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Abstract: Most of the constitutive model for liquefaction analysis cannot simulate the large post-liquefaction deformation of 

saturated sand, and there is little research on the nonlinear time-domain large deformation constitutive relationships suitable for 

seismic response analysis of saturated sand sites. In this paper, a feasible, simple and applicable large deformation constitutive model 

for time domain analysis is proposed through experimental analysis and theoretical research. The post-liquefaction stress-strain 

relationships of liquefied sand are obtained based on the undrained cyclic triaxial test data, then loading-reloading rules of large 

post-liquefaction deformation are proposed. Combined with the effective stress constitutive model based on logarithmic skeleton 

curve, a constitutive model that can quantitatively describe the large deformation of saturated sand liquefaction is proposed. 

According to the test results, the constitutive model can simulate small to large deformations from the pre-to post-liquefaction regime 

of sand. This constitutive model is also implemented to the program Soilresp1D for the dynamic response analysis of liquefiable soil 

sites. The results show that the time domain nonlinear large deformation unified constitutive model based on the logarithmic dynamic 

skeleton curve, effective stress-modified logarithmic dynamic skeleton constitutive model and liquefaction large deformation 

constitutive model can be directly applied to the dynamic response analysis of saturated sand. 

Keywords: logarithmic skeleton curve; effective stress; liquefaction of saturated sand; loading-unloading rules; large deformation 

constitutive model 

 

1  Introduction 

The disasters induced by the liquefaction of saturated 
sand layer are mainly due to large deformation for 
liquefaction. Therefore, it is important to choose a suitable 
dynamic constitutive model for saturated sand when 
studying liquefaction. A large number of nonlinear or 
elastoplastic constitutive models have been proposed[1−2] 
for liquefaction analysis, including boundary surface 
models[3−5] and multi-surface models [6−7]. However, 
these models can only simulate the small deformation 
dynamic response of the soil layer during initial pre- 
liquefaction, and it is difficult to simulate the large 
deformation dynamic response of the liquefied sand 
layer under cyclic loading. Wang et al.8], Wang et al. [9] 
and Wei et al.[10] based on the large deformation 
mechanism of saturated sand liquefaction proposed by 
Shmoto et al. [11], obtained the relevant liquefaction 
constitutive models, which are applicable to the large 
deformation dynamic response for sand liquefaction. 
But the mathematical constitutive model is complex, with 
many soil layer parameters, and the dynamic response 
analysis relies on finite element calculation software, 
so the calculation is cumbersome and time-consuming. 

The selection of effective stress constitutive model 

before liquefaction is important for analyzing the dynamic 
response of saturated sand under large deformations. 
The reasonable pore pressure development model is 
the premise of studying the effective stress constitutive 
model of saturated sand. Chen et al.[12] proposed an 
incremental calculation model for pore pressure deve- 
lopment of unevenly consolidated saturated sand suitable 
for horizontal sites according to the cyclic triaxial and 
shear test results. Based on the pore pressure development 
model, and combined with the time domain constitutive 
mode based on logarithmic skeleton curve [13], we 
have developed an effective stress constitutive model 
of pre-liquefaction saturated sand under strong earthquake. 
However, this constitutive model can only simulate the 
small deformation dynamic response of sand for pre- 
liquefaction, and cannot simulate the large deformation 
of saturated sand for post-liquefaction. 

