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Numerical analysis of the impact of internal erosion on underground structures: 
application to tunnel leakage 
 
LIU Ying-jing1,  YANG Jie2,  YIN Zhen-yu2 
1. Zhongtian Construction Group Co., Ltd., Hangzhou, Zhejiang 310009, China 

2. Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hong Kong, China 

 

Abstract: When groundwater leaks into the tunnel from damaged joints or cracks of the linings, fine particles could be pulled off 
from the soil matrix by seepage force and transported into the tunnel. Currently, very limited attention has been paid to the effect of 
the loss of fine particles induced by the water leakage, i.e. the internal erosion. In this study, the evolution of soil porosity, gradation, 
seepage flow, the induced ground movement and lining stress change due to tunnel leakage has been numerically investigated using a 
novel coupled hydromechanical approach formulated within the continuous porous medium framework. A critical state based 
constitutive model considering the influence of the fines content has been implemented for modelling the mechanical consequences 
of internal erosion. The numerical results show the spatial and temporal evolution of the eroded zone and the hydromechanical 
response of the tunnel and its surroundings. The results indicate that the commonly used pore pressure reduction-based method 
without considering internal erosion will underestimate the leakage induced lining stress change and ground movement. Moreover, 
the influences of three-dimensional condition are highlighted. 
Keywords: tunnel; silty sand; fine particles; finite element method; internal erosion; seepage 
 

1  Introduction 

Tunnels are one of the most widely used underground 
structures in urban development. However, as tunnel 
projects gradually enter long-term service, post- 
construction settlements of the tunnel and surrounding 
soil become increasingly significant[1–2]. For example, 
the long-term cumulative settlement in the shield 
tunnel of Shanghai Metro Line 1 reached 290 mm 
during the 16 years of operation between 1995 and 2011. 
The depth and width of ground settlement in the Jubilee 
Tunnel Extension have continued to increase over the 
five years’ monitoring period after the completion of 
construction[3]. Extensive studies have investigated the 
factors causing tunnel settlement, including ground 
deformation, groundwater changes, water seepage, and 
train dynamic response[4–7]. Among them, tunnel leakage 
is one of the key factors affecting post-construction 
ground and tunnel settlements[8–9]. 

Shield tunnels built in saturated soils may suffer 
from the misalignment of segment joints and segment 
cracks due to the combined effect of ground loads and 
adjacent engineering activities. As a result, leakage 
often occurs in areas such as segment joints, cracks, 
and grout holes. Previous research used the Darcy’s 
law to analyze the effect of pore water pressure 
reduction on the ground and tunnel structure[10–12], and 
mainly focused on reducing pore water pressure and 
ignoring the loss of fine particles caused by leakage. 
However, groundwater flow caused by seepage can 
lead to that fine particles within the soil skeleton may 
be detached from the soil matrix and moving through 

the voids under the action of the seepage field, which 
is known as internal erosion[13]. The loss of fine particles 
can cause variations in void ratio and soil gradation, 
impairing soil’s mechanical properties[14–16]. At the 
same time, void ratio change can also affect the soil 
permeability, which, in turn, influences the erosion 
process within the soil. However, research on internal 
erosion of soil mainly focused on dams[17–19], while 
the effect of erosion on tunnels has been neglected. 
Therefore, this paper proposese a coupled hydro- 
mechanical method based on the theory of porous 
continuous medium, which considers the internal 
erosion process and the effect of fine particle loss on 
the mechanical properties of soil. Numerical studies 
have been conducted to investigate the ground deforma- 
tion caused by tunnel seepage in silty sand and the 
impact on the tunnel structure.   

2  Coupled hydromechnical model  

2.1 Conservation of mass and particle transport 
According to Schaufler et al.[20], the saturated porous 

medium system is composed of four constituents: the 
stable fabric of the solid skeleton, the erodible fines, 
the fluidized particles and the pure fluid phase. The 
fines can behave either as a fluid-like (fluidized 
particles) or as a solid-like (erodible fines) material. 
The conservation of mass for the mixed systems[17] is 
given by 

w sdiv div 0 q v                           （1） 

 s s ˆdiv div n
t

 
   


v v                   （2） 
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where  , cf  and c  denote the porosity, the amount 
of erodible fines and the concentration of the fluidized 
particles, respectively; t denotes the time; n̂  represents 
the rate of phase transition for fine particles from solid 
to fluidized particles; sv  is the first-order time derivative 
of the soil skeleton displacement u; wq  denotes the 
volume discharge rate, which is given by the Darcy’s 
law: 

w w[grad ]
k

k
p 

 
  q g                    （5） 

where k  is the kinematic viscosity of the fluid; g is 
the gravitational field vector; wp  is the pore fluid 
pressure; k  is the intrinsic permeability of the medium; 
and   is the density of the mixture. The calculation 
for k  and   is given by 

