 

4 2

P P i t4 2
d d ( ) 0 
d d

y yE I GB P Ky B T K y
z z

− − − + + =   （5） 

where P is the static earth pressure behind the pile in the 
free section (kN/m); Ti is the initial prestress of the anchor 
rod(kN); and Kt is the stiffness coefficient of the elastic 
fulcrum (kN/m). 

Similarly, the deflection differential Eq. (2) for the 
embedded section (L1≤z≤L2) can be written as 

4 2

P P 4 2
d d2 2 0
d d

y yE I GB KBy PB
z z

− + − Δ =         （6） 

where ΔP is the difference of earth pressure at rest between 
the two sides of the embedded pile. 

3  Determination of calculation parameters 

3.1 Initial modulus of subgrade reaction  
In the hyperbolic p−y curve model, the initial modulus 

of subgrade reaction K0 is usually closely related to the 
soil elastic modulus. According to the forces of beam with 
infinite length in three-dimensional elastic half-space, 
Vesic[21] connected the K0 with the elastic properties of 
the pile and soil. However, for horizontally loaded piles, 
Rajashree et al.[22] conducted a large number of engineering 
trial calculations and found that the K0 in the published 
literature is a little small. They concluded that the initial 
stiffness K0 of the p−y curve should be twice the value 
calculated by the equation proposed by Vesic, which can 
be expressed by the following equation: 

t t
0 2

p p

1.3
1

E E BK
E Iν

 
=   −  

                        （7） 

3.2 Ultimate soil resistance 
The determination of the appropriate ultimate soil 

resistance is crucial to the accuracy of the calculation 
results for laterally loaded piles. During the construction 
of the foundation pit retaining structure, due to the change 
of soil shear strength parameters induced by construction 
disturbance and retaining structure deformation, the damage 

modes of soil may be different. As a result, the change 
of the ultimate soil resistance is difficult to determine. 
Therefore, it can be solved by using the unified ultimate 
resistance method[23], and its formula can be expressed 
as 

( )u L 0

2
L p s

1
L p u

    (sand)

    (clay)

α

γ −

−




=



=


+

=





n

n

n

P A x

A N d

A N S d

                   （8） 

where AL is the slope of the ultimate soil resistance changing 
along depth; x is the distance from the calculation point 
to the ground surface; α0 is the constant or equivalent 
soil depth reflecting the magnitude of the ultimate soil 
resistance on the ground surface; n is the shape parameter 
of the ultimate resistance; Np is the coefficient of the 
ultimate resistance; γs is the effective unit weight of soil; 
and Su is the undrained shear strength of soil. For sand 
and clay, AL is calculated using the overburden earth 
pressure γsd and undrained shear strength Su, respectively. 
For sand, α0 = 0, n = 1.7, and Np = (0.55−1.6) 2

pK , where 
Kp is the Rankine passive earth pressure coefficient; for 
clay, α0 = 0−0.5, n = 0.7, and Np = 0.7−2.5.  
3.3 Coefficient of stiffness for anchor rod 

For the determination of Kt, the recommended cal- 
culation formula by technical specification for retaining 
and protection of building foundation excavations (JGJ 
120－2012)[24] is adopted in this study: 

s c p a
t

c f s p a

s p m p
c

3
(3 )

( )

E E A Ab
K

E Al E A l s
E A E A A

E
A


= + 


+ − = 

                   （9） 

where Es is the elastic modulus of the anchor rod (kPa); 
Ec is composite elastic modulus of the rod and grouting 
body (kPa); Ap is the cross-sectional area of the anchor 
rod (m2); A is the cross-sectional area of the anchorage 
body (m2); ba is the calculation width of the of support 
structure (m); lf is the free length of the anchor rod(m); 
la is the anchorage length of the anchor rod(m); s is the 
horizontal spacing of the anchor (m); and Em is the elastic 
modulus of the grouting body in the anchorage section 
(kPa).  

4  Internal force and deformation of retaining 
pile 

In this study, the transfer matrix method is used to 
solve the internal force and deformation of the retaining 
pile. It is a semi-analytical solution between the finite 
element solution and the analytical solution[25]. The pile 
is discretized into sufficient micro-elements according 
to its characteristics, and the transfer matrix of each 
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micro-element is obtained according to the differential 
relationship between force and displacement. Then the 
pile responses can be obtained according to the boundary 
conditions at both ends of the pile.  