In view of the lack of a time domain constitutive 
model to simulate the large deformation of saturated 
sand for post-liquefaction. The aim of this study is try 
to develop a time domain constitutive model to simulate 
the large deformation of saturated sand for post- 
liquefaction by analyzing the stress−strain curves of 
pre-to post-liquefaction for saturated sand under the 
condition of undrained cyclic triaxial test. And then by 
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combining with the time domain effective stress 
constitutive model, the whole response process of 
saturated sand for pre-to post-liquefaction under strong 
earthquake is described. For this purpose, undrained 
cyclic triaxial tests[13] have been carried out on the 
saturated Nanjing fine sand with a relative density of 
45%. In the test, the effective confining pressure was 
100 kPa, the cyclic stress ratio(CSR) was 0.3, and the 
loading frequency was 0.5 Hz. The stress−strain curves 
of pre-to post-liquefaction is shown in Fig.1, where 
Fig.1(c) and Fig.1(d) are derived from the decomposition 
of Fig.1(a). By comparing Figs.1(c) and (d), it can be 
seen that the upper half of the skeleton curve of 
saturated sand for pre-liquefaction is convex, and the 
upper half of the skeleton curve for post-liquefaction 
is concave, and both curves are antisymmetric. As 
shown in Fig.1(b), when the soil pore pressure ratio is 
close to 1, that is, when the effective stress of soil 
approaches 0, the soil liquefies, and the shear strain of 
liquefaction gradually increases with the increase of 
the number of cycles. The shear stress decreases in the 
early stage of liquefaction and then stabilizes. The shear 
modulus after liquefaction is consistent with the change 
trend before liquefaction, and there is a certain softening 
phenomenon, as the number of cycles increases. The 
variation trend of the shear modulus for post-liquefaction 
is consistent with that for pre-liquefaction, and there is 
softening phenomenon with the increase of the number 
of cycles. These limited descriptions of liquefaction 
large deformation tests need to be expressed by definite 
function expressions or mathematical models to realize 
the establishment of large deformation constitutive 
model of saturated sand for liquefaction. 

In this study, combined with the large deformation 
stress−strain curve of the undrained cyclic triaxial test 
on saturated sand, the loading−unloading stress−strain 
curve is disassembled, and the loading−unloading rules 
are established. According to the rules, a time domain 
nonlinear large deformation mathematical model is 
proposed to describe the large deformation development 
of saturated sand post-liquefaction. This mathematical 
model can simulate the stress−strain response of saturated 
sand during the liquefaction process under cyclic loading, 
and can reasonably represent the development process 
of large deformation during liquefaction. Combined 
the logarithmic dynamic skeleton constitutive model and 
the effective stress constitutive model, an overlapping 
difference scheme is used to establish a time domain 
nonlinear dynamic response analysis method for a 
one-dimensional liquefiable site. The authors improved 
the self-developed program Soilresp1D, added effective 
stress constitutive model and liquefaction large deformation 
constitutive model, and realized the whole process 

numerical simulation of the time domain nonlinear 
dynamic response of a one-dimensional liquefiable site. 

 

 
(a) Overall stress−strain curve 

 
(b) Pore-water pressure variation of saturated fine sand under the  

undrained cyclic triaxial test 

 
(c) Stress−strain curve before liquefaction 

 
(d) Stress−strain curves of saturated sand after liquefaction 

Fig. 1  Experimental results of saturated sand under 
undrained cyclic triaxial test 
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2  Loading−unloading rules 

Under cyclic loading, the pore pressure of saturated 
sand increases with increasing number of cycles, causing 
soil softening. The modulus and shear strength of soil 
decrease with increasing pore water pressure. The stress− 
strain relationship of the soil for pre-liquefaction directly 
depends on the pore pressure. Liquefaction occurs 
when saturated sand reaches a state of zero effective 
stress. Then, the pore pressure no longer increases, the 
shear strength fails, the stress gradually decreases, and 
the strain gradually increases. As a result, the stress−strain 
curve differs from the shape prior to liquefaction. 
Therefore, this paper will simulate the stress−strain 
loading and unloading process of the sand for post- 
liquefaction. The expression of function and associated 
coefficients are determined to provide a constitutive 
model for solving the dynamic response of sand for 
post-liquefaction. 
2.1 Basic function for stress−strain relationships of 
sand after liquefaction 

The stress−strain loading and unloading process of 
saturated sand for post-liquefaction under the test 
conditions shown in Fig.1 are refined and analyzed. It 
can be disassembled into 4 stages as shown in Fig.2(a). 
AB section is forward loading, BC section is unloading 
1, CD section is unloading 2, and DA section is reverse 
loading. The shapes of BC section and AB section are 
similar. The DA section is symmetric with AB section 
about the 0 point, the CD section is a straight line, and 
the curves of each section are connected by the control 
points (A, B, C, D). Figure 2(b) shows the two curves 
of the upper half of the loading hysteresis loop for soil 
pre-to post-liquefaction. It can be seen that the curves 
of AB section before and after liquefaction are symmetrical 
about the straight-line yx=0. Then, the independent 
variable   and the dependent variable   in the stress− 
strain relationship  / a b    [14]of the hyperbolic 
model for pre-liquefaction are interchanged, and the 
basic functional formula of the stress−strain relationship 
of the post-liquefaction sand can be obtained:  

a b







                                （1） 

where   and   are the shear stress and shear strain; 
a and b are the shear modulus and shear strength 
parameters of the soil. 

