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Analytical method to estimate the influence of foundation pit excavation adjacent 
to the station (working shaft) on the underlying shield tunnel 
 
WANG Zu-xian1,  SHI Cheng-hua1,  GONG Chen-jie1,  CAO Cheng-yong2,  LIU Jian-wen1,  PENG Zhu1 
1. School of Civil Engineering, Central South University, Changsha, Hunan 410075, China 

2. College of Civil and Transportation Engineering, Shenzhen University, Shenzhen, Guangdong 518060, China 

 
Abstract: The shield tunnel is typically simplified as an infinite beam with two free ends in existing analytical models, which are 
used to calculate the longitudinal deformation of the underlying shield tunnel induced by the excavation of a foundation pit. However, 
the applicability of those analytical models is limited due to the simplification. The current study is aimed at estimating analytically 
the longitudinal deformation of the underlying shield tunnel induced by the excavation of a foundation pit adjacent to the station 
(working shaft). The constraint on the shield tunnel generated by the joint between the station (working shaft) and the tunnel is treated 
as a rotation spring with the rotation stiffness of K and a vertical rod support. The Winkler foundation–Timoshenko beam model for 
calculating the longitudinal deformation of the shield tunnel adjacent to the station (working shaft) induced by the foundation pit 
excavation is proposed. The finite difference solution of the proposed model is strictly derived based on the basic principles of the 
force method. The reliability and applicability of the proposed analytical model are verified via the comparison with the finite 
element numerical solution of one-dimensional elastic foundation beam model and the global finite element simulation results of the 
longitudinal deformation of the underlying tunnel induced by the excavation of a foundation pit adjacent to the station. The 
parametric studies indicate the following conclusions. (i) The longitudinal deformation and internal forces of the shield tunnel are 
significantly influenced by the rotation stiffness, K, of the joint between the station (working shaft) and the tunnel. The internal 
forces and the longitudinal deformation (i.e. rotation angle) at the end of the tunnel increase and decreases nonlinearly with a 
increasing K, respectively. In addition, when the flexible connection is adopted at the joint between the station (working well) and 
tunnel, the working performance of the shield tunnel at the joint can be better guaranteed. (ii) The constraint effect of the joint on the 
end of the tunnel is non-negligible, when the distance from the center of the foundation pit to the station-tunnel joint ranges from 4 to 
5 times the width of the pit along the tunnel axis. In this condition, the proposed analytical model should be adopted to evaluate the 
longitudinal working performance of the tunnel. (iii) The influence of the overlying foundation pit excavation on the underlying 
tunnel mainly exerts within 2 times the length of the pit perpendicular to the tunnel axis away from the center of the pit. 
Keywords: shield tunnel; foundation pit excavation; flexible boundary; longitudinal deformation; analytical solution 
 

1  Introduction 

Longitudinal uneven deformation is an important 
factor, which induces various types of damages of the 
lining of shield tunnels. The remarkable differential 
settlement of tunnels will cause unfavorable consequences, 
such as the dislocation of segments, joint opening, and 
lining cracking, which further lead to the failure of the 
waterproof and the structures of the lining and 
influence the working performance of shield tunnels[1–3]. 
As the urban underground space develops, the issues 
related to the longitudinal deformation of shield tunnels 
caused by various unfavorable conditions has become 
increasingly serious, mainly including the excavation 
of adjacent foundation pits[4–9], the construction of new 
tunnels[10–14] and sudden surcharge on the ground[15–17]. 

Extensive studies on the longitudinal deformation 
of shield tunnels have been conducted, a considerable 
part of which focused on analytical models for 
estimating the longitudinal mechanical properties of 
shield tunnels under the influence of various unfavorable 
conditions of loading and unloading[18]. From the 

mechanical point of view, those models share the same 
underlying essence, namely the shield tunnel–soil 
interaction. Thus, whatever the working conditions are 
involved, the basic framework of most analytical 
models is the elastic foundation beam model, the core 
procedure of which is to describe the tunnel– soil 
interaction and to conduct the mechanical analysis of 
the shield tunnel structure. 

The interaction between tunnel and soil is typically 
described by various foundation models, such as Winkler 
foundation model, Pasternak foundation model, Vlazov 
foundation model with two parameters and Kerr founda- 
tion model with three parameters. Although those two- 
parameter and three-parameter foundation models 
theoretically overcome the drawback of the Winkler 
foundation model associated with the discontinuity[19], 
it is difficult to determine the model parameters and to 
apply those models in practice. The Winkler foundation 
mode is the most widely used for estimating the 
structure–soil interaction, because of its advantages 
such as the few model parameters, easy to determinate, 
convenient to estimate and input into the model[20]. 
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The longitudinal structure analysis of shield tunnels is 
typically based on the longitudinal beam–spring model[21] 
and the equivalent longitudinal continuous model[22]. 
Therefore, numerous analytical models can be developed 
by combining different foundation models and the 
longitudinal structure analysis theory of shield tunnels. 
In comparison to the longitudinal beam–spring model, 
the equivalent longitudinal continuous model has a 
simpler concept, a more convenient model input and 
solving strategy. Thus, a one-dimensional homogeneous 
continuous beam on an elastic foundation has become 
the most popular model for estimating the structural 
response of shield tunnels under the additional loads. 

With a better understanding of the longitudinal 
deformation mode of shield tunnels, Timoshenko 
beam theory has been introduced for modelling the 
longitudinal deformation of shield tunnels, which can 
consider both bending and shear effects[23]. Thus, the 
research progress on this topic has been promoted. The 
longitudinal deformation model of shield tunnels 
based on Timoshenko beam theory has been widely 
used for modelling the structural responses of shield 
tunnels under various types of additional loads. For 
example, Liang[5–6] established the Winkler foundation– 
Timoshenko beam model[5] and the Pasternak foundation– 
Timoshenko beam model[6] for modelling the influence 
of foundation pit construction on the adjacent shield 
tunnel. Liu et al.[7–8] further considered the influence 
of foundation pit construction on foundation parameters 
and established the Vlazov foundation–Timoshenko 
beam model for modelling the longitudinal additional 
responses of the shield tunnel induced by the foundation 
pit construction. Zhang et al.[12–13] established the Kerr 
foundation–Timoshenko beam model and investigated 
the influence of the new tunnel construction on 
existing shield tunnels. Kang et al.[16] analyzed the 
effect of the surcharge on the ground surface on existing 
shield tunnels based on the Winkler foundation– 
Timoshenko beam model. 

