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Analysis of laterally-loaded piles embedded in multi-layered soils using efficient 
finite-element method 
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2. Southern Marine Science and Engineering Guangdong Laboratory (Zhuhai), Zhuhai, Guangdong 519082, China 

3. Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hong Kong 999077, China 
 

Abstract: Mechanical analysis of laterally-loaded piles embedded in multi-layered soils is a critical step in design. Traditional 

finite-element method may have deficiency in accuracy and efficiency when applied to analyze this problem. An efficient 

finite-element method is proposed in this paper. A “pile element” that adopts the distributed “soil springs” along the element length to 

reflect the nonlinear behaviors of the pile-soil interactions is developed in this method. The dominant feature of the pile element is the 

direct integration of soil properties into the element formulation, namely, a pile element comprises both the pile and soil properties. 

The pile element formulation in multi-layered soils is derived, and the Gauss-Legendre method is introduced to simplify the total 

potential energy summation process. The element stiffness matrix is derived and applied to Newton-Raphson incremental iterative 

numerical process, and the secant relations are used to minimize the cumulative errors during the numerical iteration process. Besides, 

the updated Lagrangian method is employed to account for the large deformation issue. Results show that: 1) the proposed method 

can provide predictions that match well with both the theoretical solutions and field test data; 2) using the pile element model can 

substantially reduce the number of elements and calculation time compared with those of the discrete element model, and thus 

significantly improve the calculation efficiency. 

Keywords: laterally-loaded piles; finite element method; pile-soil interaction; pile element; multi-layered soils 

 

1  Introduction 

At present, laterally-loaded piles are commonly 
used in infrastructure construction such as highways, 
bridges and offshore platforms, and they often pass 
through multi-layered soils. Mechanical analysis of 
laterally-loaded piles embedded in multi-layered soils 
is a key step in pile foundation design. The current 
"Specifications for design of foundation of highway 
bridges and culverts " (JTG 3363-2019)[1] uses the m 
method based on the elastic subgrade reaction method 
to convert the multi-layered soil scale factor m into a 
uniform soil layer scale factor. However, the physical 
and mechanical properties of each soil layer are different, 
and the pile-soil interaction often exhibits highly nonlinear 
characteristics. Therefore, when the nonlinearity of the 
local soil is high and the physical and mechanical properties 
of the soil varies with soil layers, some analysis methods 
which based on linear elastic theory often produce large 
errors when analyzing laterally-loaded piles embedded 
in multi-layered soils. Thus improving the accuracy and 
calculation efficiency mechanical analysis of laterally- 
loaded piles embedded in multi-layered soils attract 

lots of attention in geotechnical engineering[2]. 
To date, scholars have carried out a series of experi- 

mental and theoretical studies on the nonlinear pile-soil 
interaction in multi-layered soils. The calculation methods 
can be summarized into the following four categories. 
(1) Elastic continuum method: In 1973, Poulos[3] assumed 
that the soil is a continuous linear elastic medium, and 
proposed an elastic analysis method for analyzing a 
single pile. Considering that the natural foundation is 
often a layered structure, Pise[4] derived the theoretical 
solution of single pile in a two-layer soil system based 
on the Mindlin solution; Chen et al.[5] improved the 
Poulos elastic theory by introducing the Mindlin solution 
of a horizontal concentrated force in the multi-layered 
soils and improved the accuracy of calculation. However, 
assumptions based on linear elastic theory limit the 
scope of application of this method. (2) Elastic subgrade 
reaction method: This method is mainly divided into m 
method, K method, C method and constant method[6]. 
For multi-layered soils, the "Specifications for design 
of foundation of highway bridges and culverts" [1] 
converts the multi-layered soil scale factor to that of a 
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uniform soil layer based on the m method, and then 
mechanical analysis of laterally-loaded piles is carried 
out. However, this method has some problems. Firstly, 
it ignores the errors caused by the excessive differences 
in the physical and mechanical properties of different 
soil layers. Literatures[7−8] pointed out that the difference 
in mechanical analysis of the surface soil will significantly 
affect the loading response of the pile. Secondly, the m 
method is an elastic subgrade reaction method, assuming 
that the surrounding soil is a linear elastic medium, 
and the lateral resistance of the soil around pile has a 
linear relationship with the pile deflection. However, 
the pile-soil interaction shows a linear relationship 
only when the pile displacement is extremely small. 
Pile-soil interaction under a larger displacement will 
show a strong nonlinearity[9−11], and a larger error will 
occur if the calculation is still based on the linear 
relationship. (3) Composite foundation reaction method 
(p-y method): This method was first proposed by 
Mcclelland et al.[12], and then Matlock[13] established 
the p-y curve of a single pile in saturated soft clay 
based on field tests. Reese et al.[14] established the p-y 
curve of a single pile based on the field test of laterally 
loaded steel pipe piles in sand and this finding was 
included in the specification by the American Petroleum 
Institute (API)[15]. According to the actual situation in 
China, many studies have been done on the localization 
and unification of the p-y curve through field experi- 
ments[16-18], model experiments[19-20] and other methods. 
Compared with the m method, the p-y curve method 
comprehensively considers the linearity, nonlinearity, 
delamination, and plastic deformation characteristics 
of the soil, and can better reflect the pile-soil interaction 
in the layered soils. Therefore, it is widely used in the 
mechanical analysis of laterally-loaded piles embedded 
in multi-layered soils[21−23]. (4) Finite element method: 
With the development of computer technology, the finite 
element method is widely used because of its computational 
efficiency. Among them, the discrete spring element 
model[1, 24−25] is the most commonly used design method 
in engineering. As shown in Fig. 1(a), this method 
uses beam elements and spring elements to simulate 
piles and the surrounding soil. Since the soil within the 
length of the beam element is simulated by two discrete 
springs located at the beam element node (that is, two 
concentrated forces are used to approximate the continuous 
distribution of soil resistance within the length of the 
element). The length of the beam element cannot be 
too large, otherwise it will cause large errors, especially 
in the case of different the physical and mechanical 

