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General analytical solution for consolidation of sand-drained ground considering
the vacuum loading process and the time-dependent surcharge loading

LIN Wei-an, JIANG Wen-hao, ZHAN Liang-tong
MOE Key Laboratory of Soft Soils and Geoenvironmental Engineering, Zhejiang University, Hangzhou, Zhejiang 310058, China

Abstract: Based on Barron’s equal strain consolidation theory, the consolidation governing equation of sand-drained ground under
vacuum combined surcharge preloading is derived, and a general analytical solution is obtained, which considers the vacuum loading
process, the time-dependent surcharge loading, the characteristics of the vacuum pressure decreasing along with the depth and radial
direction, and the smear effect of vertical drains and the vertical flow. The correctness of the analytical solution proposed in this
paper is verified by comparing the degenerate analytical solution with the existing analytical solution and the finite difference
solution. Based on the analytical solution, the consolidation behaviors of sand-drained foundation are analyzed. The results show that
the consolidation rate of sand-drained ground is accelerated with the increase of vacuum loading factor 7. However, when 7
increases to a certain extent, the influence of the vacuum loading process on the consolidation rate of sand-drained ground can be
ignored. The consolidation rate of sand-drained ground decreases with the increase of vacuum pressure attenuation coefficients ki
and k2. The consolidation rate of sand-drained ground decreases with the increase of vacuum pressure po and increases with the
increase of final surcharge loading gu. With the increase of loading time 7hi, the consolidation rate of sand-drained ground decreases
gradually, and the consolidation rate is the largest under instantaneous surcharge loading.

Keywords: vacuum loading process; surcharge loading; vacuum combined surcharge preloading; sand-drained ground; general

analytical solution

1 Introduction

Vacuum preloading method is commonly used to
strengthen soft soil ground in engineering!'!. Considering
the transfer characteristics of vacuum negative pressure,
this method is often used in combination with sand drain
(mostly plastic drainage plate currently). In the existing
theoretical research, the consolidation and drainage
problems of soil under the vacuum preloading method
are mainly studied by the sand-drained ground consolidation
theory? .. Indraratna et al.! derived a radial consolidation
analytical solution of sand-drained ground by assuming
that the negative vacuum pressure in the sand drain is
linearly attenuated along with the depth. Based on the
double logarithmic compression model, Han et al.l*!
obtained a nonlinear consolidation analytical solution
of sand-drained ground under vacuum preloading. Zhang
et al.l’! considered varying well resistance with time to
study the consolidation of sand-drained ground with
varying radial permeability coefficient under vacuum
preloading.

To enhance the consolidation and drainage effects
of soft soil ground, the vacuum preloading method is often
combined with surcharge loading in engineering(¢ !,
Rujikiatkamjorn et al.[%! analyzed the consolidation
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and drainage of sand-drained ground under the action
of vacuum combined surcharge preloading, considering
both the radial and vertical flow and drainage in soil.
Guo et al.”l derived a general consolidation analytical
solution of sand-drained ground under vacuum combined
surcharge preloading, considering the attenuation of the
vacuum pressure along with the depth and the change
of the additional stress with time and depth caused by
surcharge loading. Guo et al.l! obtained a nonlinear
consolidation analytical solution of sand-drained ground
under vacuum combined surcharge preloading by con-
sidering the nonlinear compression and permeability
relationship of soil.

However, in the above theoretical studies on the
consolidation of sand-drained ground, the vacuum
loading is assumed to be applied instantaneously, and
the influence of the vacuum loading process on the
consolidation properties of sand-drained ground has
not been considered. Peng et al.['' used an exponential
function to research the vacuum loading process, took
into account the factors such as smear effect and well
resistance, and obtained the consolidation solution of
sand-drained ground considering the vacuum loading
process. Based on the elliptical cylinder equivalent
model, Tian et al.'?! considered the time effect of the
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vacuum loading and derived the analytical consolidation
solution of sand-drained ground under vacuum preloading.
However, a specific exponential function is used to
consider the one single loading process of vacuum
pressure in the above research, which is not universal.
In the actual soft soil ground treatment, it is advisable
to consider the stepped vacuum loading to reduce the
clogging degree of the drainage channel to avoid too
large a hydraulic gradient caused by one single vacuum

13141 The existing model test results show that

loading!
the final settlement of sand-drained ground under stepped
vacuum loading is greater, and the strength of soil after
treatment is also greater!'>'® At the same time, the
test results show that the vacuum pressure will attenuate
not only along with the depth of soil but also the radial

17-18

direction of soil'’"'®. Therefore, the attenuation of

vacuum pressure along the depth and radial direction

197201 T addition, the vacuum

should be considered!
preloading method is usually used combining with
surcharge loading to strengthen the soft soil ground,
and the surcharge is often not applied at one time. The
influence of time-dependent surcharge loading on the
consolidation behavior of sand-drained ground should
be considered!”".