It should be pointed out that the existing studies 
typically model the shield tunnel as an infinite beam 
on an elastic foundation. In addition, the two ends of 
the shield tunnel are typically simplified as free ends 
to facilitate the derivation of the finite difference 
equation if the finite difference method is used. 
However, as for the joints between the interval tunnels 
and the station or the air shaft, this simplification is 
not valid when there are additional loads acting on the 
shield tunnel adjacent to those joints. Under this 
condition, the joint between the working shaft and the 
shield tunnel has remarkable constraint effect on the 
tunnel ends. Thus, the significant error will be 
introduced to the modelling results of the longitudinal 
response of shield tunnels based on the free end 
assumption. Wu et al.[24] proposed the rigorous 
analytical solutions of the Vlazov foundation– 
Timoshenko beam model under two types of boundary 
conditions and the external loads with the expansion 
of Fourier series. However, the governing equation of 
this type of problems is generally a fourth order 

non-homogeneous differential equation. When the 
external load and foundation parameters vary along 
the longitudinal direction of the tunnel, it is difficult to 
obtain the rigorous analytical solution mathematically. 

The current study aims at the longitudinal 
deformation of the underlying shield tunnel induced 
by the excavation of the foundation pit adjacent to the 
station (working shaft). The Winkler foundation– 
Timoshenko beam model was used for the longitudinal 
structure analysis of the shield tunnel. The calculation 
model for the longitudinal shield tunnel under the 
condition of unloading due to the excavation adjacent 
to the station (working shaft) was established, which 
considered the constraint effect of the station (working 
shaft) on the end of the shield tunnel. Based on the 
principle of force method, the finite difference 
solution of the longitudinal response of shield tunnel 
under complicated boundary condition was derived. 
The proposed model is capable to extending the 
applicability of the existing models for estimating the 
longitudinal deformation of shield tunnels. Moreover, 
the modelling results provide the referable solutions 
for the elastic foundation beam model under the 
complicated boundary conditions by the finite 
difference method and for the rational design of the 
joint between the station (working shaft) and the 
shield tunnel. 

2  Winkler foundation–Timoshenko beam model 

2.1 Station (working shaft)–shield tunnel analytical 
model 

Figure 1 illustrates the calculation model for 
analytically solving the additional response of the 
underlying shield tunnel caused by the excavation of a 
foundation pit adjacent to the station (working shaft)- 
shield tunnel joint. Timoshenko beam model is used to 
simulate the mechanical behavior of the shield tunnel 
including the longitudinal deformation. The interaction  

 

 
(a) Schematical illustration of the excavated foundation pit adjacent to a 

station (working shaft) 

 

 
(b) Winkler foundation–Timoshenko beam model 

Fig. 1  Schematic illustration for the calculation model  
of the longitudinal deformation of the shield tunnel adjacent 

to the station (working shaft) 
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between the shield tunnel and the surrounding soils is 
modelled by the Winkler foundation model. According 
to the research results by Wu et al.[22], the station 
(working shaft)-shield tunnel joint can be modelled by 
the combination of a rotation spring with a rotational 
stiffness of K  and a vertically simple support, which 
can be regarded as a simply supported flexible constraint. 
2.2 Governing equations 

For the Winkler foundation model, the relationship 
between the earth pressure ( )p x  and the displacement 

( )w x  at any point of the foundation can be expressed 
as 

( ) ( )p x kw x                              （1） 

where k is the coefficient of subgrade reaction. 
According to Timoshenko beam theory, the relationship 

between deformation and internal forces are expressed 
in the differential form[25]: 

d

d
M D

x


                                （2） 

d

d

w
Q C

x
   

 
                           （3） 

where M and Q are bending moment and shear 
force acting on the given cross-section of beam, 
respectively; D EI  is the bending stiffness of the 
beam, which is the longitudinal equivalent bending 
stiffness for the shield tunnel, eq( )EI ; E is the 
Young’s modulus of elasticity of the beam; I is the 
moment of inertia of the cross-section of the beam; 
C GA  is the shear stiffness of beam cross-section, 
which is the equivalent shear stiffness for the shield 
tunnel, eq( )GA ;   is the correction coefficient; G 
is the shear modulus of the beam; A is the area of 
beam cross-section;   is the angle of rotation of the 
beam cross-section; and w is the deflection of the 
beam. 

Considering the beam segment with the length of 
dx in Fig. 1(b), the force equilibrium diagram is shown 
in Fig. 2. Thus, the force equilibrium equations can be 
written as 

t td d dQ Q qD x Q pD x                     （4） 

   2 2

t t

d d
d d

2 2

x x
M Q x pD M M qD         （5） 

 

 
Fig. 2  Force equilibrium diagram for the soil beam element 

where tD  is the outer diameter of the shield tunnel; 
and q is the external load. 

By combining Eq. (1) to Eq. (5), omitting high- 
order terms and assuming that tK kD , the rotation 
angle φ and the deflection w of a Timoshenko beam on 
a Winkler foundation subjected to an external load can 
be obtained by the differential equilibrium equations 

t

d d

d d

w
C Kw qD

x x
        

                 （6） 

2

2

d d

d d

w
D C

x x

     
 

                      （7） 

By decoupling Eq. (6) and Eq. (7), the differential 
governing equations of the responses of a Timoshenko 
beam on a Winkler foundation subjected to an additional 
load can be rewritten as 

4 2 2
t t

4 2 2

d d d

d d d

D Dw K w K q
w q

x C x D D C x
              （8） 

2.3 Finite difference solution 
Equation (8) is a fourth order non-homogeneous 

differential equation. It is difficult to find its exact 
solution. For the convenience of engineering application, 
the finite difference method can be used to find its 
numerically approximated solution. In addition, the 
finite difference solution is more adaptive than the 
analytical solution, when the additional load or the 
foundation parameters varies along the longitudinal 
direction of the tunnel. As shown in Fig. 3, the shield 
tunnel is discretized into 5n   nodes along the 
longitudinal direction of the tunnel (including two 
extra virtual nodes at both ends) with the element 
length of l. 