properties in the multi-layered soils. To ensure the 
accuracy of the calculation, a large number of spring 
elements and beam elements are often required to 
simulate the surrounding soil and the pile, resulting in 
difficulty in modelling and inefficient calculation [21]. 

Therefore, based on the traditional finite element 
method, this paper proposes a pile element model that 
can conduct mechanical analysis of laterally-loaded 
piles embedded in multi-layered soils by considering 
nonlinear behaviors of the pile-soil interaction. As shown 
in Fig. 1(b), this method develops a pile element that is 
different from the traditional beam element and integrates 
the "soil spring" into the pile element formulations, that 
is, the pile element comprises both pile and soil properties. 
Therefore, there is no need to use additional elements 
to simulate the surrounding soil during modeling, which 
effectively simplifies the pile−soil system model. In 
addition, since the surrounding soil within the pile 
element length is simulated by the distributed springs 
embedded in the pile element, even if the physical and 
mechanical properties of the multi-layered soils are very 
different or the pile-soil interaction is highly nonlinear, 
the element length will not be subject to excessive 
restrictions, which can greatly reduce the number of 
elements and improve calculation efficiency. This article 
will introduce the derivation and numerical analysis 
methods of pile elements, and finally verify the accuracy 
and efficiency of pile elements for analyzing laterally- 
loaded piles embedded in multi-layered soils through 
illustrative examples. 

 

 
(a) Discrete spring element model    (b) Pile element model 

Fig. 1  Finite element method 
 

2  Efficient finite element method 

2.1 Basic assumptions 
In order to simplify the derivation process of the 

pile element, the following assumptions are adopted: 
(1) The pile is a flexible pile based on Euler Bernoulli 
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beam theory; (2) Nodal forces are conservative forces; 
(3) The material of pile body is homogeneous, elastic 
and isotropic. 
2.2 Pile−soil interaction 

The p−y method considers the influence of factors 
such as pile size, soil parameters, and initial modulus 
of foundation reaction on the elastoplastic properties 
of the soil. At the same time, it is suitable for flexible 
piles with pile diameters less than 2 m[13−14]. In this 
paper, the p−y curve is used to simulate the lateral 
pile-soil interaction. Take the p-y curve in China’s 
"Code for Pile Foundation of Port Engineering" (JTS 
167-4-2012) [26] and API Code[15] as an example. 

(1) p-y curve for sand 

u
u

tanh
kH

p p y
p



 

  
 

                     （1） 

where p is the lateral soil resistance;  is the factor to 
account for static or cyclic loading conditions,  = 
[3.00.8H/D]≥ 0.9 for static loading, D is the pile 
diameter; k is the initial modulus of subgrade reaction 
and it is determined by the angle of internal friction; H 
is the depth of the soil; pu is the ultimate bearing 
capacity at depth H, which can be determined using 
parameters such as soil gravity, internal friction angle 
and depth; y is the lateral deflection of the pile at 
depth H. 

(2) p-y curve for clay 

1

5
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where y50=2.5 50D , it is the corresponding lateral 
deflection of the pile when the surrounding soil reaches 
half of the ultimate lateral soil resistance; 50  is the 
strain which occurs at one-half the maximum principal 
stress difference on the triaxial test. 

Because 50  is difficult to obtain, Zhang[27] proposed 
to use the compressibility coefficient av to express the 
value: 

1.15 0.75
50 v0.015 8y a D                       （3） 

2.3 Development of pile element 
As shown in Fig. 2, a pile with a length of L, a 

cross-sectional area of A, and a Young’s modulus of E 
is located in the Q-th layer of soil. The thickness of each 
soil layer is L1,…Lq,…LQ, and the element length is l. 
The pile head is subjected to a lateral load of H0 and a 
bending moment of M0. A rectangular axes system X-Y 
is established with the center O of the pile head as the 

origin, where the X axis coincides with the center axis 
of the pile body, the Y axis is parallel to the direction 
of the lateral load H0, and the bending moment M0 acts 
on the X-Y plane. To simplify the analysis, take one of 
the pile elements and establish an element local axes 
system x-y with the center o of the upper part of the 
pile element as the origin. 