Therefore, the consolidation and drainage issues of
sand-drained ground should be studied in combination
with considering the vacuum loading process and time-
dependent surcharge loading. Based on Barron’s equal
strain consolidation theory of sand-drained ground!!),
the consolidation and drainage governing equation under
vacuum combined surcharge preloading is derived and
established in this paper, considering the vacuum loading
process, the time-dependent surcharge loading, the
characteristics of the vacuum pressure decreasing along
with the depth and radial direction, the smear effect,
and the vertical flow. A more general consolidation
analytical solution is obtained by series transformation.
The correctness of the analytical solution in this paper
is verified by comparing and analyzing the degenerate
solution in the paper with the existing analytical solution
and the analytical solution with the finite difference
solution. Based on the present analytical solution, the
consolidation behavior of sand-drained ground is analyzed.

2 Consolidation governing equation of
sand-drained ground

2.1 Calculation diagram

For the convenience of analysis, the single sand-
drained ground is taken as the research object. Figure 1
shows the calculation diagram of consolidation and
drainage of sand-drained ground considering vacuum

https://rocksoilmech.researchcommons.org/journal/vol42/iss7/3
DOI: 10.16285/j.rsm.2020.6649

loading process and time-dependent surcharge loading.
It is assumed that the top of sand-drained ground is a
drainage boundary, and the bottom is an undrained
boundary. In Fig. 1, r and z are the radial and vertical
coordinates of sand-drained ground, respectively; the
length of the sand drain is /; »,, r,, and 7, are the
radius of the sand drain, the radius of smear zone of
the sand drain, and the radius of influence zone of the
k,, and k, are the
radial permeability coefficient of the soil in smear
zone, the radial permeability coefficient of the soil in
the undisturbed zone, and the vertical permeability

sand drain, respectively; &

s 2

coefficient of the soil in influence zone, respectively;
q(t) 1is the uniformly distributed load changing with
time ¢ acting on the surface of sand-drained ground. In
order to consider the vacuum loading process, it is
assumed that the vacuum pressure applied at a given
time tis p,(¢). According to the references!!*2%, it is
assumed that the attenuation of vacuum pressure along
with depth and radial direction. At time ¢, it is assumed
that the vacuum pressure decreases from p,(¢) to
k p,(¢) along with the depth direction and decreases
from p(z,r,,t) to k,p(z,r,,t) inthe radial direction.

Axial symmetry
a() D

P 0
Pz, 7, =p(z, ry, )

|0
Drainage / [1_(l_kz)(r_rw)/(re_rw)]

boundary 4 Tk /

|k

Sand drain - ! H=
Smearing zon ’zg[ 1rw61)_k )z/1]
Undisturbed 4 " -
zone e

.}"S

Wl Yy

7
A 24
Undrained boundary

Fig.1 Calculation diagram of sand-drained ground

2.2 Basic assumptions

In this paper, the following basic assumptions are
made based on Barron’s equal strain consolidation theory
of sand-drained ground®"’:

(1) Soil is completely saturated. Soil particles and
water are incompressible. The deformation and con-
solidation of soil are only caused by the discharge of
pore water.

(2) The equal strain condition is satisfied, that is,
the vertical deformation of each point on the same
horizontal surface is the same within the range of the
sand drain influence zone.

(3) The seepage and drainage law of soil follows
Darcy’s law.
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(4) Considering the smear effect of sand-drained
ground, the radial permeability coefficient of the soil
in the smear zone is smaller than that of the soil in the
undisturbed zone. Except for the radial permeability
coefficient, other properties of the soil in the smear
zone are the same as those in the undisturbed zone.

(5) During the consolidation and drainage process,
the volumetric compressibility and permeability coefficient
of soil remain constants.

(6) Considering the vacuum loading process!'! !¢l
and the attenuation of the vacuum pressure along with
the depth and radial direction of soil 2% 227231 jt is
assumed that the vacuum pressure p(z,r,t) in any
position within sand drain influence zone can be
expressed as follow:
p(z,r,0)==p, - &) h(z) - o(r) (D
where p, is the final design vacuum pressure value,
p()=—p,g(t); g(t) is atime function of any form
considering the vacuum loading process,0 < g(t) <1;
o(r)=[1-(1-k,) (r =1,/ (. =1, )] 3 h(z) =[1- (1~ k)
z/11, k,, k, are the negative pressure attenuation
coefficients considering the depth and radial attenuation
of vacuum pressure, respectively. The values of &, and
k, are greater than 0 but not greater than 1. Generally
speaking, the coefficients k, and &, will change during
the consolidation process, but it is usually assumed that
they are constants during the consolidation process to
simplify the calculation™ '*2"), The determination method
of the coefficients k, and k, is shown in the lite-
rature!?2 23,

(7) At any depth, the amount of water flowing
from the soil into the sand drain equals the increment
of water flowing upward in the sand drain at that
position.