According to the standard finite difference 
principle, the differential governing equation (i.e., Eq. 
(8)) can be approximated by the following difference 
equation 

 

 

Fig. 3  Spatial discretization of the shield tunnel 

 

+1 1 +2 2
4

+1 1
2

t t +1 1
2

6 4( ) ( )

2

2

i i i i i

i i i
i

i i i
i

w w w w w

l
w w wK K

w
C l D
D D q q q

q
D C l

 





   


 
 

 


           （9） 

From Eq. (9), 1n   independent equations with 
5n   unknowns are obtained. The four complementary 

equations are determined by the boundary conditions 
at both ends of the tunnel, which are the nodal 
displacements of the four virtual nodes. 
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Shield tunnel

tpD  

tqD  

M dM M

Q dQ Q  
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Let 1 4

1

l
 = , 2 2

K

Cl
 = , 3

K

D
 = , t

4

D

D
 = , and 

t
5 2

D

Cl
 = . Eq. (9) can be written in the matrix form as 

1
1 2 3 1 2 3( ) ( )    w K K K Q Q Q            （10） 

where w is the column vector of the tunnel nodal 
displacements; 1K  is the displacement stiffness 
matrix of the tunnel; 2K  is the shear stiffness matrix 
of the tunnel; 3K  is the bending stiffness matrix of 
the tunnel; 1Q  is the column vector of the additional 
load; 2Q  is the column vector of the load correction; 
and 3Q  is the complementary vector. The 1K , 2K , 
and 3Q  need to be determined according to the nodal 
displacements of the virtual nodes. 3K , w, 1Q , and 

2Q  can be expressed as 
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According to Figs. 1(b) and 3, the boundary 
conditions at both ends of the tunnel, i.e., the nodal 
displacements of the virtual nodes in the analytical 
model are 

0

0
n

n

M

Q

 
 

                                （12） 

In addition, in order to obtain the finite difference 
solution, the boundary conditions of the bending 
moment and shear force at the beam end adjacent to 
the station (working shaft) should be given. 

The discretized beam segment between nodes 
i  0 and i  1 is taken as the research object, as 
shown in Fig. 4. According to the boundary conditions 
at the beam ends, the nodal displacement is null, and 
the rotation angle of the beam cross-section is 0  at 
node 0. At node 1 which is the discretization point, the 
longitudinal displacement of the beam is 1w , and the 
rotation angle of the beam cross-section is 1 . As the 
external load acting on the beam segment between 
nodes 0 and 1, mq  is taken as the average value of 
the external loads acting at those two nodes. 

 
(a) The selected free body  (b) Force method analysis of the free body 

Fig. 4  Free body diagram for the discretized tunnel 
between nodes 0 and 1 

 
According to Fig. 4, the basic equations for shear 

force 0Q  and bending moment 0M  at node 0 based 
on the force method are 
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θ
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      （13） 

where 11 , 12 , P1
1 , and P2

1 are the displacement 
along the direction of 0Q  at node i  0 when the unit 
loads corresponding to 0Q and 0M  act alone, the 
subgrade reaction ( tpD ) acts alone, and the external 
load ( m tq D ) acts alone, respectively; and 22 , 21 , 

P1
2 , and P2

2 are the rotation angle along the direction 
of 0M  at node 0 when the unit load corresponding to 
Q0 and M0 act alone, the subgrade reaction ( tpD ) acts 
alone, and the external load ( m tq D ) acts alone, 
respectively. Those terms can be obtained by the 
following formulas 
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Moreover, it can be derived from Eq. (13) that 
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In addition, according to the differential 
equilibrium equations with respect to the rotation 
angle   and the deflection w, the rotation angle  , 
bending moment M and shear force Q of the tunnel 
can be obtained by the following standard finite 
difference form： 

1 1 2 1 1 2
3

1 1 t 1 1

+1 1
t2

+2 +1 1 2
3

+1 1 +1 1
t
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（16） 
Combining Eqs. (12), (15) and (16), the displacements 
of the four virtual nodes at both ends of the tunnel can 
be calculated as 
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 11 122C Cl l     . 

By substituting the virtual nodal displacements 
into Eq. (9), the matrix 1K , the matrix 2K , and the 
vector 3Q  in Eq. (10) are derived as 
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（18） 

where 1 0 7 8 04 6C c c c c    ;  

2 1 7 9 14 4C c c c c    ; 3 2 7 10 24 1C c c c c    ;  

4 3 7 11 34C c c c c   ; 5 0 4C c  ; 6 1 6C c  ; 

7 2 4C c  ; 8 3 1C c  ; 9 17 4C c  ; 10 172C c  ; 

 2

11 17 2 2C c   ; 12 0 2C c  ; 13 1 1C c  ; 

14 17 2C c = ;  
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15 2 6 7 16 m 4 0 5 2

6 m 2 4 0 5 2 6 m

( ) (

  ) ( ) 4(
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;  

 16 1 4 0 5 2 6 mC c q c q c q   ; 17 1 14 nC c q  ; and 

 18 1 14 1 1 17 14 14 2 144n n n n nC c q q c c q c q c q         . 

Particularly, when the two ends of the beam model 
are imposed to free boundary conditions, Eq. (18) can 
be written as 
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（19） 
where 19 1 14 0C c q  ;  

and 

 20 1 14 1 1 17 14 0 14 0 2 14 04C c q q c c q c q c q        . 

2.4 Determination of model parameters 
2.4.1 Foundation model parameters 

For the Winkler foundation model, the coefficient 
of subgrade reaction k can be determined according to 
the estimation method proposed by Wood[26] 

  
s

s s

3

1 5 6

E
k

R  


 
                     （20） 

where sE  and s  are Young's modulus and Poisson's 
ratio of foundation soil, respectively; and R is the 
radius of the tunnel. 
2.4.2 Tunnel model parameters 

According to the reference[23], the equivalent 
longitudinal bending stiffness,  eq

EI  and shear stiffness, 

eq( )GA  of the shield tunnel can be calculated as 
follows: 
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               （24） 

where cE  and cI  are the Young’s modulus and the 
moment of inertia of the main cross-section of the 
shield tunnel lining ring segment, respectively; fK  is 
the rotational stiffness coefficient of the joint between 
rings;   represents the location of the neutral axis of 
the cross-section in the longitudinally bending shield 
tunnel; sl  is the ring width of lining segment; bl  is 
the length of the joint bolt between rings;   is the 

influence coefficient of the joint between rings, which 
is taken as 0.5 for the shield tunnels of Shanghai 
Metro suggested by Xu[27];   is the efficiency of 
longitudinal bending stiffness; bE  is the modulus of 
elasticity of the joint bolts;   is the correction 
coefficient considering the contact effect between the 
segment rings; n is the number of joint bolts between 
rings; b =0.89 and c =0.53 are shear coefficients of 
bolt and segment ring, respectively; bG  and cG  are 
shear modulus of bolt and segment, respectively; bA  
and cA  are the sectional areas of bolt and segment 
ring, respectively. 

