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Analytical solution of additional response of shield tunnel under asymmetric jack 
thrust 
 
WANG Zu-xian,  SHI Cheng-hua,  LIU Jian-wen 
School of Civil Engineering, Central South University, Changsha, Hunan 410075, China 

 

Abstract: When shield is driving along a curve alignment or during deviation correction, the asymmetrical thrust will generate an additional 
bending moment at the head of the tunnel, which will cause construction problems such as longitudinal deformation of the tunnel and 
dislocation between rings. Based on the theory of elastic foundation beam, the shield tunnel is simplified as a Timoshenko beam in Winkler 
foundation, an analytical model for evaluating the additional response of the shield tunnel induced the asymmetric thrust is established, 
and the analytical solutions of longitudinal deformation and internal force of shield tunnel are deduced. Then the correctness and applicability 
of the analytical solutions are verified based on the finite element method, and the sensitivity of key parameters in the analytical model 
is further analyzed. Finally, the influence range of additional bending moment and the second order effect of shield thrust are discussed. 
The research results show that the proposed analytical model is reliable and has good applicability for evaluating the additional response 
of shield tunnel under asymmetric thrust. The influences of foundation stiffness and tunnel stiffness on the longitudinal deformation 
of the tunnel are more significant than the internal force. The influence range of the additional bending moment is more sensitive to 
the changes of the foundation stiffness, and an exponential attenuation relationship is found to exist between the two. The shield thrust 
improves the longitudinal bending stiffness of the tunnel, and the second-order effect produced is relatively low. Under the condition 
of lower bending stiffness of tunnel and foundation stiffness, the second-order effect of axial force is enhanced. 
Keywords: shield tunnel; asymmetric jack thrust; elastic foundation beam theory; analytical solution 
 

1  Introduction 

Compared with that during the operation stage, the 
stresses endured by the segmental lining of shield tunnels 
during their construction are more rigorous due to the 
complex load and constraint conditions[1]. Among the many 
construction loads, the jack thrust of the shield machine 
has a significant impact on the mechanical properties of 
the lining segments[2]. Jack thrust is the driving force during 
shield tunneling and is acting on the lining segments that 
in turn to be the maximum external force born by the lining 
segments in the longitudinal direction during the tun- 
nelling[3]. Investigations have shown that a nonuniform jack 
thrust is one of the main reasons for cracks to be formed 
in the lining segments during the construction period[4]. 
He et al.[5] identified that the influence of the jack thrust 
on the mechanical performance of shield tunnels is mainly 
reflected in two aspects: one is the local stress concen- 
tration on the segment under the action of an eccentric 
jack thrust, and the other is the longitudinal bending 
behavior of the shield tunnel caused by an asymmetric 
thrust. To date, there are studies on the structural per- 
formance of shield tunnels under the action of jack thrust. 
However, due to the complex mechanical characteristics 
of shield tunnels during construction, the existing 
researches are largely based on numerical methods and 
chiefly focused on the local mechanical properties of the 

segment lining induced by an uneven thrust[2, 6–8]. 
The additional bending moment generated by the uneven 

thrust at the end of the tunnel is the main reason for the 
longitudinal bending deformation of the tunnel while the 
excessive longitudinal deformation further causes a series 
of defects such as the deviation of the axis of the tunnel, 
opening of the joints, and the dislocation of the adjacent 
segments. In addition, in the axial direction, with the further 
increase in the additional bending moment, the tunnel 
structure will be in a stress state where one side is com- 
pressed, and the other is tensioned. When the tensile stress 
exceeds the tensile strength of the segment concrete, cracks 
will form on the side of the segment that is under tension, 
which causes structural damage that seriously affects the 
safety and reliability of the tunnel structure. It can be seen 
that it is necessary to analyze the mechanical performance 
of shield tunnels under the action of asymmetric jack forces, 
and such analysis would benefit the engineering practice. 

The response of shield tunnels under an asymmetric 
thrust is essentially the tunnel–soil interaction under a 
mechanical load. At the present, the analytical models of 
the theoretical solutions for problems of tunnel structural 
response under mechanical load, such as additional defor- 
mation on existing tunnel structures caused by excavating 
foundation pit near the tunnel[9–11], new tunnel cons- 
truction[12–14], and surface surcharge[15–16], are all based on 
the elastic foundation beam theory. Therefore, the key 
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to establish the analytical model is the selection of the 
foundation model and the simplification of the tunnel 
structure. At the moment the theory of elastic foundation 
is relatively mature. The classic foundation models, inclu- 
ding the Winkler foundation model, the Pasternak foun- 
dation model and the Vlazov foundation model have been 
widely used. Among these, the Winkler model is the most 
widely employed model due to that it only has few para- 
meters and the calculation process is relatively conve- 
nient[17]. Shield tunnels are usually simplified into the 
Bernoulli-Euler beam and Timoshenko beam models, and 
considering the structural characteristics of shield tunnels, 
the Timoshenko beam model, which can reflect the shear 
characteristics of the beam, is more suitable for the longi- 
tudinal structural analysis of shield tunnels[18]. 

Based on the elastic foundation beam theory while 
considering the second order effect of axial force, this 
paper establishes an analytical model for evaluating the 
additional response of the shield tunnel induced by the 
asymmetric jack thrust, in which the shield tunnel is sim- 
plified as a Timoshenko beam in Winkler foundation. 
The reliability and adaptability of the analytical solution 
are also verified via the numerical method. Finally, the 
longitudinal mechanical performance of the shield tunnel 
under the asymmetric thrust is examined in depth using 
the validated model. 