3

0 2(1 )
k k







                             （6） 

s f(1 )c c                              （7） 

where s  and f  are the densities of the solid and 
fluid; and 0k  is the hydraulic conductivity of Kozeny– 
Carman model[21].  
2.2 Erosion law 

The variable n̂  in Eqs.(2)–(4) is the volume of 
mass exchange, corresponding to the rate of eroded 
mass volume and filtrated mass volume. Different 
erosion laws have been proposed in recent years based 
on actual engineering and indoor test results[13, 22–25]. 
In this study, the rate of the eroded mass used is given 
by[22]   

e c wn̂ f  q                              （8）
 

where e  is a material constant. In addition, the 
residual fine content fraction c,rf , i.e. the maximum 
content of fines that can be retained within the soil 
skeleton at the corresponding hydraulic gradient, is 
introduced in the subsequent analysis. 
2.3 Critical state model  

In previous studies, the effect of fine particle loss 
on the mechanical properties of soils has often been 
considered by the degradation of the elastic and plastic 
parameters of the soil[10–12]. However, the loss of fine 
particles causes changes in soil’s void ratio, compactness, 
gradation and particle contact, thus the parameter 
reduction method cannot directly consider the effect of 
particle loss on the mechanical properties of the soil. 
Experiments have shown that the location of the critical 
state line (CSL) in sand-soil mixtures is directly related 

to the fines content[14]. To assess the mechanical responses 
of the loss of the fines induced by the internal erosion, 
a non-associated elastoplastic constitutive model related 
to particle gradation is adopted to consider the influence 
of internal erosion on the mechanical properties of soils 
by incorporating the position of CSL with the fines 
content and compactness in e– p plane (e is void ratio, 
p  is mean effective stress). This model has been 

extended from the basic SIMSAND model[26] (Tables 
1 and 2) within the framework of the critical state 
concept and elastoplasticity theory which considers 
the effect of changes in porosity and fines content 
caused by erosion on the mechanical properties of soil 
by introducing a unified CSL formulation for mixed 
silt-sand soils from pure silt to pure sand[27]: 

c cr0
at

p
e e

p




 

   
 

                         （9） 

 
Table 1  Basic constitutive equations of SIMSAND model[26] 

Type Equation 
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Note: e  is the elastic strain increment; i, j, k are the coordinate 

components; ij  is the Kronecker symbol; p
d  is the plastic deviatoric 

strain; '  is the effective stress increment; q  is the deviatoric stress; 

s is the deviatoric stress; atp  is the atmospheric pressure; K is the bulk 

moduli; e is the void ratio determined by the initial void ratio 0e  and 

volumetric strain; sf  is the shear yield surface; sg  is the yield 

potential; H is the hardening parameter; p  is the peak friction angle; 

pt  is phase-transformation friction angle; pM  is the peak strength 

ratio; ptM  is the phase-transformation stress ratio; and ce  is the 

critical void ratio. 

 
Table 2  Parameters of SIMSAND model[26] 

Parameter Description 

0e  Initial void ratio 
  Poisson’s ratio 

0K  Reference volumetric modulus (dimensionless) 
n Elastic parameters (control nonlinear stiffness) 

u  Internal friction angle 

cr0e  Reference critical void ratio 
  CSL parameter 
  CSL parameter 

dA  Stress-induced dilatation parameter (0.5–1.5) 

pk  Plastic modulus (0.0001–0.01) 
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where cr0e  is the reference critical void ratio corre- 
sponding to the void ratio at the mean effective stress 
p  0. It determines the position of the CSL in the 

e– p  plane; atp  101.325 kPa is the atmospheric 
pressure;   and   are the material constants controlling 
the non-linearity of the CSL. According to Yin et al.[14], 
to unify the mechanical behavior of a sand-silt mixture 
for different fines contents, cr0e  is a function of the 
evolutive fines content: 

c th
cr0 hc,cr0 c c

c c th
hf ,cr0 c

d

1 tanh[ ( )]
[ (1 ) ]

2

1 1 tanh[ ( )]
 [

( ) 2m

f f
e e f af

f f f
e f

R





 
   

   
 

 

（10） 

where hc, cr0e  and hf , cr0e  are the reference critical 
void ratios for the pure sand and the pure silt, 
respectively; and a,  , dR , m and thf  are the 
material constants. 