3  Validation by numerical modelling 

3.1 Reliability of the analytical solutions 
Taking a subway tunnel as an example and 

referring to the analytical model proposed in the 
current study, we established a finite element model of 
one-dimensional elastic foundation beam using ABAQUS. 
The reliability of the analytical solution proposed in 
the current study was validated based on the finite 
element numerical solutions. The numerical model of 
one-dimensional foundation beam established is 
shown in Fig. 5. The relevant model parameters can be 
determined according to the case study by Wu et al.[24]; 
namely, the outer diameter of the tunnel is 6.2 m, the 
segment thickness is 0.35 m; the longitudinal length is 
100 m; the bending stiffness of the beam (i.e., tunnel) 
D  1.361×108 kN·m2; the shear stiffness of the beam 
C  2.08×106 kN (  1); the coefficient of subgrade 
reaction k=5 344.4 kN/m3. The external load is normally 
distributed. To highlight the influence of the boundary 
condition at the left end of the model, the external load 
distribution is assumed as 

 
2

10

7.033( ) 490.7e   kN/m
x

q x
  

                 （25） 

 

 

Fig. 5  Schematic illustration for the one-dimensional 
foundation beam model 

 
Figure 6 shows the comparison between the 

analytical solutions proposed in the current study and 
the finite element method-based numerical solutions 
of the longitudinal deformation and internal forces of 
the foundation beam when the rotational stiffness of 
the rotation spring at the left end of the model K  is 
1.0×106 kN·m/rad. It can be seen that the proposed 
analytical solutions agree well with the finite element 
method-based solutions regarding the longitudinal 
deformation and internal forces of the foundation 
beam, except for those slight discrepancies at the ends 
of the beam. When K  is 1.0×106 kN·m/rad, the 
maximum deflection (absolute value), maximum rotation 
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angle, maximum bending moment and maximum 
shear force of the beam obtained from the finite element 
modelling are 8.13 mm, 29.98°, 7.81×103 kN·m, and 
1.30×103 kN, respectively; those results derived from 
the proposed analytical solutions are 8.09 mm, 31.19°, 
7.98×103 kN·m, and 1.37×103 kN, respectively. Thus, 
the relative differences between those numerical results 
and analytical solutions are 0.49%, 4.04%, 2.18% and 
5.38%, respectively. It can be concluded that the 
proposed analytical solutions in the current study are 
reliable and can be extended for modelling the 
longitudinal responses of shield tunnels under 
complicated boundary conditions. 

 

 
(a) Longitudinal deformation of the beam 

 

  
(b) Internal forces of the beam 

Fig. 6  Comparison between analytical solutions  
and FEM-based modelling results 

 
3.2 Applicability of the analytical solutions 

In order to justify the applicability of the proposed 
analytical solution in the current study, the three- 
dimensional global finite element model was established 
by the commercial software, ABAQUS for modelling 
the longitudinal structural response of the shield 
tunnel caused by the excavation of the foundation pit 
adjacent to a station (working shaft). The numerical 
model was used for modelling the interaction between 
the shield tunnel and the surrounding soils during the 
excavation of the foundation pit adjacent to the station. 
The applicability of the proposed analytical model was 
justified based on the comparison between the three- 
dimensional finite element modelling results and of 
the proposed analytical solutions. 
3.2.1 Three–dimensional finite element model 

The three-dimensional numerical model by ABAQUS 
is shown in Fig. 7. Fig. 8 shows the relative location 
between the excavated foundation pit and the existing 

station-tunnel. 
 

 

 
(a) Mesh of the global model 

 

 
(b) Detailed mesh of the local model 

Fig. 7  Three-dimensional numerical model 

 

 
Fig. 8  Relative position between the tunnel-station and the 

foundation pit 

 
The excavated foundation pit has the dimensions 

of 10 m (width B) × 20 m (length L) × 6 m (depth H). 
The distance between the center of the excavated 
foundation pit and station-tunnel joint is 14 m. The 
retaining structure for foundation pit is a diaphragm 
wall with a thickness of 1 m and a depth of 10 m. The 
underlying tunnel is a typical shield tunnel excavated 
in a soft soil. The tunnel has an outer diameter of 6.2 
m and a segment thickness of 0.35 m. The vertical 
distance between the top of the tunnel and the bottom 
of the foundation pit is 5 m. In the numerical model, 
the C3D8 solid element is used for modeling the 
stratum, the station, the tunnel as well as the diaphragm 
wall. The stratum is homogeneous clay layer, which is 
modelled by modified Cambridge Clay (MCC) model. 
The model parameters are determined based on the 
finite element modeling by Kang et al.[9], as shown in 
Table 1. The underlying tunnel is simulated by the 
linearly elastic constitutive model. Considering the 
stiffness reduction caused by the station-tunnel joint, 
the modulus of elasticity is 2.85 GPa and Poisson's 
ratio is 0.2[9]. The station and diaphragm wall are also 
simulated by the linearly elastic constitutive model 
with the elastic parameters of C30 concrete; namely, 
the modulus of elasticity is 30 GPa and Poisson's ratio 
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is 0.2. The numerical model is imposed to constrained 
normal displacement boundaries except for the free 
ground surface. In addition, the vertical displacement 
of the station bottom is constrained in the numerical 
model, to keep the constraint condition consistent with 
that in the proposed analytical model at the tunnel- 
station joint. The rotation stiffness of the rotational 
spring at the tunnel-station joint is influenced by many 
factors, the determination of which remains to be 
studied[24]. In this numerical model, the tunnel and the 
station are modelled as a whole; namely, the connection 
is rigid. The influence of the tunnel-station joint on the 
internal forces and the longitudinal deformation of the 
shield tunnel will be discussed later. To minimize the 
boundary effects, the three-dimensional numerical 
model has the dimensions of 200 m×200 m×50 m. The 
specific steps of the numerical modeling are as follows. 
(i) Buildup of the geostress; (ii) construction of the 
station and the tunnel; and (iii) construction of 
retaining structure and excavation of the foundation 
pit. This study focuses on the additional deformation 
of the existing shield tunnel caused by the excavation 
of the foundation pit; therefore, the difference in the 
numerical results between modeling step (ii) and step 
(iii) should be highlighted. 
 