It should be noted that the axial deformation of the 
shield tunnel is the result of the continuous accumulation 
of axial deformation induced by the asymmetric thrust 
during tunnelling. That is, the axial cumulative response 
of the shield tunnel under the action of asymmetric thrust, 
while the analytical solution proposed in this paper focuses 
on the instantaneous response of the shield tunnel under 
an asymmetric thrust, which can be used to calculate the 
axial deformation of the shield tunnel under a certain load. 
Instantaneous response analysis is the basis of cumulative 
 

response analysis and is expected to lay a foundation for 
the subsequent research work. 

2  Establishment and theoretical derivation of 
the analytical model 

2.1 Force analysis for tunnel end subjected to 
asymmetric thrust 

In general, the hydraulic cylinders of the shield machine 
during tunnel construction are divided into several (usually 
four or five) fixed groups, as illustrated in Fig.1. The 
tunneling along curved alignments or deviation correction 
are implemented by adjusting the stroke and pressure 
difference of the cylinders in different control groups[19]. 
For the convenience of analysis, the thrust force of all 
the hydraulic cylinders of each group is simplified to a 
concentrated force acting on the centerline of the segment 
lining. When the thrust is uneven, the tunnel structure is 
eccentrically compressed. The asymmetric parallel force 
system is thus simplified to a total thrust (P0) and an 
additional bending moment at the end of the tunnel (M0), 
as illustrated in Fig.2, where PA, PB, PC, and PD are the 
thrust force of the hydraulic cylinders of groups A, B, C, 
and D respectively, FT indicates the balance force intro- 
duced when the force system is simplified, e represents 
the eccentric distance caused by the uneven thrust force. 

 
Fig. 1  Layout of shield driving cylinders 

 
Fig. 2  Simplification of force system at tunnel end under asymmetric thrust 

 
2.2 Winkler foundation–Timoshenko beam model 

There are two key issues for the analysis of the structure 
on the elastic foundations, they are the selection of the 
foundation model and the mechanical calculation of the 
structure. 

The Winkler model is the most widely employed 
model due to the simple parameter requirement and the 

convenient calculation[17]. In this paper, the Winkler foun- 
dation model is employed to describe the interaction 
between the tunnel and the soil. The Winkler foundation 
model assumes that the pressure (P) at any point on the 
surface of the foundation is proportional to the displacement 
(u) of that point. For a one-dimensional foundation, the 
relationship between the P and u can be expressed as 

2

Rock and Soil Mechanics, Vol. 42 [2021], Iss. 9, Art. 4

https://rocksoilmech.researchcommons.org/journal/vol42/iss9/4
DOI: 10.16285/j.rsm.2020.6508



WANG Zu-xian et al./ Rock and Soil Mechanics, 2021, 42(9): 2449−2460                  2051 

 

P ku=                                   （1） 
where k is the subgrade reaction coefficient. 

The Timoshenko beam theory, which can simulta- 
neously consider the bending and shear deformations is 
favored in the analysis of the longitudinal deformation 
shield tunnel[9−10, 12]. In this paper, the Timoshenko beam 
theory is employed to describe the longitudinal defor- 
mation behavior of the shield tunnel. The relationships 
between the internal force and the generalized displace- 
ment based on the Timoshenko beam theory are expressed 
as[20] 

d
d

M D
x
ϕ= −                               （2） 

d
d
wQ C
x

ϕ = − 
 

                           （3） 

where M and Q are the bending moment and shear force 
of the beam; D = EI, represents the bending stiffness of 
the foundation beam, and in this paper, it is equal to the 
longitudinal equivalent bending stiffness of the shield 
tunnel, that is (EI)eq, where E is the elastic modulus of 
the beam, I is the moment of inertia of the beam; C = 
κGA, represents the shear stiffness of the foundation beam, 
in this work, it is equal to the equivalent shear stiffness 
of the shield tunnel, that is (κGA)eq, where κ is the cor- 
rection factor of the shear stiffness of the beam, G is the 
shear modulus of the beam, and A is the cross-sectional 
area of the beam; φ is the rotation angle of the cross section; 
and w is the deflection of the beam. 

Considering the restraint effect of the shield tail sealing 
brush on the segment and the anchoring effect provided 
by the grouting on the segment, Song et al.[21] simplified 
the shield tunnel during construction stage to a force- 
bearing member with one end being hinged and the 
other being fixed, as shown in Fig.3. P0 and M0 in the 
figure are the total thrust and additional bending moment 
at the tail of the shield machine. 

 
Fig. 3  Analytical calculation model 

 
2.3 Governing equation and its analytical solution 

When the effect of the axial force is considered, the 
equilibrium equation of the micro section of a Timoshenko 
beam on the Winkler foundation model can be expressed 
as[22] 

2

2
d d d 0
d d d

w wC N Kw
x x x

ϕ  − − − =    
           （4） 

d d d 0
d d d

wD C
x x x

ϕ ϕ   + − =   
   

                 （5） 

where N is the longitudinal axial force; K = kDt, and Dt 
is the outer diameter of the shield tunnel. 