Equation (10) is mathematically structured based 
on the hyperbolic tangent function to ensure a 
continuous and smooth transition domain of critical 
void ratio between silty sand and sandy silt. 

It should be noted that, in this study, the 
hydromechanical coupling effect is mainly considered 
from two aspects: firstly, both the loss of fine particles 
due to internal erosion and the deformation of the soil 
skeleton cause changes in void ratio, leading to 
changes in permeability (Eq.(6)), thus affecting the 
pore water pressure gradient and the flow rate, which 
will, in turn, affect the erosion process; secondly, the 
loss of fine particles changes the porosity and the 
location of the CSL, which in turn lead to changes in 
the mechanical properties of the soil. 

3  Secondary development of ABAQUS 

The following governing equations were obtained 
by combining the equations of conservation of mass 
and momentum to formulate the initial boundary value 
problem (IBVP) of internal erosion: 

, 0ij j jw                                （11） 

s wdiv div 0 v q                          （12） 

 s s e c wdiv div 0f
t

  
    


v v q          （13） 

     w s e c wdiv div 0
c

c c f
t


 


   


q v q    （14） 

w w(grad ) 0
k

k
p 

 
  q g                 （15） 

where ,ij j  is the partial derivative of the total stress 
component ij  with respect to the direction j ; and 

jw  is the body force per unit volume. 
The primary unknowns in Eqs.(11)–(15) are the 

soil skeleton displacement u , the pore pressure wp , 
the porosity  , the concentration of fluidized particle 

c  and the flow rate wq . Other unknowns, such as 
the kinematic velocity of the soil skeletons sv , the 
erodible fines cf , the density of the mixture   and 
the intrinsic permeability k  can be determined explicitly 
by Eqs.(5)–(7). 

Equations (11)–(15) define a set of nonlinear 
transient partial differential equations that can be solved 
by secondary development using the finite element pro- 
gram ABAQUS. ABAQUS provides a user subroutine 
option (UEL) that allows users to implement nonlinear 
finite elements with the user-defined degrees of freedom 
(DOFs). Figure 1 illustrates the computational flow of 
the ABAQUS with the call of the UEL subroutine. In 
general, ABAQUS/UEL solves the overall system of 
nonlinear equations by Newton’s method: 

MATRX N A d R                           （16） 

where MATRXA  is the Jacobian matrix; R  is the residual 
nodal fluxes or forces; and Nd  is the nodal vector of 
the DOFs. 
 

 
Fig. 1  Calculation flow chart in ABAQUS with call of UEL 

subroutine 

 
In the UEL subroutine, the user needs to calculate 

strains, strain increments and nodal loads based on the 
displacements, displacement increments, loads and 
state variables passed into UEL, and update the 
stresses and state variables accordingly, and eventually 
update the Jacobian matrix ( MATRXA ) and the nodal 
unbalance forces ( R ). ABAQUS/UEL iteratively 
solves the user-defined governing equations based on 

MATRXA  and R  updated by the user. 
Therefore, in this study, a 7-DOF ( ( , )x yu uu ， yu ，

wp ，，c ， w w wy( , )xq qq ) hydromechanical coupled 
isoparametric plane strain erosion element and a 
9-DOF ( ( , , )x y zu u uu ， wp ，，c ， w w wy wz( , , )xq q qq ) 
hydromechanical coupled isoparametric block erosion 
element are developed, and the governing equations 
Eqs.(11)–(15) are solved by the UEL subroutine in 
ABAQUS. The validation of the secondary development 
can be found in literature[28]. 