2.3 Consolidation governing equation

According to assumption (6), the vacuum pressure

u,. at any point of soil in sand drain influence zone

is
z (r—r,)
Uye == (D] 1=(=k)~ 1= —k)—| (2)
/ (r.—r,)
According to Eq. (2), the excess pore water pressure
head 4 at any point in the soil can be expressed as

h=— ) =

Vw

where y, is the unit weight of water; u is excess

(3

w

pore water pressure.
Deriving  using Eq. (3), the radial hydraulic gradient
i 1is obtained

Published by Rock and Soil Mechanics, 2021

(4

.1 jou (-k)
i = {a Py g(f)h()(e rw)}

w

According to Eq. (4), the radial seepage velocity

v, in smear zone and undisturbed zone is

—W{Z—u—po g(t)- h(z)((le ];W)J r, Sr<r,
v, =
k, 6u_ (1-k))
m{@ Do - &(1)- h()(re rw)}rs@@e
(5)

Based on the assumptions of equal strain theory!’ %],

we can obtain:

oe, (dq 617)
= mV —_——_——
ot de ot

is the volumetric strain (equal to vertical

(6)

where &,
strain) at any point in sand drain influence zone; m, is
the volume compressibility coefficient; u(z,¢) is the
average excess pore water pressure at any depth in sand
drain influence zone, and the expression of u(z,t) is
as follows:

1
n(rl —ry)

Based on the above assumptions, the consolidation

u(z,t)= I: 2nru(r, z,t)dr D)

equation of sand-drained ground considering radial
and vertical seepage is!’ %)

2—
L) ko _os, ®
r or Ve Oz ot
The radial boundary conditions are
if._, =0 D)
=p(z,r,,t) QL))

r=r,

Sorting out Eq. (8) and integrating » on both sides
of the equation, we can use the boundary condition Eq.
k 62

(9) to obtain
os, (r )
V—
! 8t 62 2r

Substituting Eq. (11) into Eq. (5), we can obtain

QD)

2—
2k[6; ’;ZZ]( )0y h(>((1_k))
ou r, Sr<r,
2— 2 2
Lsr<r,
12

Integrating » on both sides of Eq. (12), then we can
use the boundary condition Eq. (10) to obtain

B
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w

7y [O8 KU L ()|
2k \ ot y,02 ) ° 1 2

poh(z)g(t)|:1—(1_k2)r—rw} e
=T

LA
u= 2— 2 _ 2
08, + k 0w r’ T R —" +k—"(rf‘
2k ot 62 I 2 ks
r. }’,z—r2 r—
In—=—- )} Poh(Z)g(t){l (1-k,) }
nLsSr<r,
(13)

Substituting Eq. (13) into Eq. (7), we can obtain

2 2—
_ YT g, k, Ou
u="X R —+ G-h t QY
2%, £6t ) ZJ PG h(2)-g(1)
where
2
R=2n (1n£+llns—iJ+
n=1 s p 4
E , (15
L - ++(1— IZJ
n* -1 P an* ) p(n® =1) 4n
:n+2+k2(2n+1) (16
3(n+1)
where n=r/r,; s=r/r,; p=k/k, ; G is the

coefficient related to the radial attenuation of vacuum
pressure.
Substituting Eq. (6) into Eq. (14), we can obtain

_ dg .o ;
=B—-B— G-h t QD)
w=B —B A p, (2)-g(®)
2 2
where A=ereR; B=reR; C, = ky ; C, s
2k, 2C, myy,

the radial consolidation coefficient.

Equation (17) is the consolidation governing equation
of sand-drained ground considering the vacuum loading
process and time-dependent surcharge loading. The
equation also considers the attenuation of the vacuum
pressure along with the depth and radial direction, smear
effect, and vertical seepage. Therefore, Eq. (17) is closer
to the actual working conditions of soft soil ground
reinforcement under vacuum-surcharge preloading, which
has certain generality.

The boundary conditions of Eq. (17) are

Ul _,=-p,G-gt) (18
al g (19)
Oz

The initial condition is
ul_, =4q(0) (20)

https://rocksoilmech.researchcommons.org/journal/vol42/iss7/3
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3 Solution of consolidation governing
equation

According to the pattern of the consolidation governing
equation and the boundary conditions, it is assumed
that the solution can be expressed as

L7=—pOG~h(z)-g(t)+iTm(t)sin(%zj 21)

m=1
where T, (f) is time function in the solution; M =
Cm-Orn/2, m=1,2,3, -
Equation (21) has satisfied the corresponding
boundary conditions Egs. (18)—(20). Substituting Eq.
(21) into the initial condition Eq. (20), we can obtain

ST, (O)singzj=poG‘h(z>g<0>+qo

m=1

22)

where g, is the initial surcharge loading, ¢,
Then we can obtain

Tm(O):%j(:[poG-h(z)g(0)+q0]sin(%zjdz (23)

=q(0).