From Eq. (4), we can obtain: 
2

2
d d
d d

C N w K w
x C Cx
ϕ −= −                      （6） 

Further derive the second derivative of Eq. (6), we 
can obtain: 

3 4 2

3 4 2
d d d
d d d

C N w K w
C Cx x x

ϕ −= −                   （7） 

Taking the derivative of Eq. (5) and combining Eqs. 
(6) and (7), the governing differential equation for the 
deformation of the Timoshenko beam on the Winkler 
foundation considering the axial force can be obtained 
and expressed as 

( ) ( )
4 2

4 2
d d 0
d d

w CN KD w CK w
C N D C N Dx x

−+ + =
− −

       （8） 

Eq. (8) is a fourth-order homogeneous linear diff- 
erential equation with constant coefficients, and the form 
of its solution needs to be determined by the roots of 
the characteristic equation. The characteristic equation 
of Eq. (8) is 

4 2 0r pr q+ + =                            （9） 

where ( )
NC KDp
C N D

−=
−

, ( )
KCq

C N D
=

−
 and r are the 

roots of the characteristic equation. 
In general, the condition of “p2 − 4q<0” can be satisfied 

in the governing equation for the issues investigated in 
this work. In this condition, there are two sets of conjugate 
complex roots in the governing equation, namely 

( )
( )

1

2

3

4

i
i

i
i

r
r
r

r

α β
α β

α β
α β

= +
= −
= − +

= − −









                          （10） 

where r1, r2, r3 and r4 are the four roots of the char- 

acteristic equation; 
4 4
q pα = − , +

4 4
q pβ = . 

At this time, the general solution of the governing 
Eq. (8) is 

( ) ( )1 2 3 4e e cos e e sinx x x xw C C x C C xα α α αβ β− −= + + +  

                                       （11） 
where C1, C2, C3, and C4 are constants which can be 
determined based on the boundary conditions. 

Combining Eqs. (5) and (6), the rotation angle of the 
section of the beam can be expressed as  

( )2 3

2 2 3
d d
d d

C N DC KD w w
xC C x

ϕ
−−= + =   

( ) ( )1 1 2 3 2 4 1 2e e cosx xf C f C f C f C xα α β− + + − +   

( ) ( )1 3 2 1 2 2 1 4e e sinx xf C f C f C f C xα α β− − − +   

                                       （12） 
where ( )2 2

1 3f a b bα β α= + − , 2 2
2 ( 3 )f a b bβ α β= − + , 
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2

2
C KDa

C
−= , ( )

2

C N D
b

C
−

= . 

Combining Eqs. (2) and (12), the bending moment 
of the section of the beam can be expressed as 

( ) ( )2 22 4

2 2 2 4
d d d
d d d

D C KD C N Dw wM D
x C x C x
ϕ − −

= − = − − =  

( ) ( )1 1 2 3 1 2 2 4e e cosx xm C m C m C m C xα α β− + + − +   

( ) ( )1 3 2 1 1 4 2 2e e sinx xm C m C m C m C xα α β− − + +   

                                       （13） 
where ( ) ( )2 2 4 2 2 4

1 6m c dα β α α β β= − + − + , 2m =  

( )3 32 4c dαβ α β αβ+ − , 
( )2

2

D C KD
c

C

−
= − , d =  

( ) 2

2

C N D
C

−
− . 

 

It should be noted that when the effect of the axial 
force is considered, the shear force of the section of 
the beam is expressed by 

( ) 3

3
d d
d d

C N DKD CN w wQ
C x C x

−−= − =  

( ) ( )1 1 2 3 2 4 1 2e e cosx xq C q C q C q C xα α β− + + − +    

( ) ( )1 3 2 1 2 2 1 4e e sinx xq C q C q C q C xα α β− − − +   

                                       （14） 
where ( )2 2

1 3q g h hα β α= − + , 2 2
2 ( 3 )q g h hβ α β= + − , 

KD CNg
C
−= , ( )C N D

h
C

−
= . 

According to the boundary conditions of the model, 
that is w|x = 0 = 0, M|x = 0 = M0, w|x = l = 0, ϕ |x = l = 0, the 
constants in Eq. (11) should satisfy the following equation: 

1

1 1 2 2 2 0

3

41 42 43 44 4

1 1 0 0 0

e cos e cos e sin e sin 0
0

L L L L

C
m m m m C M

L L L L C
K K K K C

α α α αβ β β β− −

     
     −      =                

                                 （15） 

where K41 = (f1cosβL – f2sinβL)eαL; K42 = – (f1cosβL + 
f2sinβL)e–αL; K43 = (f2cosβL + f1sinβL)eαL; K44 = (f2cosβL– 
f1sinβL)e–αL; L is the calculating length of the model. 

After determining the additional bending moment M0 
at the tunnel end generated by the asymmetric thrust, 
combining Eqs. (11)−(14) to solve Eq. (15), we can obtain 
the longitudinal deformation and internal forces induced 
by the additional bending moment.  
2.4 Determination of the related parameters 

It can be seen from Eq. (8) that the equivalent bending 
stiffness of the shield tunnel (EI)eq, the equivalent shear 
stiffness of the shield tunnel (κGA)eq and the subgrade 
reaction coefficient are the key parameters, which can 
affect the calculation results. 

In the work conducted herein, the shield tunnel bears 
the longitudinal axial force at the end of the tunnel. There- 
fore, the nonlinear equivalent bending stiffness theory 
proposed by Li et al.[23] is employed to determine (EI)eq, 
which considers the influence of the longitudinal axial 
force. That is, 
( ) c ceqEI E Iη=                            （16） 

( ) ( )
3cos 1 / 2 sin(2 / 2)

cos / 2 sin cos / 2 sin
ψ ψ ψη

ψ ψ ψ ψ ψ ψ
π + += −

+ π + π + π +
  

j

c c s

j

c c s

1sin cos sin
2 /

1
/

K
E A l

K
E A l

ψ ψ ψ ψ
 

+ − π + 
 

+
       （17） 

where η is the longitudinal bending stiffness efficiency; 
Ec represents the Young’s modulus of the segment concrete; 
Ic indicates the area moment of inertia of the cross section 
of the concrete segmental ring; Ac is the cross-sectional 
area of the segmental ring; ls denotes the width of the 
segmental ring; Kj stands for the elastic stiffness coefficient 
of all the longitudinal bolts in the circumferential joint 
and is defined as Kj = nEbAb/lb, where n is the number 
of the longitudinal bolts, and Eb, Ab, and lb represent 
the elastic modulus, cross-sectional area, and length of 
the longitudinal bolt, respectively; ψ represents the neutral 
axis angle and is calculated according to the following 
equation: 