For the free section of the pile above the foundation 
pit excavation surface, it is discretized into N1 segments. 
The length of each segment is h1 = L1/N1. During the 
process of discretization, the elastic fulcrum force of the 
anchor acts on the discrete points. We take micro-element 
i for analysis, as shown in Fig. 4. 

 
Fig. 4  Calculation diagram of the free section 

 
The governing differential equation for micro-element 

i can be obtained as 
4 2

1 1
P P 1 1 1 14 2

1 1

d d ( ) 0
d d

i i
i i i i

i i

y yE I G B P K y B
z z

− − − =     （10） 

where y1i is the lateral displacement of the pile of micro- 
element i in the free section; z1i is the depth calculated 
from the upper section of micro-element i in the free 
section; G1i is the soil shear modulus of micro-element 
i in the free section; P1i is the earth pressure at rest behind 
the pile of micro-element i in the free section; K1i is the 
soil reaction modulus of micro-element i in the free section. 

By solving the above differential equation, the general 
solution can be obtained as  

1 1 1 1
1 1 1 1 1 1 2 1 1e cos( ) e sin( )i i i iz z
i i i i i i iy C z C zα αβ β= + +  

1 1 1 1 1
1 3 1 1 1 4 1 1

1

e cos( ) e sin( )i i i iz z i
i i i i i i

i

PC z C z
K

α αβ β− −+ +  （11） 

where C1i1, C1i2, C1i3 and C1i4 are the coefficients to be 
determined; and α1i and β1i can be calculated by the 
following equations: 

1 1
1

p p p p

1 1
1

p p p p

4 4

4 4

i i
i

i i
i

K B G B
E I E I

K B G B
E I E I

α

β


= +




= − 


                  （12） 

Then, according to the basic knowledge of material 
mechanics[26], if the lateral displacement of the upper 
section of micro-element i is y1i, then its rotation angle 
θ1i, bending moment M1i and shear force Q1i can be 
obtained by the following equations: 

1 1

1 p p 1

1 p p 1

i i

i i

i i

y
M E I y
Q E I y
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′′= − 
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                          （13） 
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Combining Eqs. (11)−(16), the relationships among 

the horizontal displacement, cross-section rotation angle, 
bending moment and shear force of micro-element i of 
the retaining pile in the free section and the coefficients 
to be determined can be obtained: 

[ ] [ ][ ]T T
1 1 1 1 1 1 1 1 2 1 3 1 4, , , ,1 , , , ,1i i i i i i i i iy M Q A C C C Cθ =  （17） 

where 

[ ] [ ]T
1 1 2 3 4 5,  ,  ,  ,  iA = A A A A A  
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[ ]T

5 0 0 0 0 1=A                       （22） 

Assuming that the state vector of the upper section of 
micro-element i is 

u T
1 1 1 1 1[ (0) (0)  (0)  (0)  1]i i i i iy M Qθ=W , 

and the state vector of the lower section is d
1i =W  

T
1 1 1 1[ ( )  ( )  ( )  ( )  1]i i i i i i i iy h h M h Q hθ . Then, based on 

Eq. (17), the coefficient matrix can be obtained as 
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1
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                  （23） 

Substituting Eq. (23) into Eq. (17), the state vector 
transfer relationship between the upper and lower sections 
of micro-element i is obtained as 

[ ] [ ]
1 1 1

1 1 1

1 1 1
1

1 11 1 10

1 1 1

( ) (0)
( ) (0)
( ) (0)
( ) (0)
1 1

i i
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y h y
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Q h Q

θ θ
−

= =

   
   
   
   =
   
   
      

        （24） 

Let 1 1 1

1
1 1 1 0[ ] [ ]i ii i z h i zA A −

= ==U , then Eq. (24) can be 
simplified as 

d u
1 1 1 i i i= ⋅W U W                            （25） 

where U1i is the transfer matrix of micro-element i. 
According to the continuity of the force and defor- 

mation of the retaining pile, the state vector of the upper 
section of micro-element i happens to be the state vector 
of the lower section of micro-element i−1. Therefore, 
the following equation can be obtained: 

d d
1 1 1( 1) i i i−= ⋅W U W                          （26） 

Assuming that the prestressed anchor acts on the node 
j of the pile and the prestress is T(j), then the internal force 
and displacement at this point will change abruptly. In 
the transfer matrix method, the point matrix is introduced 
to consider the effect of the prestressed anchor on the pile. 
Considering the pile−anchor deformation coordination, 
the anchor rod is simplified as a spring with a stiffness 
coefficient of Kt in the calculation model of this study. 
Therefore, the sudden change 1( )jQ′  of shear force of the 
prestressed anchor rod at node j is 

( )1( ) 1( ) ( ) 1( ) ( )j j t j j jQ Q K y T′ = + +               （27） 

where Q1(j) is the mutation matrix caused by the con- 
centrated force; Kt(j) is the stiffness coefficient of the j-th 
anchor rod; y1(j) is the corresponding pile shaft deflection 
at the j-th anchor rod. 