End iteration

Start

Initiate iteration 

Define model mesh and initial 
boundary conditions 

Call UEL subroutine 

Calculate strain increment and element
stiffness matrix 

Update Jacobian matrix AMATRX

Define load and update unbalanced force R 

Solve MATRX N A d R  

Converge?
no 

yes
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4  Numerical analysis of tunnel leakage 

4.1 Description of the problem 
This section focuses on the impact of internal 

erosion caused by groundwater seepage on the tunnel 
and surrounding soil. The effect of the construction 
process of the shield tunnel on the ground is not 
considered in this simulation. According to Zhang et 
al.[29], the burial depth of shield tunnels in Shanghai is 
9–15 m. A typical shield tunnel in Shanghai is shown 
in Fig.2, in which D is the internal diameter of the 
tunnel. According to Dammyr et al.[30], leakage points 
on the tunnel lining are usually located at the joints of 
segments, grouting slots and cracks in concrete pipe 
sheets, as shown in Fig.3. In practice, most of the 
leakage points are observed at the joints of the 
segments. Zhang et al.[29] conducted a statistical study 
on groundwater leakage in shield underground tunnels 
in Shanghai. Their findings indicated that more than 
89% of the leakage points were located at the joints of 
the segments. Using the numerical method proposed in 
this paper, which considers internal erosion, this 
section investigates the effect of internal erosion on 
shield tunnels caused by tunnel leakage in the silty 
sand stratum. 

 

 
Fig. 2  Scheme of shield tunnel in numerical analysis 

 

 
Fig. 3  Illustration of leakage points in shield tunnel and the 

leakage of shield tunnel in saturated soils in Shanghai 

 
4.1.1 Numerical models 

According to Yang et al.[17, 19], the three-dimensional 
(3D) condition is an important factor influencing the 
simulation results of internal erosion. Therefore, this 
section compares the effects of the plane strain and 3D 
conditions on the simulation results of internal erosion 
due to tunnel leakage. As shown in Fig.4, the tunnel’s 

external diameter is 6.2 m, the inner diameter is 5.5 m, 
the concrete lining’s thickness is 0.35 m, and the tunnel 
burial depth is 10.5 m. Considering the axisymmetric 
condition, the plane strain model uses 3456 newly 
developed plane strain erosion elements to model half 
of the analysis area; the 3D model uses 72576 newly 
developed brick erosion elements to model a quarter 
of the analysis area. The tunnel lining is modelled by a 
linear elastic model. The vertical boundary surface of 
the model is a planar symmetric boundary (roller 
boundary), and the bottom boundary of the model is a 
fully fixed boundary. The groundwater table is located 
at the ground, and the leakage point is located at the 
top of the tunnel. 

 

 
(a) Plane strain model 

 

 
(b) 3D model 

Fig. 4  Finite element mesh of numerical models 

 
It should be noted that when the leakage point size 

is too large, the coarse particles of the soil skeleton 
will collapse into the tunnel under gravity, causing 
rapid disturbance to the soil around the tunnel. However, 
according to the field observations of groundwater 
seepage in shield underground tunnels in Shanghai[29], 
it is often only the fine particles in the soil that enter 
the tunnel interior with the seepage water through the 
leakage point. The difference in leakage point size is 
often reflected in the flow rate and the loss rate of fine 
particles from the leakage point. Therefore, in this paper, 
within the framework of continuum mechanics, only 
the loose area caused by the loss of fine particles is 
considered, represented by the state variables of the 
governing equations, without considering the cavity 
formed by the complete collapse of the soil. This analysis 
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assumes that only the point of the ground at the top of 
the tunnel lining is the open boundary of the leakage 
point, from which groundwater and fine particles can 
flow out by seepage and gravity. 
4.1.2 Initial stress state 

The initial pore water pressure and effective soil 
stress in the model area are initialized based on the 
initial groundwater table and the self-weight of the soil, 
where the coefficient of earth pressure at rest is 0K   
0.5. After the stress initialization, the deformation of 
the model is reset to zero. The interaction of the lining 
with the soil is determined by defining the contact 
properties in the normal and tangential directions of 
the contact surfaces. In the normal direction, the 
contact is assumed to be rigid, allowing neither 
penetration nor separation; in the tangential direction, 
the contact is considered perfectly rough and therefore 
does not allow any relative slip between the two 
contact surfaces. 
4.1.3 Model parameters 