After rearranging 

1 11 / /a b a a b

 
 

 
 

                   （2） 

where 1a  is the initial tangent modulus of stress− 
strain for the post-liquefaction soil; 1b  is the test 
parameter. From Eq.(2), it can be seen that when the 
strain approaches 1a / 1b ,   tends to infinity, and 

1a / 1b  is the asymptote of  .  

Figure 2(c) shows the fitting result of the test 
curve AB section through Eq. (2), and the fitting effect 
is excellent. 
 

 
(a) Stress−strain disassembly diagram for first two cycles after liquefaction 

 
(b) Comparison of pre-to post-liquefaction main curves 

 
(c) Test curve fitting result 

Fig. 2  Stress−strain relationships of liquefied sand 
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cycle to the beginning of the positive loading for the 
new cycle. The control point of the stress−strain curve 
changes in each shear cycle. According to the undrained 
cyclic shear test curve shown in Fig.2 and the basic 
stress−strain Eq. (2), the five rules on large deformation 
loading-unloading are determined as follows: 

(1) The stress−strain relationship of AB section in 
the positive loading process of the first cycle for post- 
liquefaction satisfies the basic function, where 1a  and 

1b  are the values of a and b in the hysteresis process 
of the last loading and unloading before liquefaction. 
The stress and strain at point A  d d,     corresponding 
to the first loading step after positive loading are 
recorded. 

(2) When the load reaches the turning point B 

 c c,    , then it enters the unloading process. The 
unloading process is divided into the BC section and 
CD section. The stress−strain relationship of the BC 
section also conforms to the basic function. The undrained 
cyclic shear test results show that point C  d1 d1,     
is related to point B. The relationship between the two 
points is related to the degree of sand compaction. 

(3) The unloading process of the CD section satisfies 
the linear function relationship. 

(4) When unloading to the starting point D  c c,      
of the reverse loading, record the coordinates of point 
D. The stress−strain curve at this stage also satisfies 
the basic function. 

(5) When the stress−strain curve is loaded to point 
A, a new stress−strain cycle begins. The tangent modulus 
at the initial point A of this cycle is related to the 
properties of the soil and the number of cycles. The 
test results show that this curve and the DA curve are 
symmetrical about point A. 

(6) The large deformation loading rules (2)−(5) are 
gradually cycled until the end of the dynamic loading. 

In the above cyclic loading and unloading process, 
except the connection points C and 1a  of the two-stage 
unloading process, which need to be obtained by fitting 
the undrained cyclic shear test data after liquefaction, 
the remaining parameters 1b , 2b , and 3b  can be 
obtained through the turning point value in the stress− 
strain history. The variation of the parameter 1a  
obtained by fitting the stress−strain curve of saturated 
Nanjing fine sand for post-liquefaction under different 
stress conditions with the number of cycles is shown 
in Fig.3. 1a  linearly decreases with the increase of 
the number of cycles, the reduction relation has nothing 
to do with the stress state of soil. Where, a1, 0 is the 1a  
of the soil for pre-liquefaction, and a1, N is the 1a  of 
the soil when the number of cycles for post-liquefaction 
is N.  

 
Fig. 3  Parameter change with number of  

cycles after liquefaction 
 

3  Description of time domain nonlinear large 
deformation unified constitutive model 

Based on the logarithmic dynamic skeleton model 
and the Chen’s[12] pore pressure development model, 
combined with the above-mentioned large deformation 
constitutive model for post-liquefaction, a time domain 
nonlinear large deformation constitutive model is proposed 
and is applied to the time domain nonlinear dynamic 
response analysis of soil layers. This analysis method 
can completely simulate the stress−strain behavior and 
dynamic response of saturated sand for pre-to post- 
liquefaction. 
3.1 Description of stress−strain relationships 

The authors combine the concepts of “logarithmic 
skeleton curve” and “dynamic skeleton curve” to achieve a 
one-dimensional time domain dynamic nonlinear cons- 
titutive model based on logarithmic dynamic skeleton[14]. 
This constitutive model starts from the logarithmic 
skeleton curve shown in the following formula, and 
follows the “Masing's Law” and the basic assumptions 
of the logarithmic skeleton constitutive model (see 
literature [14] for details). 