Substituting Eq. (21) into the governing Eq. (17),
we can obtain

ZT (t)sm(%z}—A 5 iTl(t)sin(%zj+

m=1

. 24)
BZT,;(t)sin(%z}BBq + poG - h(z)- g(t)}

m=1

To obtain the analytical solution of Eq. (24), the
left term of Eq. (24) can be transformed by using the
orthogonality of trigonometric series:

Bl:%'f‘ poG . l’l(Z) . g'(l‘):l = Bi Qm (l‘)sin(%zj (25)

0,(t) = —j[ + p,G - h(z)- g(t)}sm(%zjdz (26)

Substituting Eq. (25) into Eq. (24), we can obtain

r,0+p,T,0)=0,0 Q7
2 2
"B BE 2RI m,y,

C, is the vertical consolidation coefficient.

Equation (27) is a first-order linear differential equation
related to 7 (¢). According to the initial condition Eq.
(22), the solution of Eq. (27) can be obtained

T (f)=e¢ P [ [0, ()" dr+T, (0)] (28)

where 7 is an intermediate variable related to 7.

Therefore, a general consolidation analytical solution
of sand-drained ground considering the vacuum loading
process and time-dependent surcharge loading can be
written as

b
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u(z,0)==py,G-h(z)g(t) +

i Ug 0, e dr + T, (())} oA sin (%ZJ

m=1

(29

According to the expression of function 4(z) in
Eq. (1), Eq. (29) can be further expressed as

u(z,t)=-p,G- |:1 -1 —k1)§:|g(t) +
j; {iﬂ+0m -g'(r)}eﬁmr dr+%+ D, -g(O)}-

3 2
mZ:l { Mdr
e P sin (% zj

PoGIM —(1—k;)sin M ]
= M2 .
The average consolidation degree U, defined by

(300

where D,

pore water pressure can be expressed as

U [} A5 (z,)dz

L= (31)
[,A&'(z,20)dz

where AG'(z,t) is the average effective stress increment
of ground at depth z and time #; AG'(z,) is final
average effective stress increment of ground at depth z.

According to the principle of effective stress, we

can obtain
AG'(z,0) = q(t) —u(z,1) (32)
AG'(z,0)=¢q, + p,G - h(z) (33)

where g, is the final surcharge loading value.

Thereupon, the average pore water pressure con-
solidation degree U, of sand-drain ground can be
expressed as

. 2[[q() - ii(z,0)]dz
P 2g.0+ p,G(L+ k)

(34)

The average consolidation degree Us defined by
the settlement can be expressed as

S (35)

where S, and S, are the settlement at time ¢ and
final settlement of sand-drained ground, respectively.

The expression of final settlement S, can be
written as

S, =m, || AG'(z,00)dz = mvl[qu + poc;%} (36)

Based on the assumptions of small deformation
and equal strain, the average pore water pressure
consolidation degree U, is equal to the average settlement

Published by Rock and Soil Mechanics, 2021

consolidation degree Us of sand-drained ground!®7l.
Then the settlement S, of sand-drained ground at
time ¢ can be written as

S, =US, =U,S, (37

Equations (30) and (34) are the consolidation analytical
solutions of sand-drain ground considering the vacuum
loading process and time-dependent surcharge loading
with arbitrary time function. After time function g(7)
reflecting vacuum loading process and surcharge loading
q(t) are determined, the expressions of the average
excess pore water pressure at any depth and the average
consolidation degree of sand-drained ground are obtained
by substituting the above equations into Egs. (30) and
(34).

4 Analytical solutions under several loading
patterns

The variation patterns of several time functions g(t)
considering the vacuum loading process are shown in
Fig. 2. Figure 2(a) is the case of assuming the vacuum
pressure is applied instantaneously. Figure 2(b) is the
case of simulating vacuum pressure exponential function
loading. Figure 2(c) is the case of considering multi-step
vacuum pressure loading.

g g g

1 1 1

ky

0 t 0 1 0 t t
(a) Instantaneous loading  (b) Exponential function loading (c) multi-step loading

Fig.2 Several variations of the function g(7)

Figure 3 shows several patterns of time-dependent
surcharge loading. Figure 3(a) is the case of instantaneous
loading ¢(#), which does not change with time. Figure
3(b) is the case of single-step linear loading ¢(f), which
increases linearly with time ¢ first and then remains
constant. Figure 3(c) is the case of multi-step linear
loading ¢(f), which increases linearly step by step (final
surcharge loading is ¢, ).