Therefore, the transfer matrix at node j can be expressed 
as 

d u
1( ) 1( ) 1( ) j j j= ⋅W U W                         （28） 

where 
u

1( )jW  and 
d

1( )jW  are the state vectors of the upper 
and lower sections at action node j of the prestressed 
anchor rod, respectively; and U1(j) is the point matrix at 
the action node of the prestressed anchor rod, and 

1( )

( ) ( )

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

0 0 1
0 0 0 0 1

j

t j jK T

 
 
 =
 
 
 

U               （29） 

Therefore, the matrix transfer relationship of the 
retaining pile in the entire free section is 

1

d u
1 1 11N = ⋅W U W                           （30） 

where 1 11 1 1( 1) 1( ) 12 11N N j−=  U U U U U U  is the total 
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transfer matrix of the retaining pile in the free section; 
11NU  is the transfer matrix of micro-element N1 in the 

free section; u
11W  and 1

d
1NW  are the state vectors of the 

pile top and the junction between the free section and 
embedded section, respectively. 
4.2 Solution of governing differential equation in 
embedded section 

Similarly, the embedded section of the retaining pile 
is discretized into N2 segments. The length of each segment 
is h2 = L2/N2. We take micro-element i for analysis, as 
shown in Fig. 5. 

 
Fig. 5  Calculation diagram of the embedded section 

 
The governing differential equation of micro-element 

i can be obtained as  
4 2

2 2
P P 2 2 2 24 2

2 2

d d2 2 0
d d

i i
i i i i

i i

y yE I G B K By P B
z z

− + − Δ = （31） 

where y2i is the lateral displacement of micro-element i in 
the embedded section; z2i is the depth calculated from 
the upper section of micro-element i in the embedded 
section; 2iG  is the soil shear modulus of micro-element 
i in the embedded section; ΔP2i is the difference of earth 
pressure at rest on both pile sides of micro-element i in 
the embedded section; K2i is the soil reaction modulus 
of micro-element i in the embedded section.  

The general solution form of the governing differential 
equation of micro-element i in the embedded section is 
the same as that of the governing differential equation 
of micro-element i in the free section. The state vector 
transfer relationship of micro-element i can be obtained 
by the same derivation method as that of the free section 
retaining pile: 

d u
2 2 2i i i= ⋅W U W                            （32） 

where u T
2 2 2 2 2[ (0)  (0)  (0)  (0)  1]i i i i iy M Qθ=W  is the 

state vector of the upper section of micro-element i; 
U2i is the transfer matrix of micro-element i; d

2i =W  

T
2 2 2 2[ ( )  ( )  ( )  ( )  1]i i i i i i i iy h h M h Q hθ  is the state vector 

of the lower section of micro-element i. 
Similarly, according to the continuity of the force and 

deformation of the retaining pile in the embedded section, 
the matrix transfer relationship of the retaining pile in the 
entire embedded section can be obtained as 

2

d u
2 2 21N = ⋅W U W                           （33） 

where 2
d

2NW  and 
u

21W  are the state vectors of the pile 
bottom and the junction between the embedded section 
and free section, respectively; 2 22 2 2( 1) 2N N i−=  U U U U  

22 21U U  is the total transfer matrix of the retaining pile 
in the embedded section; 22NU  is the transfer matrix of 
micro-element N2 in the embedded section. 