According to the definition of the logarithmic 
skeleton model, the functions of ( )f   and ( )g    are 
as follows: 

( ) ln(1 / ) /f b a b                        （3） 

 ( ) ln 1 / /g b a b                         （4） 

where ( )f   is the skeleton curve; ( )g    is the dynamic 
skeleton curve; a, b can be obtained by fitting /G  

0G   test data; from the same initial modulus and 
extreme points of the skeleton curve and the dynamic 
skeleton curve, a' and b' can be calculated. When   
is a positive value, formulas (3) and (4) take “+”; 
when   is a negative value, formulas (3) and (4) 
take “−”.  

Introducing the “damping ratio degradation coefficient” 
on the basis of logarithmic dynamic skeleton model, 
the time domain constitutive model of saturated sand 
for pre-liquefaction can be obtained as 
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where c

2
g

  
 
 

 is the dynamic skeleton curve; 1a   

and 1b  are test parameters, which can be achieved by 
fitting the test data of damping ratio   strain ; c  
and c  are the stress and strain values corresponding 
to the last turning point of the stress−strain history;  

m c
m

m c

G
 
 
 


 

; m  and m  are the absolute values 

of the maximum turning point of historical stress− 

strain; m c
0 2

 


 
 , when   increases, the ± in the 

two equations is taken as +, when   decreases, the ± 
in the two equations is taken as −; and  0K   is the 
damping ratio degradation coefficient. Its derivation 
process is reported in literature [14]. 

After saturated sand is subjected to cyclic loading, 
the pore pressure increment can be obtained through 
the introduction of the pore pressure increment model, 
and the pore pressure after cyclic loading is achieved 
through accumulation of the pore pressure increment, 
and the effective stress is calculated. When the effective 
stress is 0, the soil layer is considered to be liquefied. 
The stress−strain relationship of saturated sand after 
liquefaction no longer conforms to Eq. (5), but follows 
the aforementioned five rules on large deformation 
loading−unloading. Combining the rules and the undrained 
cyclic shear test data, the stress−strain constitutive 
relationship of saturated sand after liquefaction is derived 
as 
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where n is the number of cycles after liquefaction; 
 d d,     is the strain and stress corresponding to the 
forward loading point A in each cycle;  c c,     and 
 c c,      are the strain and stress corresponding to the 
turning points B and D;  d1 d1,     is the strain and 
stress of the connecting point of the two unloading 
processes. 

Equations (5) and (7) constitute the nonlinear dynamic 
constitutive model of saturated sand for pre-to post- 
liquefaction, with fewer parameters that can be obtained 
from the undrained cyclic shear test data. The unified 
nonlinear large deformation constitutive model can be 
directly applied to analyze the large deformation dynamic 
response of saturated sand for post-liquefaction. 
3.2 Pore pressure increment model 

Before the liquefaction of the saturated sand, the 
pore pressure increment model for each loading cycle 
process adopts the pore pressure increment model 
proposed by Chen et al.[12], which is suitable for horizontal 
sites, as shown in the following: 
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            （9） 

where 0u  is the initial pore pressure ratio; Nu   

0/Nu  , Nu  is the pore pressure increment in the 
Nth stress cycle, 0  is the initial effective confining 
stress; 1 1 0/N Nu u 

    , 1Nu   is the pore pressure 
in the N1th stress cycle; 1,0c , 1,ac , 1,bc , and 4,0A  
are test parameters, which are related to the degree of 
compaction; cK  is the consolidation ratio; epN  is 
the number of equivalent stress loading; i  is the 
amplitude of the ith cyclic shear stress (1≤ i ≤N); 