In the following, the analytical solution of the con-
solidation governing equation is mainly solved according
to the various patterns of time function g(f) and surcharge
loading ¢(¢) in Figs. 2 and 3. For the convenience of
expressing the analytical solution, we assume 7, =
C,t/ (4r2)that can be deduced as ¢=4T,r?/C, . At
the same time, we introduce a factor A, which is a
dimensionless parameter related to S, and can be
expressedas 4, =48, 1’ / G .



Rock and Soil Mechanics, Vol. 42 [2021], Iss. 7, Art. 3

LIN Wei-an et al./ Rock and Soil Mechanics, 2021, 42(7): 1828—1838 1833

q(1) q(1)

q b————m—— Gu

- > L
0 t 0 4 t

(a) Instantaneous loading

q(1)

(b) Single-step linear loading

I:::;:;'/‘_/

0 1 tts ty

Ll
‘
1 1 1
hio hi-1 b

(c) Multi-step linear loading

Fig.3 Several surcharge loading patterns

4.1 Case 1

When the strength of ground is high, the vacuum
loading process can be ignored. If the rapid surcharge
loading is carried out after the vacuum preloading, in
other words, the vacuum loading and surcharge loading
patterns are shown and adopted in Figs. 2(a) and 3(a),
g(T,)=1 and ¢(I})=gq, are satisfied. Therefore, we
can obtain g'(7,)=0.

Substituting g(7,)=1, ¢(7;)=gq,, and g'(T,)=0
into Egs. (30) and (34), the average excess pore water
pressure at any depth and the average consolidation
degree of sand-drained ground can be expressed as

u(z,1,)= —poG[l—(l —kl)ﬂ +

v (38
> 2{;{4—“ +D, }el"'T“ sin(T zj
m=1
0 ’AmTh
UszUpzl—Z{Dm+q—“} de
m=1 M ] M[2q, + p,G(1+ k)]
(39)

4.2 Case 2

When the area of soft soil ground is large, it is
necessary to consider the loading process of vacuum
22.241"and when the linear surcharge preloading
method is used to strengthen the consolidation and

drainage of the ground after vacuum preloading, the

pressure

exponential function pattern shown in Fig. 2(b) is used
to simulate the vacuum loading and the pattern shown
in Fig. 3(b) is used to simulate the single-step linear
surcharge loading process. According to the research
2] and Liu et al.?*), time
function g(¢#) can be expressed as

gly=1-¢e* (40)
where « is the vacuum loading coefficient, which can
be obtained by fitting the loading curve of actual vacuum
negative pressure. The dimensionless parameter 7

of Peng et al.l'!l, Tian et al.

https://rocksoilmech.researchcommons.org/journal/vol42/iss7/3
DOI: 10.16285/j.rsm.2020.6649

related to « can be expressed as 7 = 4ar’ / C, .
When the surcharge loading is single-step linear,
we can obtain
t/t,0<t<t
e 4, / 1 1
q,, 1>1

(41

where ¢ is the linear loading time. The time factor
1., of ¢t canbeexpressedas T, =C.t, /41;2 .
Substituting Egs. (40)-(41), and g'(T,)=ne ™
into Egs. (30) and (34), the average excess pore water
pressure at any depth and average consolidation degree
of sand-drained ground can be expressed as
When 0<7, <T,, issatisfied, we can obtain

u(z,Ty) = —pOG[l -(1- kl)ﬂ (1-e)+

0 -nT, _ AT 1 _ =AnTh
22{1),"77(6 < )+qu( © )}sinKsz

m=1 (A, =) M2A,T, l
(42)
U — U — Z(qu i Th/]}ll) +p0G(1 + kl)(l _einTh ) _
S 24, + p,G(1+k)
© Ny _ a=4aTh AT
3 Dmﬂ(e € )+qu(1 e ")l
= (A, =) M2,T,,
4
M[2q, + p,G(1+k)]
(43)
When T, =1T;, is satisfied, we can obtain
w(zT,) = —pOG[l ~(- kﬂﬂ ey
0 Ty _ a4t
Zz{Dm’?(e—e)+ (44)
m=1 (}‘m — 77)

q, [el,,,(Tm*Th)_ e*/ImTh ] (M
smm| —z
M/ImT;al l

2q, + pG1+k)(1-e")

P 2q, + p,G(1+k)
S T _ o= nlh A (T =T) _ a=ATh
Py gl ]
m=1 (/Im - 77) M/ImThl
4

M[2q, + p,G(1+ k)]

It should be noted that the above solution assumes
that 7 and A, are not equal. When 7 and A, are
equal, the average excess pore water pressure at any
depth and the average consolidation degree of sand-drained
ground can also be obtained by integrating Egs. (30)
and (34). Due to the length limitation of the paper, not
all of them are listed here.