For the entire retaining pile, the embedded section 
and the free section are connected through the continuity 
condition ( 1

u d
21 1N=W W ). Then combining Eqs. (30) and 

(33), the state vector transfer relationship of the entire 
retaining pile can be obtained: 

2

d u
2 2 1 11N = ⋅W U U W                          （34） 

4.3 Boundary conditions 
The boundary conditions at both ends of the retaining 

pile are 
u u
11 0 11 0

u u
11 11

, (pile top free)
0, 0    (pile top fixed)

M M V V
y θ

= = 
= = 

  

 
         （35） 

2 2

2 2

d d
2 2

d d
2 1

0, 0 (pile bottom free)
0, 0  (pile bottom fixed)

N N

N N

M V
y θ

= = 
= = 

  

  
      （36） 

where 
u
11M  and M0 are the bending moment parameters 

of the retaining pile top boundary and known bending 
moment, respectively; 

u
11V  and V0 are the shear force 

parameters of the retaining pile top boundary and known 
shear force, respectively; u

11θ  is the rotation angle parameter 
of the cross section of the retaining pile top boundary; 

2
d
2NM  is the bending moment parameter of the retaining 

pile bottom boundary; 2
d

2NV  is the shear force parameter 
of the retaining pile bottom boundary; 2

d
1Nθ  is the rotation 

angle parameter of the cross section of the retaining pile 
bottom boundary; u

11y  is the lateral displacement parameter 
of the retaining pile top boundary; 2

d
2Ny  is the lateral 

displacement parameter of the retaining pile bottom 
boundary. 

Substituting the boundary conditions into Eq. (34), 
the state vector u

11W  of the pile top can be obtained. 
Through the recurrence Eq. (37) from Eqs. (26) and (32), 
the state response of any section can be solved.  

d u
1 1 1( 1) 11 11
d u

2 2 2( 1) 21 21

i i i

i i i

−

−

= ⋅ 
= ⋅ 




W U U U W
W U U U W

                （37） 

In the initial calculation stage, the modulus of subgrade 
reaction substituted into the calculation matrix is the initial 

Mi−1 

Qi−1 
i−1 

Mi 

i 
Qi 

z2i 

h 2
 

y2i 
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value obtained from the hyperbolic p−y curve. As a result, 
the obtained pile displacement is not accurate. Therefore, 
it is necessary to obtain more accurate internal force and 
deformation values of the pile by iteration. The specific 
calculation process is shown in Fig. 6. 

 
Fig. 6  Flow chart of calculation 

5  Model verification and example analysis 

5.1 Accuracy and rationality 
To verify the rationality of the shear layer assumption 

in the Pasternak two-parameter foundation model, based 
on the calculation example in literature [27], the results 
of this study are compared with those of the literatures. 
The horizontally loaded isolated pile had a length of 4.65 m, 
a diameter of 0.36 m and an elastic modulus of 20 GPa. 
The elastic modulus of foundation soil was 9 233 kPa, 
and the Poisson’s ratio was 0.3. The pile top was free. 
The pile was subjected to a horizontal load of 60 kN and 
a bending moment of 69 kN·m. According to the solving 
method of the governing differential equation of the 
embedded section, the lateral displacement of the horizontal 
isolated pile is calculated. The pile is discretized into 53 
segments with each section being 0.05 m long, and the 
calculation program is compiled according to the calculation 
flow of Fig. 6. The calculation results are shown in Fig. 7. 

As shown in Fig. 7, the variation pattern of the pile 
lateral displacement in this study is in consistent with 
that in the literature, and the maximum value of the pile 

 
Fig. 7  Comparison curves of horizontal displacements of piles 

 
lateral displacement occurs at the top position of the pile. 
In addition, the calculated results of this paper are in good 
agreement with those of the finite element method and 
the experiment. It indicates that the Pasternak two-parameter 
foundation model can better reflect the pile deformation 
pattern when applied to the calculation of horizontally 
loaded piles, which proves the rationality of the shear 
layer assumption. 
5.2 Project profile 

We take the deep foundation pit of the Lanzhou 
Zhonghai Plaza construction project in literature [28] as 
an example. The surrounding environment of this pit is 
complex, and the pile-anchor structure retaining section 
on the east side of the foundation pit is selected for cal- 
culation and analysis. The depth of the foundation pit 
is 12.7 m. The retaining pile has a length of 19.0 m, a 
diameter of 0.8 m, and a spacing of 2.0 m. The embedded 
pile depth is 6.3 m. The compressive stiffness and bending 
stiffness of the pile are 6.03×107 kN and 9.4×105 kN·m2, 
respectively. The prestressed anchor cables are installed 
at 3 m and 6 m from the pit top, respectively. The length 
of the free section is 6.0 m, and the length of the anchorage 
section is 10.0 m. The anchor cable is composed of three 
bundles of ϕs15.2 mm steel strands with an inclination 
angle of 15º, tensile strength of 1 860 MPa, elastic modulus 
of 1.95×105 MPa, and cross-sectional area of 140 mm2 
for each bundle, respectively. A pretension stress of 160 kN 
is applied to the anchor cable. M20 grade cement grout 
is adopted for grouting. The diameter of anchorage body 
is 150 mm. Other parameters are shown in Fig. 8. The 
safety factor of the foundation pit is Level 1. The soil 
parameters provided by the geotechnical engineering 
survey and test report are shown in Table 1. 
5.3 Calculation and analysis 