N  is the amplitude of the Nth cyclic shear stress; and 
  is the material parameter. The values of related 
parameters in the formula are reported in the literature 
[12], which are not repeated here. 
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3.3 Modification of shear modulus and shear strength 
The influence of rise of pore pressure on the dynamic 

response of saturated sand is reflected by the modification 
for shear modulus and shear strength. The shear modulus 
and shear strength of saturated sand decrease with 
increasing pore pressure. After a stress cycle, the shear 
modulus and shear strength are corrected according to 
the following:  
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             （10） 

where max,NG , y,N  and 0,N  are the shear modulus, 
shear strength and effective stress of the soil after 
N1th stress cycles; 3C  and 3B  are test parameters, 
which can be found in literature [15]. 
3.4 Numerical simulation of time domain dynamic 
response for saturated sand 

On the basis of the time domain nonlinear dynamic 
response analysis method of soil layers based on over-  
 

lapping grids[16−17], the large deformation constitutive 
model proposed in this paper is introduced for saturated 
sand for pre-to post-liquefaction. A time domain analysis 
method is developed to simulate the dynamic response 
of saturated sand for pre-to post-liquefaction. This 
method has a wide range of applications and can be 
used to calculate and analyze the dynamic response of 
sites with or without saturated sand. 

When the relevant soil parameters are known, 
combined with Eq.(5) and Eq.(7), the time-domain 
nonlinear dynamic response analysis method of soil 
layers based on overlapping grids can be used to calculate 
the dynamic response of arbitrary section at any time 
during the entire liquefaction process of the saturated 
sand layer. The implementation program is a self- 
developed program Soilresp1D, a time-domain nonlinear 
dynamic response analysis program that introduces a 
unified constitutive relationship of saturated sand with 
large deformation. Fig.4 is a flowchart of the detailed 
implementation of the Soilresp1D. In the figure, t  
is the discrete time interval, nh  is the thickness of the 
discrete soil layer, N is the number of discrete soil 
layers, i is the time step, and j is the serial number of 
soil layer. 

 
Fig.4  Algorithm implementation flowchart 
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4  Preliminary realization of time domain 
constitutive model considering liquefaction 
large deformation 

The dynamic response of a saturated sand site 
under a sine wave with an input period of 1s was 
analyzed as an example. The time domain constitutive 
model that can be considered for liquefaction and large 
deformation is initially implemented in Soilresp1D, and 
its feasibility and reliability are tested. 

The analyzed site includes clay layer, saturated 
sand layer and underlying bedrock. The total thickness 
is 32 m. The mechanical parameters of rock and soil 
layers are shown in Table 1. The relationship between 
soil shear wave velocity sv  and depth z is s 120v    
3.7z . In order to compare with the test results, an 
undrained cyclic triaxial test has been carried out on 
the saturated loose fine sand. In the test, the effective 
confining pressure was 100 kPa, the cyclic stress ratio 
is 0.13, and the loading frequency is 1 Hz. According 
to the calculation accuracy requirements of the time- 
domain nonlinear dynamic response analysis method 
of soil layers based on overlapping grids, the discrete 
step z  along the depth of the site was determined to 
be 1m, and the 7th, 8th, and 9th layers from top to 
bottom were saturated loose fine sandy soil layer. The 
input sine wave had a duration of 48 s, a period of 1 s, 
and an amplitude of 0.70 m/s2. According to the stability 

requirements of the time-domain nonlinear dynamic 
response analysis method, the time step was determined 
to be 0.002 5 s. In the analysis model, the stress−strain 
relationship of clay was based on the logarithmic dynamic 
skeleton constitutive model, and its constitutive parameters 
were determined based on the test data of /G 0G   
and   , as shown in Table 2. The stress−strain 
relationship of bedrock adopted linear elastic constitutive, 
and the shear modulus was taken as a constant. The 
stress−strain relationship of the saturated fine sand before 
liquefaction adopted the logarithmic dynamic skeleton 
constitutive model based on the effective stress correction. 
After each stress cycle, the pore pressure of the saturated 
fine sand can be obtained from Eq.(9). The effective 
stress was calculated according to Eq. (10). max,NG  
and y,N  were corrected accordingly. When the saturated 
fine sand reaches the effective stress state of 0, the 
stress−strain relationship adopted the large deformation 
constitutive model, and the corresponding constitutive 
parameters are shown in Table 2. 