The tunnel lining is precast reinforced concrete 
simulated using a linear elastic constitutive model. The 

effect of the joint of the lining segment on the tunnel 
stiffness is simulated using stiffness reduction[31]. 
Correspondingly, the Young’s modulus of the lining is 
18 GPa, and the Poisson’s ratio is 0.2. The soil element is 
simulated using a critical state model related to the 
fines content with material parameters corresponding to the 
Ottawa 50/200 sand–fine soil mixture[14], as presented 
in Tables 3 and 4. It should be pointed out that in this 
study, the model parameters are calibrated by means of 
optimized calibration method proposed by Yin et al.[32]. 
The initial void ratio of the soil is 0e  0.5, the initial 
fines content is c0f  0.33, and the initial permeability 
coefficient is 0k  81.0 10  m/s. Meanwhile, due to 
lacking of experimental data and for the sake of 
simplification, the residual solid fines content in this 
simulation is set as c,rf  0.13. 

 
Table 3  Material constants of soil and fluid 

Pure fluid density
f /(g·cm–3) 

Solid grain density 

s /(g·cm–3) 
Kinematic viscosity of fluid 

k /(m2·s–1) 
1.0 2.65 5.0×10–6 

 

Table 4  Model parameters of Ottawa sand 

Elastic parameter Plastic parameter CSL-related parameter Fine particle parameter 
Erosion

parameter

0K /kPa   n  pk  dA  u  hc,cr0e  fc,cr0e      a  m  thf  e  
130 0.25 0.52 0.0017 1 32 0.805 1.03 0.196 0.081 0 0.7 0.3 0.05 

 
4.2 Simulation results 

Figures 5 and 6 show the fines contents and ground 
displacement magnitude after 20 years of leakage in 
the two-dimensional(2D)and 3D conditions. It can be 
seen that the fines content around the tunnel decreases 
over time as internal erosion develops, forming an 
erosional loose zone that causes significant ground   
 

 
(a) Spatial distribution of fines content 

 

 
(b) Displacement magnitude 

Fig. 5  Spatial distribution of fines content fc and 
corresponding displacement magnitude in plane strain 

condition during leakage 

    
(a) Fines content 

 

    
(b) Displacement magnitude 

Fig. 6  Spatial distribution of fines content fc and 
corresponding displacement magnitude in 3D condition  

during leakage 

 

settlement above the seepage point. Compared to the 
plane strain simulation results, the erosion area is 
more concentrated near the leak point. The erosion 
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area and ground settlement develop more slowly in the 
3D condition with the same parameters. 

Figure 7 shows the normalized maximum ground 
settlement (normalized by the maximum ground 
settlement value after 20 years of leakage under plane 
strain) over time and compares the settlement caused 
by pore pressure reduction alone under plane strain 
condition (i.e. without considering the effect of 
internal erosion within the soil) with the settlement 
caused by soil erosion under plane strain and 3D 
conditions (i.e. considering the impact of internal 
erosion within the soil). The results show that when 
internal erosion is not considered, the reduction in 
pore pressure due to tunnel leakage leads to the rapid 
development of ground settlement at the beginning of 
the leakage and then to a steady-state. However, when 
the effect of internal erosion is considered, ground 
settlement due to tunnel leakage has continued to 
increase over the 20 years. On the one hand, as the 
fines content in the eroded area around the tunnel 
decreases, the soil’s void ratio and permeability 
increase accordingly (Eq.(6)), leading to a continuous 
decrease in pore water pressure. On the other hand, the 
CSL moves continuously in the e– p  plane as the 
fines content changes, reducing the strength of the 
eroded soil, which exacerbates the deformation of the 
ground. In this analysis, the settlement amount caused 
by the decrease in pore pressure after 20 years of 
seepage only accounts for 20% of the total settlement. 
At the same time, ground settlement in the 3D 
condition develops relatively more slowly than the 
plane strain calculation results. In the 3D condition, 
the soil confinement in the longitudinal direction of 
the tunnel limits the development of soil deformation. 
Moreover, in the plane strain condition, the leakage is 
uniformly distributed along the longitudinal direction 
of the tunnel, whereas in the 3D condition, it is 
concentrated at one point. Figure 8 shows the deviatoric 
plastic strain distribution in the soil around the tunnel 
after 20 years of leakage. It can be seen that internal 
erosion has caused a significant shear deformation, 
and induced sliding surfaces within the loosely eroded 
area around the leakage point, further causing subsidence 
of the upper soil. 