Table 1  Calculation parameters of the clay soil[9] 
  

/(kN·m–3) 0e  0K   sv   M 

17.8 1.03 0.6 0.013 3 0.3 0.159 4 0.9 

Note:  is the unit weight of the soil; 0e  is the initial void ratio; 0K  is 

the coefficient of the lateral earth pressure at rest;  is the slope of the 
rebound curve; sv  is the Passion’s ratio;  is the slope of the normal 

compression line; and M is the slope of the critical state line.  

 
3.2.2 Parameters of the analytical model  

As shown in Fig. 8, the external load q(x) acting 
on the longitudinal axis of the tunnel caused by the 
excavation of the foundation pit can be estimated by 
Mindlin solution: 
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（26） 

where    
1

22 2 2
1 0R x z H        ; 

   
1

22 2 2
2 0R x z H        ;  

  and sv  are the unit weight and the Poisson's ratio 

of the excavated soil, respectively, as shown in Table 1; 

0z  and H are the depth of the underlying tunnel axis 
and the depth of the excavated foundation pit, 
respectively; 0x  and 0y  are the horizontal distance 
from the center of the foundation pit to the station and 
the vertical distance from the center of the foundation 
pit to the longitudinal axis of the tunnel, respectively; 
B and L are the width and length of the excavated 
foundation pit, respectively; and   and   are the 
integral variables along the x direction and y direction 
in the excavated zone of the foundation pit, respectively. 

When modelling the heave of the underlying 
tunnel induced by the unloading associated with the 
foundation pit excavation, the rebound modulus of the 
foundation soil was used[28]. Based on the theoretical 
model on the one-dimensional soil rebound, Wu et 
al.[29] proposed a simple method for estimating the 
rebound modulus at any given point of the base of the 
foundation pit: 

   
 

1 2 0 1
u

1 2

1 ln

ln

e p
E

p p

  


  
               （27） 

where 1  and 2  are the vertical principal stresses 
at the studied point before and after excavation, 
respectively; and 1p and 2p  are the average principal 
stresses at the studied points before and after excavation, 
respectively. 

In this case study, the excavation depth of the 
foundation pit is 6 m and the vertical distance between 
the top of the tunnel and the bottom of the foundation 
pit is 5 m. Therefore, when calculating the rebound 
modulus of the soil according to Eq. (27), the soil 
depth for calculation can be 8.5 m. By plugging the 
parameters included in Table 1 into Eq. (27), the 
rebound modulus of the soil is 8.39 MPa. In addition, 
the Winkler coefficient of subgrade reaction can be 
estimated as 1 951.8 kN/m3 based on Eq. (20). 

In the numerical model, the shield tunnel was 
simulated by a homogeneous continuous model 
considering the stiffness reduction. The modulus of 
elasticity with stiffness reduction is 2.85 GPa; and the 
corresponding bending stiffness and shear stiffness are 
D  7.87×107 kN·m2 and C  4.05×106 kN, respectively. 

In the numerical model, the station and tunnel 
were modelled as a whole finite element model. Thus, 
the rotation stiffness of the tunnel-station joint was 
taken as a relatively great value of K  1.0×108 kN·m/ 
rad in the analytical model. 
3.2.3 Comparison between analytical solutions and 
numerical modelling results 

Figure 9 shows the comparison between the proposed 
analytical solutions and the finite element modeling 
results regarding the additional longitudinal deformation 
and internal forces of the tunnel. It can be found that 
the variations of longitudinal deformation, bending 
moment and shear force of existing tunnels obtained 
by the proposed analytical model in the current study 
are consistent with the finite element modelling results. 
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However, the analytical solutions under the free 
boundary conditions remarkably deviate from the 
finite element modelling results for the tunnel near the 
station. Therefore, it can be concluded that the 
constraint effect of the tunnel-station joint should be 
considered when modelling the longitudinal response 
of the shield tunnels adjacent to the station-tunnel joint. 
Compared with the existing analytical model with the 
free boundary assumption, the proposed analytical 
model in the current study is more applicable to 
modelling the response of the tunnel induced by the 
excavation of the foundation pit adjacent to the 
station. 

 

 
      (a) Longitudinal deformation of the tunnel 

 

 
        (b) Bending moment of the tunnel 

 

 
      (c) Shear force of the tunnel 

Fig. 9  Comparison between the calculated results by the 
proposed method and the FEM-based modelling results 

 
According to the modelling results in this case 

study, the maximal longitudinal deformation, the 
maximal bending moment and the maximal shear 
force of the tunnel obtained by the finite element 
modelling are 11.43 mm, 8 408.0 kN·m and 2 054.4 kN, 
respectively. Based on the proposed model in the 
current study, the maximal longitudinal deformation, 

the maximal bending moment and the maximal shear 
force of the tunnel are 9.74 mm, 9 651.5 kN·m and  
1 543.1 kN, respectively. It shows that the slight 
discrepancies exist between the modelling results by 
the proposed analytical model in the current study and 
those of the finite element method. The main cause 
can be attribute to the differences in the soil con- 
stitutive models; namely, the elastoplastic model, i.e., 
the MCC model was used in the three-dimensional 
finite element modelling, while the elasticity theory 
was used in the proposed analytical model. The heave 
of the tunnel estimated by the finite element modelling 
is slightly greater than that by the proposed analytical 
model. However, as a whole, the proposed analytical 
model can reproduce the main characteristics of 
longitudinal deformation of tunnel, and the locations 
of peak values are consistent with the results by the 
finite element modelling. Therefore, the applicability 
of the proposed method under such conditions is 
justified. Moreover, the proposed analytical solution is 
more convenient and faster than the three-dimensional 
finite element modelling. 