The general finite element software Plaxis 2D in 
geotechnical engineering is used for numerical simulation 
analysis of the excavation process of the pile-anchor 
retaining foundation pit in the engineering example. The 
finite element calculation model is established, as shown 
in Fig. 9. The model dimension is 60 m in width and 
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Ki = Pi/yi, calculate new modulus of subgrade reaction iK ∗  
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According to the characteristics of the retaining pile, divide the pile
section above the excavation surface into N1 segments, and divide
the pile section below the excavation surface into N2 segments 
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Fig. 8  Section of pile-anchor structure retaining scheme 

 
Table 1  Physical and mechanical indexes of the soil layer 

Soil layer Thickness 
/m 

Unit weight 
γ /(kN·m−3) 

Cohesion 
c /kPa 

Friction angle 
ϕ /(º) 

Friction with 
anchor rod /kPa

Miscellaneous 
soil 2.1 17.0 8.0 15.0 30 

Silty fine sand 4.7 18.0 10.0 25.0 40 
Loess-like silt 5.9 17.0 20.0 26.0 70 

Fine sand 1.1 18.0 0.0 30.0 70 
Pebble 4.3 23.0 0.0 45.0 220 

 
Fig. 9  Finite element calculation model 

 
40 m in height. The Mohr-Coulomb ideal elastic-plastic 
model is used to simulate soil materials. The free section 
of the pretressed anchor is simulated by point-to-point 
anchor rod elements, and the anchorage section is simulated 
by geogrid elements. The retaining pile is simulated by 
plate elements. The boundary conditions are taken as 
follows: the horizontal displacements on both sides is 0, 
and the displacement on the bottom side is 0. The main 
construction conditions of the foundation excavation are 
shown in Table 2. 

From Fig. 10, it can be observed that the maximum 
lateral displacement of the pile occurs at about 5/7 times 
the pit depth after excavation. One set of anchor cables 
are installed separately at 3.0 m and 6.0 m away from the 
pit top, and a prestress of 160 kN is applied. In contrast, 

there are no anchor cables between 6.0 m and 12.7 m from 
the pit top. As a result, the earth pressure behind the pile 
is balanced by the pile itself, which leads to the appearance 
of the maximum lateral displacement of 17.56 mm at a 
depth of about 9 m (see Fig. 11). However, the lateral 
displacement of the pile satisfies the requirement of the 
specification[29]. The entire foundation pit is in a safe 
state during the excavation process. 

 
Table 2  Main construction conditions 

Condition Excavation 
depth /m Explanation 

1  3.5 Set up the first set of anchor cable at depth of 3.0 m
2  6.5 Set up the first set of anchor cable at depth of 6.5 m
3 12.7 Excavate to the pit bottom 

 
Fig. 10  Nephogram of overall horizontal displacements 

after excavation 

 
Fig. 11  Comparison curves of horizontal displacements of piles 

 
According to the analysis of laterally loaded piles 

in literature [22], the mechanical properties of laterally 
loaded piles mainly depend on the ultimate resistance 
of the shallow soils. Therefore, in this study, take n = 
0.7, α0 = 0.35 and Np = 2.2. Substituting the calculation 
parameters in the engineering example into the compiled 
calculation program, the lateral displacements and bending 
moments of the retaining pile based on the nonlinear 
Pasternak two-parameter foundation model (hereinafter 
referred to as the solution of this study) and those based 
on the p−y curve method of the Winkler foundation model 
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(hereinafter referred to as the solution of the p−y curve 
method) are obtained.  