( ) b

j3

c c s

j

c c s

cos / 2 sin
2

cos 1
/ 1 sin 2

2 21sin cos sin
2 /

Nr
K M

E A l
K

E A l

ψ ψ ψ

ψ
ψ ψ

ψ ψ ψ ψ

+ π +
=

 
π + 

π   − + +    + − π + 
 

                                （18） 

where M is the bending moment of the shield tunnel, it 
is equal to the additional bending moment at the end of 
the tunnel M0 in our calculation; N is the longitudinal 
axial force, it is equal to the total thrust at the tail of the 

shield machine P0 in our calculation; rb indicates the 
distance from the center of the segmental ring to the 
location of the bolt. 

Wu et al.[18] developed the equivalent shear stiffness 
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of the shield tunnel based on the deformation model of 
the shield tunnel. That is,  

( ) s
eq

b s b

b b b c c c

lAG l l l
n A G A G

κ ξ

κ κ

=
−+

             （19） 

where ξ is a modified factor considering the contact rela- 
tionship between the adjacent segments; κb and κc are 
the shear coefficients of the bolt and the segmental ring, 
respectively, κb is 0.89 and κc is 0.53; Gb and Gc are the 
shear modulus of the bolt and the segmental concrete, 
respectively. 

Furthermore, the evaluation formula of dislocation 
between adjacent segmental rings δ is given by Wu et al.[18]. 
That is, 

( )s
eq

tan Ql
AG

δ
κ

 
 =
  

                      （20） 

The subgrade reaction coefficient k in the Winkler 
foundation model is determined using the analytical solution 
proposed by Wood[24]. That is, 

( )( )
s3

1 5 6
Ek

R ν ν
=

+ −
                      （21） 

where Es is the elastic modulus of the soil; ν is the Poisson’s 
ratio; and R is the outer radius of the tunnel. 

3  Model verification and parametric analysis 
3.1 Verification for the reliability of the analytical 
solution 

A one-dimensional elastic foundation beam model is 
established using Abaqus finite software to verify the 
reliability of the analytical solution proposed in this paper. 
Based on the numerical solution of the one-dimensional 
elastic foundation beam model, the reliability of the analy- 
tical solution is evaluated. The established numerical 
model and its calculation parameters are shown in Fig.4. 
The deflection and internal forces of the foundation beam 
calculated from the numerical and analytical solutions 
are shown in Fig.5. 

 
Fig. 4  Numerical model and calculation parameters 

       
(a) Deflection of the beam                   (b) Bending moment of the beam                  (c) Shear force of the beam 

Fig. 5  Comparison between analytical solution and numerical solution 
 

It can be seen from Fig.5 that the analytical solutions 
derived in this paper are consistent with the numerical 
solutions for both the deformation and the internal forces 
of the foundation beam. The error analysis results show 
that the maximum errors between the analytical and nume- 
rical solutions are only 0.41%, 8.12% and 0.30% for 
the calculations of the deflection, bending moment and 
shear force of the foundation beam, respective, and the 
average errors of that are only 0.05%, 1.15% and 0.16%. 
The comparison with the numerical results shows that 
the analytical solution proposed in this paper is accurate 
and the analytical model is reliable. 
3.2 Verification for the applicability of the analytical 
solution 

In order to validate the applicability of the analytical 
model established in this paper for the analysis of the 
additional responses of the shield tunnel subjected to 
asymmetric thrusts, a complete finite element model of 

the shield tunnel–soil interaction is developed by Abaqus 
finite software. The numerical model can simulate the 
tunnelling of the shield tunnel under asymmetric thrusts, 
and is employed to evaluate the applicability of the 
analytical model. 

Figure 6 shows the established numerical model, with 
a model size of 60 m(x)×80 m(y)×45 m(z). The parameters 
of the stratum and the tunnel structure are determined based 
on the shield tunnel project between the Shengjinta station 
and Liuyanjing station of the Nanchang Metro Line 3. The 
parameters of the segments and bolts of the tunnel are 
listed in Table 1 and 2. The buried depth of the tunnel axis 
in the calculation model is 15 m. The tunnel is located 
in the gravelly sand layer, and the underlying bedrock 
is largely composed of moderately weathered argillaceous 
siltstone. The mechanical behavior of the stratum is simu- 
lated by the Mohr–Coulomb model, and the calculation 
parameters of the sand layer are listed as follows: the 
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Fig. 6  Refined finite element model of a shield tunnel 

 
Table 1  Segment lining parameters 

Elastic 
modulus /MPa 

Poisson’s 
ratio 

Outer 
diameter /m 

Inner 
diameter /m 

Thickness 
/m 

Ring width 
/m 

3.45×104 0.2 6.0 5.4 0.3 1.2 

 
Table 2  Longitudinal joint bolts parameters 

Elastic modulus /MPa Poisson’s 
ratio Length /m Diameter /m Number 

2.10×105 0.3 0.445 0.024 10 

 
unit weight γ =18 kN/m3, the elastic modulus Es = 30 MPa, 
the Poisson’s ratio ν = 0.3, the cohesion, c = 5 kPa and 
the internal friction angle ϕ = 30º. 