 

 
Fig. 7  Temporal evolution of the normalized maximum 

ground settlement 

 

 
Fig. 8  Spatial distribution of deviatoric plastic strain after 

20 years of leakage 

 
Figure 9 shows the distribution of tunnel lining bending 

moments (normalized by the maximum tunnel lining 
bending moment before seepage). It can be seen that 
the tunnel lining bending moment increases significantly 
when internal erosion of soil is considered. This is due 
to the fact that the loss of fine particles makes the eroded 
soil around the tunnel looser and then redistributes the 
stresses around the tunnel, thus increasing the internal 
lining forces. Meanwhile, as the void ratio increases, 
the permeability of the soil increases, and the pore 
pressure decreases, thus increasing the soil’s effective 
stress. In contrast, the bending moment of the tunnel 
lining does not change much when internal erosion of 
the soil is not considered. Under plane strain condition, 
when the internal erosion of soil is considered, the 
bending moments at the top, centre line and bottom of 
the tunnel increase by 65%, 72% and 50%, respectively, 
compared to the pre-leakage condition. In the 3D condition, 
the bending moments at the top, centre line and bottom 
of the tunnel increase by 35%, 41% and 27%, respectively. 

 

 
Fig. 9  Polar view of profiles of normalized bending moment 

of tunnel lining 

 
Overall, approaches that only consider pore pressure 

reduction (e.g. Zhang et al.[29]) underestimate the change 
in lining stresses and the ground movement induced 
by tunnel leakage. In addition, the 3D condition is an 
important factor influencing the results of numerical 
calculations, including the effect on the development 
of eroded areas, ground settlement and the internal 
forces in the tunnel lining. 

5  Conclusions 

In this paper, a two-phase four-component model 
describing the internal erosion of granular materials 
under the action of seepage fields is developed within 
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the framework of continuum mechanics. A non-associated 
elastoplastic constitutive model related to particle grada- 
tion is adopted to consider the influence of internal 
erosion on the mechanical properties of soils by 
incorporating the position of the CSL with the fines 
content and compactness in e– p plane. Subsequently, 
the hydromechanical coupling governing equations of 
the internal erosion are solved through the secondary 
development of ABAQUS. The impact of groundwater 
leakage on the tunnel and surrounding soils is investigated 
numerically. The following main conclusions can be 
obtained: 

(1) As internal erosion develops, the groundwater 
seepage creates a loose erosion zone around the tunnel, 
increasing the porosity and permeability of the soil 
near the leakage point, decreasing pore water pressure, 
and reducing soil strength. It ultimately leads to ground 
settlement above the seepage point and additional 
internal forces in the tunnel lining. In this analysis, 
tunnel seepage in three dimensions, taking into account 
internal erosion, increased the tunnel lining bending 
moment by up to 41% compared to the pre-seepage 
condition. 

(2) The analysis based on pore pressure reduction 
does not consider the effect of the loss of fine particles 
on the permeability and mechanical properties of the 
eroded area. Therefore, it underestimates the changes 
in internal lining forces and ground movement caused 
by leakage. In this analysis, the amount of settlement 
caused by the reduction in pore pressure after 20 years 
of leakage is only 20% of the total settlement, while 
the tunnel lining bending moment does not change 
significantly. 

(3) In addition, it was found that the 3D condition 
is an important factor in accurately modelling the 
internal erosion process: compared to the results of 
plane strain calculations, the constraints of the tunnel 
in the longitudinal direction limit the development of 
ground settlement in 3D conditions. At the same time, 
in the plane strain conditions, the leakage is uniformly 
distributed along the longitudinal direction of the 
tunnel, and the dimensions of the leakage point in that 
direction cannot be taken into account, thus the boundary 
conditions for water pressure or flow velocity at the 
leakage point need to be equivalently converted in the 
plane strain calculations. 

It is important to note that the analysis in this 
paper aims to investigate the role of internal erosion of 
soil in tunnel leakage and provide a new approach to 
more accurately estimate the impact of seepage on 
tunnels. This paper provides only a qualitative analysis 
of the case. In practice, well-documented indoor tests 
or physical model tests are required to calibrate the 
model parameters and erosion law for more accurate 
quantitative analysis. 
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