In addition, it can be found that the maximum 
bending moment and the maximal shear force of the 
tunnel occur at the tunnel-station joint. Thus, the joint 
between the tunnel and the station typically becomes 
the key location of tunnel, and its connection is vital 
for the control of the additional response of the tunnel. 

4  Discussion 

4.1 Effect of rotation stiffness of station-tunnel joint 
Figure 10 illustrates that the distribution of 

additional longitudinal deformation and internal forces 
along the longitudinal axis of the tunnel, which varies 
with the rotation stiffness of the station-tunnel joint. 

It can be concluded that: (i) as K  and the 
constraint effect of the joint increase, the maximum 
heave of the tunnel decreases, and the maximum 
heave approximately occurs at the center of the 
excavated foundation pit (Fig. 10(a)); (ii) the rotation 
stiffness of the joint has a great influence on the 
bending moment, shear force and rotation angle of the 
tunnel, and the influence zone is mainly in the vicinity 
of the station-tunnel joint; (iii) as shown in Fig. 10(b), 
the location of the maximum bending moment of the 
tunnel gradually moves from the joint to that of the 
maximum external load (i.e., x  14 m), when the 
value of K  decreases; (iv) as shown in Fig. 10 (c), 
the shear force at the station-tunnel joint decreases 
significantly as the value of K  decreases, while the 
shear force near the reverse bending point of the 
distributed external load (i.e., x  19 m) increases 
gradually; (v) as illustrated in Fig. 10(d), as the value 
of K  decreases, the distribution pattern of the 
variation of the rotation angle changes significantly in 
the vicinity of the station-tunnel joint, and the rotation 
angle increases significantly at the joint. 

Furthermore, based on the modelling results, it can 
be seen that for the proposed model shown in Fig. 1(b), 
when the value of K  is extremely small, the 
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station-tunnel joint can be modelled as a vertically 
simple support; while the joint can be modeled as a 
fixed support for an extremely large K  (i.e., rigid 
boundary condition). 

 

 

   (a) Longitudinal deformation of the tunnel 

 

 

    (b) Bending moment of the tunnel 

 

 

    (c) Shear force of the tunnel 

 

 

     (d) Rotation angle of the cross section of the tunnel 

Fig. 10  Effects of the rotation stiffness of the joint  
between station and tunnel on the internal forces  

and deformations of the tunnel 

Figure 11 depicts the variations of internal forces 
and rotation angle of the tunnel at the station-tunnel 
joint with respect to the value of K . In order to 
facilitate the interpretation, the horizontal axis uses the 
logarithmic coordinate. 

 
 

 

(a) Internal forces of the tunnel at the station-tunnel joint 

 

 
(b) Rotation angle of the cross section of the tunnel at the station-tunnel joint 

Fig. 11  The variation of the internal forces and rotation 
angle of the tunnel at the joint between the station and 

tunnel with the rotation stiffness of the joint 

 
It can be seen that the bending moment and shear 

force of the tunnel at the station-tunnel joint increase 
nonlinearly with the increase in the value of K . 
When the magnitude of K  is relatively small (e.g., 
less than 106 kN•m/rad) or relatively large (greater 
than 108 kN•m/rad), the bending moment and shear 
force of the tunnel at the joint gradually stabilize. 
When the magnitude is 106 or 107 kN•m/rad, the 
internal forces of the tunnel at the joint increases 
nonlinearly with the increase in the value of K , and 
the growth rate increases first and then decreases. In 
addition, the rotation angle of the tunnel cross-section 
at the station-tunnel joint varies in an opposite way. 

In conclusion, when the station-tunnel joint is less 
constrained (i.e., a smaller value of K ), the values of 
the additional internal forces are relatively small and 
the rotation angle is relatively great of the tunnel at the 
joint. On the other hand, when the station-tunnel joint 
is more constrained (i.e., a greater value of K ), the 
values of the additional internal forces are relatively 
great and the rotation angle is relatively small of the 
tunnel at the joint. It can be found that the station- 
tunnel joint tends to fail due to the greater constraint 
and the greater additional internal forces at the joint, 
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while the smaller constraint is able to accommodate 
the longitudinal deformation of the tunnel under the 
additional load. Therefore, it is more advantageous to 
adopt a more flexible station-tunnel joint regarding the 
performance of the tunnel at key joints. 
4.2 Influence of the plane location of foundation pit 
4.2.1 Influence of the relative distance between station 
and foundation pit 

Figure 12 gives the longitudinal deformation and 
internal forces of the tunnel at different distances from 
the center of the foundation pit to the station 0x  with 
the vertical distance between the center of the 
foundation pit and the axis of the tunnel 0y = 0 (Fig. 8). 

 

 
(a) Longitudinal deformation of the tunnel 

 

 
(b) Bending moment of the tunnel 

 

 
(c) Shear force of the tunnel 

Fig. 12  The variation of the deformation and internal 
forces of the tunnel with the distance between the center of 

the foundation pit and the station 

 
It can be seen that the maximum longitudinal 

deformation of the tunnel gradually increases and the 
maximum bending moment and shear force gradually 
decrease as the distance between the foundation pit 
and the station increases. Especially, the bending 
moment and shear force of the tunnel dramatically 

change at the station-tunnel connection joint with the 
increase in 0x . It indicates that when the foundation 
pit is close to the station, the strong constraint at the 
joint depresses the longitudinal deformation of the 
tunnel and induces the remarkable increase in the 
bending moment and shear force at the joint. 
Consequently, the excessive bending moment and 
shear force at the joint can lead to the joint opening 
and dislocation of the shield tunnel, which will induce 
water leakage in the tunnel. In addition, when the 
distance from the center of the foundation pit to the 
station, 0x  50 m, the analytical solutions based on 
the existing model in the free boundary condition 
agree well with those proposed in the current study on 
the longitudinal deformation and internal forces. It can 
be found that the existing model is capable to 
modeling the mechanical responses of the tunnel when 
the distance between the foundation pit and the station 
increases and the constraint effect at the station-tunnel 
joint weakens. However, the proposed analytical 
model is more universal in comparison with the 
existing model. 

Figure 13 shows the variations of the bending 
moment 0M  and the shear force 0Q  of the tunnel at 
the joint with respect to relative location between the 
foundation pit and the station 0 /x B  in the 
conditions of different values of rotation stiffness K . 