The shield tunnel in the calculation model is consisted 
of 50 segmental rings in the longitudinal direction. In 
order to improve the calculation efficiency and convergence 
of the numerical model, the lateral effect of segment 
assembly is ignored, and this assumption is in line with 
the simplification of the shield tunnel in the analytical 
solution. The solid element (C3D8R) and beam 
element (B31) are used to simulate the segments and 
the curved bolts of the joint. 

The accurate simulation of the joints connecting the 
adjacent segments and adjacent segmental rings is the 
key of the structural analysis of shield tunnel. The constraint 
named embedded region in Abaqus is used by Shi et al.[25] 
and Ai et al.[26] to simulate the joints, which can realize 
the tension, bending and shear behavior of the joints. In 
the model, the curved beam element is embedded in the 
solid element of the segment, and the surface-to-surface 
contact is employed to simulate the interaction between 
the adjacent segments. Specifically, the contact attributes 
of “hard contact” and Coulomb’s law of friction contact 
are set in the normal and tangential direction, respectively, 
and the friction coefficient of 0.62 recommended by Shi   
et al.[25] and Ai et al.[26] is adopted. In addition, to ensure the 
comparability, the modifying factor of the shear stiffness 
of the shield tunnel in the analytical model is determined 
by the numerical shearing test of the joint between the 
adjacent segmental rings, which is equal to 3.5, i.e., ξ = 
3.5. 

Since this work focuses on analyzing the effect on 
the tunnel structure induced by the asymmetric thrust, 
the grouting pressure and the consolidation of the grout 

are not considered. Therefore, the anchoring effect on 
the tunnel generated by the hardened grout is ignored, 
and only the longitudinal displacement at the distal end 
of the tunnel is limited. In the calculation, the load con- 
ditions at the end of the tunnel are as follows: P0 = 8 MN 
and M0 = 11.4 MN·m. 

Both the numerical and the analytical results of the 
responses of the shield tunnel subjected to an asymmetric 
thrust are plotted in Fig.7. On the whole, a consistent 
agreement on the longitudinal deformation and internal 
forces of the shield tunnel between the simulation results 
and analytical results is observed from the plots. The cal- 
culation results show that the maximum deflection of 
the tunnel calculated by the FEM and the analytical solution 
are 0.34 mm and 0.36 mm, respectively, resulting in a 
difference of 5.9%. The maximum shear force occurring 
at the end of the tunnel is calculated by the two methods 
at 531.4 kN and 492.3 kN, respectively, leading to a dif- 
ference of 7.4%. The maximum dislocation between the 
adjacent segmental rings calculated by the two methods 
are 0.20 mm and 0.21 mm, respectively, with a difference 
of 5.0%. It is demonstrated that the prediction results 
produced by the proposed analytical model are reliable. 

In addition, as presented in Fig.7, the results of analy- 
tical solution are slightly larger than the ones predicted 
by the numerical model in the calculation of shield tunnel 
responses when subjected to an asymmetric thrust. The 
main difference between the results obtained from the 
two methods may be owing to the different constraint 
conditions during the calculations. In other words, the 
constrained boundary of the tunnel in the finite element 
model is three-dimensional, i.e., radial, tangential and 
longitudinal, but only the radial constraint generated by 
the soil is considered in the analytical model. 

In conclusion, the comparison between the analytical 
and numerical results shows that the analytical solution 
derived in this paper has reasonable applicability to assess 
shield tunnel responses when subjected to an asymmetric 
thrust, and the results are relatively reliable. Moreover, 
the validation in this section also demonstrates that it 
is feasible to determine the stiffness of the soil springs 
using Eq. (21), and its calculation result is effective. 
3.3 Parametric analyses 

In section 2.2, when we established the analytical 
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model according to the recommendations suggested by 
Song et al.[21], the shield tunnel during the construction 
stage was simplified as a force-bearing member with one 
end being hinged and the other being fixed. However, 
the calculation length of the member was not provided 
by Song et al.[21]. Under this boundary conditions, the 
deformation of the tunnel induced by the additional bending 
moment will increase with an increase in the longitudinal 
length of the model. Therefore, to avoid the influence 
of the model length on the results, the shield tunnel is 
simplified as a semi-infinite beam with one end being 
hinged when we implement the parametric analyses and 
subsequent discussions. In this situation, the solution process  
 

of the model is the same as that aforementioned. According 
to the boundary conditions in this situation, i.e., w|x→∞ = 
0, the two constants (C1 and C3) are equal to zero in Eq. 
(11), i.e., C1 = C3 = 0. At this time, Eq. (11) is expressed 
as 

( )2 4cos sin e xw C x C x αβ β −= +               （22） 

The two constants (C2 and C4) in Eq. (22) are cal- 
culated by the boundary conditions at the end of the tunnel. 
The solution of the deformation and the internal forces 
of the tunnel are also the same as that aforementioned 
under the boundary conditions, and will not be repeated 
herein. 