4.3 Case 3
When the strength of ground is relatively small,
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(13161 and

when multi-step vacuum loading and multi-step linear

multi-step vacuum preloading is adopted

surcharge loading are used to further accelerate the
consolidation and drainage of the ground. As shown in
Fig. 2(c), the two-step loading pattern can be used to
simulate the multi-step vacuum loading, and the pattern,
as shown in Fig. 3(c), can be used to simulate the
multi-step linear surcharge loading process. As for the
two-step vacuum loading process, the time function
g(t) related to vacuum loading can be expressed as

k,0<t<t
g(t):{p ’

(46)
1, 1>t

where &, is the ratio of the first stage vacuum pressure
value to the final vacuum pressure value, 0< kp <1;
1, is the loading time of the first-step vacuum pressure.
The time2 factor 7;, of 7, canbe expressedas T, =
Cyt, /417 .
Then we can obtain
0,2+t

g'(T)= 1-k

lim Lt=t
A0 Af P

(47

When the surcharge loading ¢(¢#) is multi-step
linear, we can obtain
9(0) = G+ a;(t =1 ,), by, STl
Gps by SUSUy,

(48)

where i is the number of loading steps, i=1,2,---,i;q,
is a load of level i, go=0; a,=(q,—q,)/(t,i, —t,5)»
a, is the i step loading rate. The dimensionless
parameter O, related to the loading rate a, can be
expressed as &, =4a,’/C, . The time factor T,
of ¢, , can be expressed as T;,, , =C,t, / 417 Ttis
noted that the following analysis assumes that 7, <T;
is satisfied.

Substituting Egs. (46)—(48) into Egs. (30) and (34),
the average excess pore water pressure at any depth
and the average consolidation degree of sand-drained
ground can be expressed as

When 0<T, <T,, issatisfied, we can obtain

i(z,T,) = —pOG[l—(l —kl)ﬂkp +

(49)

0 — ’imTh

> 2| D, ke " Loz ) g (M,

o : MA, )

U - 26T, + pG(1+ k) )k, B
T2, +p G+ k)

0 — 7Z'mTh

S| Dk o Hulh +51(1 e ") 4

m=1 ! Mﬂ’m M[zqu + pOG(l + kl )]
(500

When 7, <T, <T,, issatisfied, we can obtain
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u(z,1;) =—P0G[1—(1—k1)ﬂ+

{Dm(l—kae”hp )

AT, —0 ATh

Ms
[\

+D,k, +

1

3
I

m

)“mTh —
—5' (e D e M sin (M zj =
M2 /

m

—pOG[l—(l—kl)ﬂ+

(51D

Y 2[ (1= k)D, e D, e
m=1

~ ATy
alze™) sin (MZJ
M2 /

m

_ 26T, + pG(1+ k) )k,
P 2q, +p G+ k)

0

. ) S (1—e ™M)
A (Top =Ty Ty
> {(l—kp)Dm e +D, ke " 4= ) :

m=1 m

4
M[2q, + p,G(1+k,)]

(52)
When 1., , <T, <7, (i=2,3,---i) is satisfied,
we can obtain

a(z,m:—poG[l—a—k]);}

© i-1 é‘ (ezmﬂ\u—l _elmﬂm—z )
T
Zz{a-kp)Dme +D,k, {Z( k +

m=1 k=1 M. ﬂ,

5 ﬂm(Th’Thz,fz)_l .
—,[e ] e gin Mz
MA l

m

(53)
U=U = 24:., +5x(7; — T )]+ pGA +k)( —e " ) _
P 2q,+ p,G1+k)

i—1 AnThokt _ AnThoka
{(1 -k,)D, ¢ 4 D, k, + {Z( AG © )H +

Ms

k=1 M2

1 m

3
I

51‘ [eim (T —Thai2) _ 1]1 4e-ﬂmTh
M2, | M2, +p,GU+k)]

(54)
When T, <T <T,, (i=12,---i) is satisfied,
we can obtain

EWD=—poG[1—<1—kl)ﬂa—e"Th)+

o i AnThok-r _ aAmIhok—
22{(1—kp)Dm e‘mThqukp{z[‘sk(e © )H}

m=1 k=1 M 2,

m
a1 . [M
e mh sm(sz

(55)
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2g, + p,G(L+k)(1—e ™) 3

(]S =U =
P 2q, + p,G(1+k)
© i 5 (eimTth—] _ elmThykz )
1-k)D, ¢"™+D k + k :
46*/1,”Th

M[2q, + p,G(1+k))]
(56)
As for other combinations of time function g(¢) and
surcharge loading ¢(¢) in Figs. 2 and 3, the expressions
of time function g(¢) and surcharge loading ¢(¢)
can also be substituted into Egs. (30) and (34) to obtain
the expressions of the average excess pore water pressure
at any depth and average consolidation degree of sand-
drained ground, which are not listed here.