 
Table 1  Site calculation model 

Soil layer Depth /m Thickness /m 
Shear wave velocity 

/(m·s−1) 
Density 

/(kg·m−3)

Clay 6 6 120.0～142.2 1.95×103 

Fine sand 9 3 142.2～153.3 1.49×103 

Clay 30 21 153.3～231.0 1.95×103 

Bedrock 32 2 511.0 2.65×103 
 

 

Table 2  Model calculation parameters 

Soil type 1a an  d c/   d c/   b/a 1 3/ 10a   1b  1,0c  1, ac  1,bc  4,0A  3C  3B  

Fine sand 0.34 0.75 0.11 1 934 2.24 5.2 33.71 0.38 0.56 2.61 0.49 1.0 

Clay    1 160 0.82 5.9       

 

The comparison between the test results and the 
numerical simulation results is shown in Fig.5. Fig.5(a) 
shows that the pore pressure ratio of the 7th layer of 
sand is 1 at 16.5 s, and sand starts to liquefy; no 
liquefaction occurs in the 8th and 9th layers, and the 
pore pressure ratio tended to be flat after the 7th layer 
liquefaction. In Fig.5(b), the peak value of ground 
acceleration is 1.24 m/s2, the amplification factor is 1.77, 
and the ground acceleration is significantly attenuated 
after liquefaction. The stress of 7th sand layer is consistent 
with that of the test sand. Comparison between the 
numerical results and test results of stress−strain for 
7th sand layer is presented in Figs.5(c) and 5(d). Fig.5(c) 
illustrates that the saturated fine sand under dynamic 
cycle is in nonlinear stress−strain state; the numerical 
results are similar to the test results; the shear modulus 
decreases with the increasing number of cycles; and the 

stress−strain curve tends to be flat. The large deformation 
stress−strain hysteresis loop for post-liquefaction is 
plotted in Fig.5(d), and its changing trend is similar to 
the test results. As the number of cycles increases, the 
stress corresponding to the turning point of the transition 
from the positive loading to the first stage unloading 
gradually decreases, and the strain gradually increases. 
This stress−strain characteristic follows the large defor- 
mation loading−unloading rules determined in this 
paper. The results of site dynamic response analysis 
show that the ground acceleration time-history amplitude 
before liquefaction is significantly larger than that after 
liquefaction when considering large deformation of 
liquefaction.  It can be seen that the liquefaction of 
saturated sand has a significant damping effect on site 
dynamic response. This feature is consistent with some 
on-site observations of earthquakes. 
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The results of dynamic response analysis of saturated 
sandy soil show that it is feasible to apply the time 
domain nonlinear large deformation constitutive model 
based on logarithmic dynamic skeleton constitutive, the 

effective stress modified logarithmic dynamic skeleton 
constitutive and the liquefaction large deformation cons- 
titutive to the dynamic response analysis of saturated 
sandy soil, and the calculation result is reliable. 

 

      
(a) Time history of saturated fine sand pore-water pressure ratio                     (b) Time course of ground acceleration 

      
(c) Stress−strain of saturated fine sand before liquefaction                  (d) Stress−strain of saturated fine sand after liquefaction 

Fig. 5  Comparison of the calculated and experimental results for seismic response of the site under input sine wave 
 

5  Conclusions 

(1) Based on the stress−strain curve of triaxial test 
of saturated sand with undrained cyclic loading, 4 
loading−unloading stages of large deformation after 
liquefaction of saturated sand are defined, and 5 loading− 
unloading rules are determined. 

(2) The basic function is determined according to 
the large deformation loading−unloading rules after 
saturated sand liquefaction and the stress−strain change 
law of each section. The method for determining the 
corresponding parameters is given combining the test 
data, 

(3) The large deformation constitutive model of 
liquefied saturated sand is introduced into Soilresp1D, 
a time-domain nonlinear dynamic response analysis 
program developed by the authors. The dynamic response 
analysis of liquefaction large deformation of saturated 
sand sites is implemented. 

(4) The simulation results of the dynamic response 
for saturated sandy soil site are similar to the test results. 

It suggests that liquefaction has a seismic mitigation 
effect on the dynamic response of the site. 

It is worth pointing out that the dynamic response 
analysis method of saturated sand soil sites proposed 
in this paper is currently only verified by the dynamic 
response under symmetric cyclic loads, and the applicability 
to asymmetric seismic loads needs to be further verified 
by experiments. 
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