         
(a) Deflection                                             (b) Bending moment 

         
(c) Shear force                                    (d) Dislocation between adjacent segmental rings 

Fig. 7  Comparisons of longitudinal internal force and deformation of tunnel obtained by  
FEM and the proposed analytical method 

 
As far as the analytical model established in this paper 

concerned, the stiffness of the ground, the equivalent 
bending stiffness ((EI)eq) and the shear stiffness ((κGA)eq) 
of the shield tunnel are the key parameters that affect 
the calculation results of the analytical solution. Therefore, 
the analyses of the parametric sensitivity in the analytical 
model will be carried out from these three aspects. During 
the analyses, the basic parameters are the same as that 
in Section 3.2. 
3.3.1 Influence of elastic modulus of ground 

Fig.8 shows the variation in the longitudinal defor- 
mation of and internal forces on the tunnel at different 
elastic moduli of the ground. It is observed that the elastic 
modulus of the ground affects the longitudinal deformation 

of the tunnel more significantly than the internal forces 
exerted upon the tunnel. Fig.8(a) demonstrates that with 
an increase in the stiffness of the ground, the longitudinal 
deformation of the tunnel declines gradually, and the 
influence range of the additional bending moment at the 
end of the tunnel decreases gradually as well. On the whole, 
this variation in the longitudinal deformation of the tunnel 
caused by different elastic moduli of the ground is nonlinear. 
According to Fig.8(b), there is little influence of the ground 
elastic stiffness on the longitudinal bending moment of 
the tunnel. As the stiffness of the ground increases, the 
curve of the longitudinal bending moment on the tunnel 
gradually becomes steeper, and the additional internal 
forces occur to be more concentrated. Fig.8(c) plots that 
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with an increase in the stiffness of the ground, the curve 
of the longitudinal shear force on the tunnel also becomes 
steeper. The maximum shear force occurs at the head of 
the tunnel and increases as the stiffness of the foundation 

increases. 
The relationships of the maximum deflection and 

the maximum shear force on the tunnel with the elastic 
modulus of the ground are drawn in Fig.9. 

       
(a) Deflection of the tunnel                    (b) Bending moment of the tunnel                   (c) Shear force of the tunnel 

Fig. 8  Tunnel longitudinal deformation and internal force at different soil elastic modulus conditions 
 

It can be seen that as the elastic modulus of the ground 
enlarges, the deflection of the tunnel decreases gradually. 
On the contrary, an increase in the shear force on the 
tunnel is observed by raising the elastic modulus of the 
ground. When the elastic modulus of the ground raises 
from 5 to 50 MPa, the maximum deflection of the tunnel 
declines from 1.27 to 0.29 mm, with a decrease of 77.4%, 
and the maximum shear force on the tunnel increases 
from 392.10 to 567.97 kN, with an increase of 44.9%. 
The reason for the shear force on the tunnel to increase 
with the increase of the stiffness of the ground may be 
that, as the stiffness of the ground increases, the influence 
range of the bending moment at the end of the tunnel 
reduces gradually (see Fig.8(a)), and the smaller of the 
variation range of the shear force is, the greater the shear 
force is needed to balance the bending moment at the 
end of the tunnel. 

 
Fig. 9  Relationships between the maximum deflection, 

maximum shear force and soil elastic modulus 
 

3.3.2 Influence of equivalent bending stiffness of tunnel 
Fig.10 plots the variation in the longitudinal bending 

stiffness efficiency calculated by Eqs. (16)−(18) with the 
longitudinal axial force. It can be seen that as the axial 
force increases, there is an obviously nonlinear increase 
in the longitudinal bending stiffness efficiency. When the 

axial force is larger than 8 MN, i.e., N≥8 MN, the longi- 
tudinal bending stiffness efficiency rises to the maximum, 
i.e., η = 1.0 (in this case, the additional bending moment 
at the end of the tunnel is equal to 11.4 MN·m, i.e., M0 = 
11.4 MN·m, the corresponding critical axial force is 
equal to 8 MN, i.e., Nc = 8 MN). 

 
Fig. 10  Relationship between longitudinal bending stiffness 

efficiency and longitudinal axial force 
 

Fig.11 shows the relationships of the maximum def- 
lection of and the maximum shear force on the tunnel with 
the longitudinal bending stiffness efficiency of the shield 
tunnel, where the second order effect of the axial force is 
ignored (the axial force in Eq. (8) is equal to zero, i.e., N = 
0). There are the same variation rules in the maximum 
deflection of and the maximum shear force on the tunnel 
with the longitudinal bending stiffness efficiency, and both 
of them reduce with an increase of the equivalent bending 
stiffness of the shield tunnel. Moreover, there are more 
significant sensitivities in the maximum deflection of and 
the maximum shear force on the tunnel, when the equivalent 
bending stiffness of the shield tunnel is smaller. When 
the equivalent bending stiffness of the shield tunnel rises 
from 2.79×107 (ηmin = 0.037) to 7.53×108 (kN·m)/rad 
(ηmax = 1.0), the maximum deflection of the tunnel declines 
from 3.02 to 0.42 mm, equaling a decrease of 86.17%, 
and the maximum shear force on the tunnel reduce from 
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1 502.61 to 535.87 kN, with a decrease of 64.34%. 

 
Fig. 11  Relationships between the maximum deflection, the 

maximum shear force and equivalent bending stiffness 
 

3.3.3 Influence of equivalent shear stiffness of tunnel 
Fig.12 demonstrates the variation in the maximum 

deflection of the tunnel with the equivalent shear stiffness 
of the tunnel. 

 
Fig. 12  Relationship between the maximum deflection and 

equivalent shear stiffness 
 

It can be seen from Fig.12 that the maximum deflection 
of the tunnel rises nonlinearly with an increase in the 
equivalent shear stiffness of the tunnel. However, the 
growth rate of the deflection of the tunnel significantly 
declines when the equivalent shear stiffness of the tunnel 
rises up to a certain value. It is worth noting that the 
relationship between the deflection of the tunnel and 
its equivalent shear stiffness under the load conditions 
in this paper is opposite to the research results obtained 
by Liang et al.[9, 13] and Liu et al.[10], and the reason may 
be the difference in the longitudinal load conditions of 
the tunnel. According to the further analysis conducted 
by the FEM, the relationship between the deflection of 
the tunnel and its equivalent shear stiffness well matches 
the numerical results under the load conditions proposed 
in this paper. In this case, the maximum deflection of 
the tunnel increases from 0.06 to 0.55 mm, with an increase 
of 756.02%, when the equivalent shear stiffness of the 
tunnel rises from 2.16×105 to 1.30×107 kN/m. 