It can be seen from Fig. 11 that: (1) The variation 
trends of the pile side displacement curves calculated by 
the method in this study, the traditional p−y curve method 
and the finite element method are basically the same, and 
the location of the maximum lateral displacement of the 
pile also tends to be the same, all appearing at the depth 
of about 9 m. (2) The calculation results of the method 
in this study and the traditional p−y curve method are 
obviously closer to the measured values than that by the 
finite element, indicating that the finite element software 
is more conservative when calculating the retaining piles. 
(3) Compared with the finite element method and the 
traditional p−y curve method, both the variation pattern 
and the maximum value of the pile lateral displacement 
in this study are closer to the measured values. Especially 
above the excavation surface of the foundation pit, this 
phenomenon is more obvious. It indicates that the cal- 
culation accuracy is significantly improved when the 
shearing effect of the soil is considered. (4) The solution 
of this study is generally smaller than that of the p−y curve 
method. The maximum pile lateral displacements of the 
solution of this study, p−y curve method, and finite element 
method are 21.32, 23.58 and 21.56 mm, respectively. The 
deviations of the former two results from the measured 
results are 1.1% and 10.0%, respectively. This is due to 
the fact that the solution of the p−y curve method is obtained 
based on the Winkler foundation model. It does not consider 
the continuity of the soil deformation, which leads to the 
larger calculation results. It indicates that the shear effect 
of the soil on the pile side contributes to the reduction of 
the pile lateral displacement in a certain degree. (5) As 
the foundation pit excavation continues, the pile lateral 
displacements all begin to decrease after reaching the 
maximum values. The pile lateral displacements by this 
study, the p−y curve method and the measured values are 
gradually close to the numerical results. This indicates 
that with the increase of excavation depth, the lateral 
displacements at different pile depths will increase 
cumulatively, and the soil resistance will gradually 
decrease, so that the earth pressure difference acting on 
the retaining pile gradually decreases. 

Figure 12 illustrates that the maximum negative bending 
moments of the pile estimated by this study, the p−y curve 
method and numerical simulation are −470.35, −532.14 
and −440.53 kN·m, respectively. The maximum negative 
bending moments appear at the pile depth of about 10 m. 
The maximum positive bending moments of the pile 
obtained from this study, the p−y curve method and 
numerical simulation are 250.69, 280.73 and 224.56 kN·m, 
respectively. The maximum positive bending moments 

appear at the pile depth of about 15 m. However, the 
differences in the trends of the pile moment curves obtained 
by the three methods are not significant. The maximum 
positive and negative bending moments obtained by the 
p−y curve method increase by 12.04% and 13.20%, 
respectively, compared with those of this study. This 
indicates that the Winkler foundation beam model slightly 
overestimates the distribution of bending moments. 

 
Fig. 12  Comparison curves of pile bending moments 

6  Conclusions 

In this study, a method for calculation of foundation 
pit retaining piles based on nonlinear Pasternak two- 
parameter foundation model is developed by combining 
the advantages of the Pasternak two-parameter foundation 
model and the nonlinear soil resistance−pile lateral dis- 
placement (p−y) curve and considering the nonlinearity 
of the soil stiffness on both sides of the retaining pile 
and the continuity of the lateral soil deformation. The 
following conclusions can be drawn:  

(1) The pile displacements obtained from this study 
are analyzed by comparing them with the measured values 
and the results calculated by the p−y curve method based 
on the Winkler foundation model. It is found that when 
the conventional Winkler foundation model is used to 
calculate the foundation pit retaining pile, the pile horizontal 
displacement and internal force will be overestimated. 
It indicates that the shearing effect of the soil on the pile 
side contributes to the reduction of the pile horizontal 
displacement in a certain degree. The horizontal displace- 
ment obtained from this study is closer to the measured 
values, which verifies the rationality and applicability 
of the method proposed in this study. 

(2) The Pasternak two-parameter foundation model 
makes up for the inherent defects of the Winkler single- 
parameter foundation model and considers the continuity 
of soil deformation. Therefore, it can better simulate the 
actual situation of pile−soil interaction, and has certain 
practical engineering significance.  

(3) Combining the soil stiffness on both sides of the 
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retaining pile with the nonlinear p−y curve, it is found 
that the soil stiffness on the pile side is a nonlinear function 
of the pile lateral displacement.  

(4) Using the transfer matrix method to solve the 
differential equation for the pile deflection can not only 
obtain the semi-analytical solution of the internal force 
and deformation of any pile section under the premise of 
ensuring the calculation accuracy, but also consider the 
pile−anchor deformation coordination problem through 
the point matrix. 
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