5 Verification of solution

5.1 Comparison with existing analytical solutions

According to the assumptions made in this paper,
the main difference between the present consolidation
solution and the previous consolidation solution of the
sand-drained ground is that the solution proposed in
this paper considers the vacuum loading process and
the attenuation of vacuum pressure along with the
depth and radial direction. To verify the correctness of
the present solution, the solution obtained when the
vacuum pressure is applied instantaneously can be
compared with the existing analytical solution.

When the vacuum pressure attenuation is not
considered (k, =1, G=1, D, =p,/M), the average
excess pore water pressure at any depth of sand-drained
ground # can be obtained combined with Eq. (30)
u(z,t)=—p, +

) (57)
$ 2l L 8 g o Polon (M
M M !

m=1 0 M dT

Comparing Eq. (57) with the expression obtained by
Guo et al.l”! in solving the average excess pore water

Table 1 Calculation parameters of sand-drained ground

pressure of soil at any depth of sand-drained ground
under vacuum-surcharge preloading, it can be seen
that the result has a good agreement in the form of that
derived by Guo et al.””} and physical meaning of the
parameters are completely the same.

Furthermore, when the surcharge loading ¢(¢) is
applied instantaneously, the expression of the average
excess pore water pressure at any depth and the con-
solidation degree of sand-drained ground are expressed
as
u(z,t)y=—p, + i[%+%}e"ﬂ” sin[%zj (58)

m=1

z 2
U =U,=1-Y =™ (59)

m=1

It can be seen that Eqgs. (58)—(59) are exactly the
same as the consolidation analytical solution of sand-
drained ground considering radial and vertical seepage
and vacuum-surcharge preloading derived by Rujikiat-
kamjorn et al.[®],

By comparing the solution proposed in this paper
with the existing analytical solution without considering
the vacuum loading process and the attenuation of vacuum
pressure, it can be seen that the degenerated analytical
solution in this paper is completely consistent with the
existing analytical solution, which verifies the correctness
of the present solution to a certain extent.

5.2 Comparison with finite difference solution

To further verify the correctness of the present
solution, the finite difference form of Eq. (17) is developed.
Then the finite difference solution is obtained using the
corresponding boundary conditions and initial conditions
and compared with the present consolidation analytical
solution. The finite difference method can be referred
to as Geng et al.”> and Cao et al.?”), Taking the analytical
solution of case 2 as an example, the calculation parameters
of sand-drained ground are shown in Table 1.

H/m ry/m s n ) ky/(m s kJ/(mesT)

po/kPa qu/kPa  my/MPa! n ki s Tl

10 0.07 4 10 0.2 5%107 2x1070

50 50 0.5 2 0.5 0.5 0.1

Through the comparison between the present con-
solidation analytical solution and the finite difference
solution in Fig. 4, the change law of the average
consolidation degree with time under the two solutions
is completely consistent, which further verifies the
correctness of the analytical solution proposed in this
paper.

6 Consolidation behavior analysis

To study the consolidation behaviors of sand-drained

https://rocksoilmech.researchcommons.org/journal/vol42/iss7/3
DOI: 10.16285/j.rsm.2020.6649

ground considering the change of external load with
time, the solution in case 2 is taken as an example (the
vacuum loading process is considered in the form of an
exponential function, and the surcharge is a single-step
linear loading) to analyze the consolidation behavior
of sand-drained ground. According to Egs. (42)—(45),
it can be seen that the consolidation rate of sand-drained
ground is affected by factors such as vacuum loading
factor 77, negative pressure attenuation coefficients ki
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and k>, vacuum pressure po, final surcharge loading g,,
and loading time 7%;. Therefore, this paper mainly
analyses the above factors. The calculation parameters
of sand-drained ground are shown in Table 1.

20
40

60

— Finite difference solution

Average consolidation degree U /%

80 |
= Analytical solution in
this paper
100 L L
1072 107! 10° 10!

Time factor T,

Fig.4 Comparison of the analytical solution and finite
difference solution

Figure 5 shows the average degree of consolidation
curve of sand-drained ground under different vacuum
loading factors 77. It can be seen from Fig. 5 that 7
has a great influence on the consolidation rate of sand-
drained ground, and the consolidation rate increases
with the increase of 77. At the same time, it can be
seen that when 7 =10 is satisfied, the increase of 7
has almost no effect on the consolidation rate. When
=100 is satisfied, the average consolidation degree
curve almost completely coincides with that without
considering the vacuum loading process. In other words,
when the vacuum loading factor 7 increases to a
certain extent, the effect of the vacuum loading process
on the consolidation rate of sand-drained ground can
be ignored.

0¢

S
S 20
3
&
]
= 40
g
s
=]
S 60
2
5]
Qo
% 80
§ Vacuum Loading process
< is not considered

100 L L

107! 10° 10!