Fig.13 delineates the relationships of the maximum 
shear force and the maximum dislocation between the 
adjacent segmental rings with the equivalent shear stiffness 
of the tunnel. It can be seen from the figure that the variation 
rules of the maximum shear force and the maximum dis- 
location between the adjacent segmental rings with the 
equivalent shear stiffness of the tunnel are opposite, that 
is, as the equivalent shear stiffness increases, the maximum 
shear force gradually increases while the maximum dis- 
location gradually decreases. But both the maximum shear 
force of the tunnel and the maximum dislocation between 
the adjacent segmental rings are more sensitive to lower 
equivalent shear stiffness of the tunnel. With further inc- 
reases of the equivalent shear stiffness of the tunnel, the 
changes of both values gradually slow down and reach 
stable states, respectively. When the equivalent shear 
stiffness of the tunnel increases from 2.16×105 to 
1.30×107 kN/m, the maximum shear force on the tunnel 
rises from 186.20 to 635.26 kN, leading to an increase 
of 241.16%, while the maximum dislocation between 
the adjacent segmental rings declines from 1.03 to 0.06 
mm, equaling a decrease of 94.31%. 

 
Fig. 13  Relationships between the maximum shear force, 
the maximum dislocation and equivalent shear stiffness 

4  Discussion 
4.1 Influence range of the additional bending moment 

Fig.14 shows the variations in induced longitudinal 
deformation of and internal forces on the tunnel at the 
different bending moments applied at the end of the tunnel, 
where the elastic modulus of the ground is equal to  
15 MPa, i.e., Es = 15 MPa. The positive relationships of 
the longitudinal deformation of and internal forces on the 
tunnel with the additional bending moment at the end of 
the tunnel are observed in the figure. There is a linear 
relationship between the peak values of the different 
induced responses and the additional bending moment 
at the end of the tunnel. Overall, the influence range of 
the additional bending moment at the end of the tunnel 
is not sensitive to its own changes. 

Given it is defined that the influence range of the 
additional bending moment indicates that the deflection 
of the tunnel in the studied range is larger than 5% of 
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(a) Deflection of the tunnel                    (b) Bending moment of the tunnel                   (c) Shear force of the tunnel 

Fig. 14  Tunnel longitudinal deformation and internal force at different additional bending moments M0 

 
its maximum deflection. According to the calculation results, 
the longitudinal influence ranges of the additional bending 
moment are 55.8, 60.0, 62.4, 63.0 and 63.6 m when the 
additional bending moments 2, 4, 6, 8 and 10 MN, res- 
pectively. The relationship between the influence range 
of the additional bending moment and the changes of 
that is plotted in Fig.15. An exponential relationship bet- 
ween the influence range of the additional bending moment 
and itself is observed in the figure, when the other con- 
ditions are not changed. The correlation coefficient of 
the regression curve reaches 0.99, which indicates that 
there is a significant regression effect. However, it is 
worth noting that the calculated influence range of the 
additional bending moment is larger than the practical 
influence range, since the effect of the frictional resistance 
on the shield tunnel along the longitudinal direction caused 
by the surrounding soils is not considered in our analytical 
model. 

Fig.16 plots the variation in the influence range of 
the additional bending moment with the elastic modulus 
of the ground. It can be seen from figure that the stiffness 
of the foundation affects the influence range of the addi- 
tional bending moment obviously. According to the reg- 
ression analysis result, an exponential decrease in the 
influence range of the additional bending moment is 
observed by raising the elastic modulus of the foundation. 
The correlation coefficient of the two reaches 0.99, which 
indicates that there is a satisfied correlation. 

 
Fig. 15  Relationship between additional bending moment 

M0 and its influence range 

 
Fig. 16  Relationship between the influence range of M0 and 

soil elastic modulus 
 

There are still some shortcomings that should be 
pointed out. In the analytical model, the ground spring 
only reflects the constraint of the soil on the tunnel along 
the radial direction, and the friction the longitudinal direc- 
tion of the tunnel, caused by the relative motion of the 
tunnel and the soil, is not considered. Therefore, the inf- 
luence range of the bending moment at the end of the 
tunnel is still large under the condition of a high soil elastic 
modulus, which partly differs from the actual situation. 
However, the maximum deflection of the tunnel induced 
by the additional bending moment is located near the end 
of the shield tunnel and the maximum bending moment, 
the maximum shear force and the maximum dislocation 
are all located the end of the tunnel, regardless when 
the bending moment is large or the elastic modulus of 
the foundation is small. From this perspective, the analytical 
model developed herein still demonstrates a satisfactory 
applicability and can reasonably reflect the characteristics 
of the longitudinal responses of the shield tunnels induced 
by an asymmetric thrust. 
4.2 Second order effect of the longitudinal axial force 