 

 
(a) Bending moment of the tunnel at the station-tunnel joint 

 

 
(b) Shear force of the tunnel at the station-tunnel joint 

Fig. 13  Relationships between the internal forces of the 
tunnel at the station-tunnel joint and the relative position of 

the foundation pit with different values of Kθ 

 
As shown in Fig. 13, as a whole, the bending 

moment 0M  and the shear force 0Q  decrease when 
the value of K  decreases. When the value of K  is 
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constant, the bending momen 0M  firstly increases and 
then decreases nonlinearly, and the shear force 0Q  
decreases nonlinearly with respect to the value of 

0 /x B . Moreover, when the value of 0 /x B  5, both 
the bending moment 0M  and the shear force 0Q  
tends to zero without any significant variations. It 
indicates that when the value of 0 /x B  is less than 5, 
the constraint effect of the station-tunnel joint cannot 
be neglected and the proposed model in the current 
study is more capable to evaluating the longitudinal 
responses of shield tunnel induced by the additional 
loads. 

Figure 14 illustrates the variations of the bending 
moment 0M  and the shear force 0Q  of the tunnel at 
the joint with respect to relative location between the 
foundation pit and the station 0 /x B  in the 
conditions of different values of modulus of elasticity 
of the foundation soil sE . 

As shown in Fig. 14, the variation characteristics 
of 0M  and 0Q  with respect to relative location 
between the foundation pit and the station 0 /x B  in 
the conditions of different values of sE  agree well 
with those in the conditions of different values of K . 
Both 0M  and 0Q  decrease nonlinearly as the value 
of sE  increases. It indicates that the constraint of the 
station-tunnel joint has a remarkable effect on the 
modelling results when the value of 0 /x B  is less 
than 4–5. In addition, the influence range decreases 
slightly with the increase of the foundation stiffness. 

 

 
(a) Bending moment of the tunnel at the station-tunnel joint 

 

 
(b) Shear force of the tunnel at the station-tunnel joint 

Fig. 14  Relationships between the internal forces of the 
tunnel at the station-tunnel joint and the relative position of 

the foundation pit with different values of Es 

Figure 15 demonstrates the variations of the 
bending moment 0M  and the shear force 0Q  of the 
tunnel at the joint with respect to relative location 
between the foundation pit and the station 0 /x B  in 
the conditions of different buried depths of the tunnel 

0 /z H  (the buried depth of tunnel axis 0z  and the 
excavated depth of foundation pit  H). 

It shows that the influence of excavation of the 
overlying foundation pit on the underlying tunnel 
decreases gradually as the buried depth of the tunnel 
increases. The variation characteristics of 0M  and 

0Q  with respect to 0 /x B  in the conditions of 
different burial depths of the tunnel 0 /z H  are 
similar to those in the conditions of different values of 
K  or sE ; namely, when the value of 0 /z H  is 
constant, the bending moment 0M  firstly increases 
and then decreases nonlinearly, and the shear force 

0Q  decreases nonlinearly with respect to the value of 

0 /x B . It indicates that on the whole, when the 
distance from the center of the foundation pit to the 
station exceeds five times the width of the foundation 
pit (i.e., 0 /x B≥5), both 0M  and 0Q  tend to zero 
gradually without any remarkable variations. It can be 
concluded that the constraint effect of the station- 
tunnel joint on the tunnel reduces gradually when 

0 /x B  exceeds 5. 
In conclusion, based on the modelling results of 

the variation of the bending moment and shear force at 
the station-tunnel joint with respect to relative location 
between the foundation pit and the station 0 /x B  in 
the conditions of different values of K , sE , or 

0 /z H , the influence range of the constraint effect of 
the joint on the tunnel is around 4–5 times the width of 
the foundation pit. Thus, when the relative location 
between the foundation pit and the station satisfies this 
condition, the longitudinal performance of underlying 
shield tunnel induced by the excavation of the adjacent 
foundation pit should be evaluated by the proposed 
analytical model in the current study. 
4.2.2 Influence of the relative distance between tunnel 
and foundation pit 

Figure 16 presents the longitudinal deformation 
and internal forces of the tunnel at different distances 
from the center of the foundation pit to the tunnel axis, 

0y . 
As illustrated in Fig. 16, the influence of the 

foundation pit excavation on the underlying tunnel 
decreases rapidly with increasing distance between the 
center of foundation pit and the tunnel axis. When 

0y  30 m, namely the distance between the center of 
foundation pit and the tunnel axis is 1.5 times the 
length of the foundation pit (perpendicular to the 
tunnel axis), the influence of the foundation pit on the 
underlying tunnel is not significant.  
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(a) Bending moment of the tunnel at the station-tunnel joint                (b) Shear force of the tunnel at the station-tunnel joint 

Fig. 15  Relationships between the internal forces of the tunnel at the station-tunnel joint and the relative position  
of the foundation pit with different buried depths of the tunnel 

 

            
(a) Longitudinal deformation of the tunnel                              (b) Bending moment of the tunnel 

 

 
(c) Shear force of the tunnel 

Fig. 16  The variation of deformation and internal forces of the tunnel with the distance between the center  
of the foundation pit and the axis of the tunnel 

 
Furthermore, the influence range of foundation pit 

excavation on the underlying tunnel is evaluated based 
on the modelling results of the maximum deformation 
and maximum internal forces of the tunnel. Fig. 17 
shows the variations of maximum deflection maxw  and 
maximum internal forces maxM  and maxQ  with the 
relative location between the foundation pit and the 
tunnel 0 /y L  (the length of the foundation pit, L). 

As shown in Fig. 17, the maximum deflection and 
internal forces of the tunnel induced by the excavation 
of the foundation pit reach the maximum values when 
the tunnel axis is exactly beneath the foundation pit 
(i.e., 0 /y L =0). The variations of maxw , maxM  and 

maxQ  with the value of 0 /y L  show the similar trend; 
and they decease rapidly with increasing 0 /y L . The 
maximum deflection and internal forces of the tunnel 
tend to zero without any remarkable variations when 
the value of 0 /y L≥ 2.0. The modelling results 
indicate that the influence range of foundation pit 
excavation on the underlying tunnel is around twice 
the length of foundation pit. When the distance between 

the tunnel axis and the center of the foundation pit 
exceeds twice the length of foundation pit, the influence 
of foundation pit excavation on the underlying tunnel 
is not significant and can be ignored. 