)

10
Time factor Ty,

Fig.5 Influence of vacuum loading factor 7 on average
consolidation degree

Figure 6 reflects the effect of the vacuum loading
factor 7 on the average excess pore water pressure.
It can be seen from the figure that the larger the value

Published by Rock and Soil Mechanics, 2021

of 7 1is, the smaller the average excess pore water
pressure under the same time factor is, and the average
excess pore water pressure without considering the
vacuum loading process is the smallest, consistent with
the change law of the average consolidation degree
curve in Fig. 5. In addition, it can be seen from Fig. 6
that when 7 is large enough (for example 7 =20),
the average excess pore water pressure considering the
vacuum loading process is getting closer to that without
considering the vacuum loading process with the con-
solidation process.

RN

—— =1
6 [—a— n=5

Depth /m

—v— =20
g L= Vacuum Loading
process is not
considered

10 1 1 1 1 1
—50 =40 -30 -20 =10 0 10 20 30 40 50

Average excess pore water pressure u /kPa

Fig. 6 Influence of vacuum loading factor 7 on average
excess pore water pressure

Figure 7 shows the influence curve of negative pressure
attenuation coefficients k1 and k> on the average con-
solidation degree of sand-drained ground. It can be seen
from Fig. 7 that the negative pressure attenuation
coefficients k1 and k> have the same influence on the
consolidation rate of sand-drained ground. With the
increase of ki and k», the consolidation rate of sand-drained
ground decreases. However, ki and k» have little influence
on the consolidation rate of sand-drained ground. The
average consolidation degree curves under different 4
and k, almost coincide.

09

20
40

60 | = =0,k =0
—— k] :1, kz =0
- k] :0.5, kz =0.5
80 [ == ky=0,k =1
—— k] :1, k2 =1

Average consolidation degree U /%

100 !
1072 107! 10° 10!

Time factor Ty,

Fig.7 Influence of vacuum pressure attenuation coefficient
k1 and k2 on average consolidation degree
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Figure 8 shows the average consolidation degree
curve of sand-drained ground under different vacuum
pressure po. It can be seen from Fig. 8 that the consolidation
rate of sand-drained ground decreases with the increase
of vacuum pressure po. When py is small, the increase of
po greatly influences the consolidation rate of sand-drained
ground. When py is large, the increase of po has little
effect on the consolidation rate of sand-drained ground.
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Fig.8 Influence of vacuum pressure po on average
consolidation degree

Figure 9 shows the average consolidation degree
curve of sand-drained ground under different final
surcharge loading gu. It can be seen from Fig. 9 that the
consolidation rate of sand-drained ground increases
with the increase of the final surcharge loading g., which
is contrary to the change law of the consolidation rate
with vacuum pressure po. At the same time, it can be
seen that with the increase of ¢, the influence of
increasing g, on the consolidation rate of sand-drained
ground gradually decreases.

0z
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—a— ¢,=0kPa
60 | —2— qu=20kPa
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—— ¢,=100 kPa
80 | —e— ¢q,=150kPa
—— ¢,=200 kPa

Average consolidation degree U /%

100 L o .
1072 107! 10° 10!

Time factor Ty,

Fig.9 Influence of final surcharge loading qu on average
consolidation degree

Figure 10 shows the average consolidation degree
curve of sand-drained ground under different loading
time 7hi. It can be seen from Fig. 10 that under the
same final surcharge, the larger the loading time 7h; is,
the smaller the consolidation rate of sand-drained

https://rocksoilmech.researchcommons.org/journal/vol42/iss7/3
DOI: 10.16285/j.rsm.2020.6649

ground is. In other words, the consolidation rate of
sand-drained ground decreases with the increase of the
loading time 7i1. When 73,;=0 is satisfied (the surcharge
loading is applied instantaneously), the consolidation
rate of sand-drained ground is the largest.
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Fig.10 Influence of loading time 7h1 on average
consolidation degree

7 Conclusions

(1) The consolidation rate of sand-drained ground
is greatly affected by the vacuum loading factor 7.
With the increase of vacuum loading factor 77, the
consolidation rate of sand-drained ground increases.
However, when 7 increases to a certain extent, the effect
of the vacuum loading process on the consolidation
rate of sand-drained ground can be ignored.

(2) The negative pressure attenuation coefficients
k1 and k> have the same influence on the consolidation
rate of sand-drained ground. With the increase of ki
and k», the consolidation rate of sand-drained ground
decreases. However, the influence of k1 and k> on the
consolidation rate of sand-drained ground is small.

(3) The consolidation rate of sand-drained ground
decreases with the increase of vacuum pressure po and
increases with the increase of final surcharge loading
¢u. However, when py or ¢, increases to a certain value,
the influence of further increasing po or gu on the
consolidation rate of sand-drained ground is very small.

(4) The consolidation rate of sand-drained ground
decreases with the increase of the loading time Th;.
When the surcharge loading is applied instantaneously,
the consolidation rate of sand-drained ground reaches
the largest value.
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