As far as the shield tunnel in our analytical model 
is concerned, it is a beam-column member because of 
its mechanical characteristics. The longitudinal axial force 
not only improves the equivalent bending stiffness of 
the shield tunnel, but also increases the bending moment 
and deformation of the structure, that is, the second order 
effect of the axial force. 
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Fig.17 demonstrates the influence of the second order 
effect of the axial force on the maximum longitudinal 
deflection of and the maximum shear force on the tunnel 
at different foundation conditions and equivalent shear 
stiffness of the tunnel. It can be seen from the figure that 
both the maximum deflection of and the maximum shear 
force on the tunnel increase linearly due to the second 
order effect of the axial force. When the elastic modulus 
of the ground is equal to 30 MPa, the longitudinal bending 
stiffness efficiency of the shield tunnel is equal to 1.0, and 
the longitudinal axial force rises from 8 to 20 MN, the 
maximum deflection of and the maximum shear force 

 
(a) Es = 30 MPa, η = 1.000 

 
(b) Es = 5 MPa, η = 1.000 

 
(c) Es = 30 MPa, η = 0.037 

Fig. 17  Influences of the second-order effect of axial force 
at different conditions 

on the tunnel increase by 0.09% and 0.06%, respectively. 
When the elastic modulus of the ground is equal to   
5 MPa, the longitudinal bending stiffness efficiency of the 
shield tunnel is equal to 1.0, and the longitudinal axial 
force rises from 8 to 20 MN, the maximum deflection 
of and the maximum shear force on the tunnel increase by 
0.21% and 0.13%, respectively. When the elastic modulus 
of the ground is equal to 30 MPa, the longitudinal bending 
stiffness efficiency of the shield tunnel is equal to 0.037, 
and the longitudinal axial force rises from 8 to 20 MN, 
the maximum deflection of and the maximum shear force 
on the tunnel increase by 0.45% and 0.28%, respectively. 
It can be seen that the second order effect of the axial 
force is improved when the stiffness of the ground and 
the tunnel are lower. But generally, there is little influence 
of the second order effect of the axial force on the long- 
itudinal deformation of and the internal forces on the 
tunnel. 

5  Conclusions 
(1) An analytical model for calculating the additional 

responses of the shield tunnel subjected to an asymmetric 
thrust is established, in which the shield tunnel is simplified 
as a Timoshenko beam resting on the Winkler foundation. 
The analytical solutions of the longitudinal deformation 
of and the internal forces on the tunnel are derived. The 
validation results confirm that the analytical model is 
accurate and reliable, and its applicability is satisfactory. 
The analytical model proposed in this paper can evaluate 
the additional longitudinal deformation of and internal 
forces on the assembled linings induced by the thrust 
load at the tail of the shield machine, when the shield 
machine is driving along a curved alignment or correcting 
a deviation. 

(2) Compared with the internal forces on the tunnel, 
the longitudinal deformation of the tunnel is significantly 
affected by the stiffness of the ground and the equivalent 
stiffness of the shield tunnel, which are detailed as follows: 
1) The longitudinal deformation of the tunnel is suppressed 
by a larger stiffness of the ground, while the shear force 
on the tunnel increases; 2) The longitudinal deformation 
of and the internal forces on the tunnel can be reduced 
by improving the equivalent bending stiffness of the shield 
tunnel; 3) Both the longitudinal deformation of and the 
shear force on the tunnel increase with the increase of 
the shear stiffness of the tunnel, and the occurrence of 
the dislocation between the adjacent segmental rings is 
suppressed effectively by increasing the equivalent shear 
stiffness of the tunnel. 

(3) Compared with the additional bending moment 
generated by the asymmetric thrust, the stiffness of the 
foundation significantly affects the influence range of 
the additional bending moment. However, there are still 
some shortcomings to determine the influence range of 
the additional bending moment using the analytical model 

8 10 12 14 16 18 20

3.303

3.306

3.309

3.312

3.315

3.318

1 590

1 591

1 592

1 593

1 594

1 595

Longitudinal axial force N /MN 

wmax 

Qmax 

M
ax

im
um

 d
ef

le
ct

io
n 

w m
ax

 /m
m

 

M
ax

im
um

 sh
ea

r f
or

ce
 Q

m
ax

 /k
N

 

3.300

8 10 12 14 16 18 20
1.542 

1.543 

1.544 

1.545 

1.546 

442.3

442.4

442.5

442.6

442.7

442.8

442.9

Longitudinal axial force N /MN 

wmax 

Qmax 

M
ax

im
um

 d
ef

le
ct

io
n 

w m
ax

 /m
m

 

M
ax

im
um

 sh
ea

r f
or

ce
 Q

m
ax

 /k
N

 

8 10 12 14 16 18 20
0.609 48 

0.609 60 

0.609 72 

0.609 84 

0.609 96 

0.610 08 

Longitudinal axial force N /MN 

678.4

678.5

678.6

678.7

678.8

wmax 

Qmax 

M
ax

im
um

 d
ef

le
ct

io
n 

w m
ax

 /m
m

 

M
ax

im
um

 sh
ea

r f
or

ce
 Q

m
ax

 /k
N

 

11

WANG et al.: Analytical solution of additional response of shield tunnel under

Published by Rock and Soil Mechanics, 2021



  2060                  WANG Zu-xian et al./ Rock and Soil Mechanics, 2021, 42(9): 2449−2460 

 

since the frictional resistance of the surrounding soils 
along the longitudinal direction of the tunnel is not con- 
sidered in the analytical model, resulting in an over- 
estimated calculation of the influence range of the 
additional bending moment.  

(4) The thrust of the shield machine significantly 
improves the longitudinal equivalent bending stiffness 
of the shield tunnel. Relatively speaking, the influence 
of the second order effect caused by the thrust on the 
deformation of and the internal forces on the tunnel is 
subtle. While the second order effect of the axial force 
is improved under lowered equivalent bending stiffness 
of the tunnel and the foundation. 
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