Figures 18 and 19 show the relationships between 
the maximum longitudinal deformation of the tunnel 
and the relative location between the tunnel and the 
foundation pit in the conditions of different modulus 
of elasticity of the foundation soil and different buried 
depths of the tunnel, respectively. 

It can be found that the maximum longitudinal 
uplift deformation of tunnel caused by the foundation 
pit excavation gradually and nonlinearly decreases as 
the modulus of elasticity of the foundation soil sE  or 
the relative buried depth of the tunnel 0 /y L  increases. 
When the foundation soil has a relatively small 
modulus of elasticity and the tunnel has a relatively 
shallow buried depth, the maximum longitudinal 
deformation of the tunnel decreases rapidly as the 
distance between the tunnel axis and the center of the 
foundation pit increases. The reduction of the maximum 
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longitudinal deformation becomes less remarkable as 
the modulus of elasticity of the foundation soil and the 
buried depth of the tunnel increase. 

 

 
(a) Maximum longitudinal deformation of the tunnel 

 

 

(b) Maximum bending moment and shear force of the tunnel 

Fig. 17  Influence of the relative position between the 
foundation pit and the tunnel on the maximum longitudinal 

deformation and maximum internal forces of the tunnel 

 

 
Fig. 18  Relationships between the maximum longitudinal 

deformation of the tunnel and the relative position between 
the foundation pit and the tunnel with different values of Es 

 

 
Fig. 19  Relationships between the maximum longitudinal 

deformation of the tunnel and the relative position between 
the foundation pit and the tunnel with different depths 

 of tunnel 

Based on the parametric studies under multiple 
working conditions, it can be concluded that the 
longitudinal deformation of the tunnel becomes less 
significant, and the maximum deflection tends to zero 
in the different conditions of foundation soils and 
buried depths of the tunnel when the distance between 
the tunnel axis and the center of the foundation pit is 
greater than twice the length of foundation pit. In other 
words, in the direction perpendicular to the tunnel axis, 
the influence range of the excavation of the overlying 
foundation pit on the underlying tunnel is about twice 
the length of the foundation pit. 

5  Conclusions 

An analytical model was proposed in the current 
study for evaluating the longitudinal deformation of 
the shield tunnel adjacent to the station (working 
shaft)-shield tunnel joint. In addition, the finite 
difference solution to the proposed model was derived. 
Furthermore, the finite element modelling was conducted 
to justify the reliability of the proposed model. The 
main conclusions are summarized as follows: 

(1) Based on the basic principles of the force 
method, the finite difference solution to the governing 
equations of the Winkler foundation–Timoshenko beam 
model, which evaluates the longitudinal deformation 
of the shield tunnel adjacent to station (working shaft) 
is derived. The proposed modelling result is referable 
for modelling such problems under complicated boundary 
conditions. 

(2) Based on the finite element modelling results 
on the one-dimensional elastic foundation beam model 
and the overall model of the interaction between the 
shield tunnel and the foundation soil in the condition 
of the foundation pit excavation adjacent to the station, 
the reliability and adaptability of the analytical method 
proposed in the current study was justified for 
modeling the longitudinal response of the adjacent 
station (working shaft)–shield tunnel. It indicates that 
the modelling results of the analytical model proposed 
in the current study are reliable and applicable to 
modelling the longitudinal response of the shield 
tunnel adjacent to a station (working shaft) under the 
additional loads, e.g., the additional loads induced by 
the excavation of the foundation pit. 

(3) The rotation stiffness of the station-tunnel joint  
significantly affects the longitudinal deformation and 
internal forces of the tunnel. The flexible joint 
between the station and the shield tunnel is more 
favorable to a good working performance of the shield 
tunnel at the station-tunnel joint under the additional 
loads. 

(4) The results of parametric studies under multiple 
working conditions indicate that the constraint effect 
of the station-tunnel joint on the longitudinal deforma- 
tion of the tunnel adjacent to the station has a certain 
influence range, which is around 4–5 times the width 
of the foundation pit (along the tunnel axis). The 
excavation of the overlying foundation pit has a 
remarkable influence on the underlying tunnel when 

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

12

 z0 /H=2.0
 z0 /H=2.5
 z0 /H=3.0
 z0 /H=3.5
 z0 /H=4.0

M
ax

im
um

 lo
ng

it
ud

in
al

 d
ef

or
m

at
io

n 
of

 th
e 

tu
nn

el
w

m
ax

 /m
m

 

Relative location between the foundation pit and the tunnel y0 /L

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

M
ax

im
um

 lo
ng

it
ud

in
al

 d
ef

or
m

at
io

n 
of

 th
e 

tu
nn

el
w

m
ax

 /m
m

 

Relative location between the foundation pit and the tunnel y0 /L

 Es=10 MPa 
 Es=20 MPa 
 Es=30 MPa 
 Es=40 MPa 
 Es=50 MPa 

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0 

2 

4 

6 

8 

10

12

0.0

0.3

0.6

0.9

1.2

1.5

1.8

Mmax 

Qmax 

Relative location between the foundation pit and the tunnel y0 /L

M
ax

im
um

 b
en

di
ng

 m
om

en
t o

f 
th

e 
tu

nn
el

 M
m

ax
 /(

10
3  

kN
·

m
) 

M
ax

im
um

 s
he

ar
 f

or
ce

 o
f 

th
e 

tu
nn

el
Q

m
ax

 /(
10

3  
kN

) 

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10

M
ax

im
um

 lo
ng

it
ud

in
al

 d
ef

or
m

at
io

n 
of

 th
e 

tu
nn

el
 w

m
ax

 /m
m

 

Relative location between the foundation pit and the tunnel y0 /L

14

Rock and Soil Mechanics, Vol. 43 [2022], Iss. 8, Art. 6

https://rocksoilmech.researchcommons.org/journal/vol43/iss8/6
DOI: 10.16285/j.rsm.2021.7108



2190                  WANG Zu-xian et al./ Rock and Soil Mechanics, 2022, 43(8): 21762190                       

 

the distance from the tunnel axis to the center of the 
foundation pit is shorter than twice the length of the 
foundation pit (perpendicular to the tunnel axis). 
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