 

 
Fig. 2  Model of laterally-loaded pile in multi-layered soils 

 
2.3.1 Element shape function 

A one-dimensional shape function is introduced to 
represent the deformation of the pile element, and the 
translations and rotations of the nodes are considered, 
as shown in Fig. 3. The deformation of the element at 
axial and lateral directions can be described by linear 
and Hermite interpolation functions, respectively, which 
can be expressed as 
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           （4） 

where u(x) and v(x) are the displacement functions 
along the x-axis and y-axis at x position; u1 and u2 
are the translations along the x-axis at both ends; v1 
and v2 are the translations along the y-axis at both 
ends; 1 , 2  are the rotations at both ends; N1, N2, 
N3, N4, N5, and N6 are the shape function parameters, 
namely 

1 1N                                   （5） 

2N                                    （6） 
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2 3
3 1 3 2N                              （7） 

2 3
4 2N l l l                             （8） 

2 3
5 3 2N                                （9） 

2 3
6N l l                              （10） 

where   is the normalized coordinate, which is given 
by 

(0 1)
x

l
  ≤ ≤                          （11） 

 

 
Fig. 3  Forces and deformations of pile element  

 
2.3.2 Total potential energy of the element 

The total potential energy J of the pile element can 
be written as  

E SJ J J W                             （12） 

where JE is the potential energy of element strain; JS is 
the potential energy of the distributed soil springs, this 
term is used to integrate the nonlinear pile-soil interaction 
into the pile element formula; and W is the work done 
by external loads. After simplification, the potential 
energy of element strain is expressed as 
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 （13） 

where I is the moment of inertia; P is element internal 
force along the element length; V is the shear force. 

In the case of multi-layered soils, the p-y curve is 
generally determined according to the parameters of 
the pile and each soil layer, and is generally highly 
nonlinear, so it is difficult to be accurately described 
with a specific function. Therefore, the Gauss-Legendre 
method is introduced to compute the potential energy 
produced by distributed soil springs, which is given by 

2 2
S 0 0 0

1

1 1
d d d

2 2

nl v l

i i i
i

J p y x v x H v 


            （14） 

where Hi is the weight factor of the i-th Gaussian point; 
vi is the lateral translation of the i-th Gaussian point; 

i is the tangent value of the i-th Caussian point along 
the p-y curve; n is the number of Gaussian points, which 
is equal to 11 in this paper. 

The work done by the external loads is expressed 
by 

1 2 1 1 2 2 1 1 2 2( )W P u u M M V v V v            （15） 

2.3.3 Element secant stiffness matrix 
Nodal force is composed of internal force generated 

by pile deflection and surrounding soil force. In order 
to minimize the accumulative error in the incremental 
iteration process and make the calculation result converge, 
the secant relationship is introduced to examining the 
element node force. According to the principle of minimum 
potential energy, the element balance equation is obtained 
by the first derivative of Eq. (12). 

0i

i i i

FJ J
J

u F u


 
  
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                     （16） 

where ui represents the i-th degree of freedom; Fi is the 
corresponding nodal force. 
2.3.4 Element tangent stiffness matrix 

In FEA, the element tangent stiffness matrix is 
established to predict the displacements on the elements 
nodes. And the element tangent stiffness matrix is obtained 
by the second derivative of Eq. (12) 

2
2 i

i j
i j

J
J u u

u u
  



 

                      （17） 

Since the soil properties are directly considered in 
the pile element, the element tangent stiffness matrix 
is composed of 3 parts, namely 

E L G S[ ] [ ] [ ] [ ]k k k k                       （18） 

where L[ ]k is the linear stiffness matrix; G[ ]k is the 
geometric stiffness matrix; S[ ]k  is the soil stiffness 
matrix. Each stiffness matrix is expressed as follows: 
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where the integration coefficients 1i to 10i  are from 
literature [21]. 
2.4 Numerical method 

The non-linear finite element numerical analysis 
process based on pile elements has been implemented 
by self-programming in Python language. Considering 
that laterally-loaded piles often exhibit large deformations 
in soft soils[28], the updated Lagrangian method[21] is 
employed to account for the large deformation issue, 
and the equilibrium conditions are established to iterate 
based on the known element states in the previous step. 

In the case of multi-layered soils, the internal friction 
angle, cohesion, gravity and other parameters of each 
soil layer are apparently different significantly affect 
the interaction between the soil layers and the pile-soil 
system. That is, the p−y curve has obvious stratification 

according to the parameters of each soil layer, as shown 
in Fig. 4. 

 

 
Fig. 4  p−y curves of each soil layer along the pile length 

 

From this, the stiffness matrix of each soil layer is 
derived, namely 
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     （22） 

where [K]q is the stiffness matrix of the q-th soil layer; 
[B]t is the transposed matrix of the t-th element[29]; tq 
is the number of elements of the q-th soil layer; [k]Sqt 
is the stiffness matrix of the t-th element of the q-th 
soil layer that reflects the soil properties. 

After assembling the stiffness matrix of each soil 
layer in order, the global stiffness matrix [K] is obtained 

   
1

Q

q
q

K K


                              （23） 

The Newton-Raphson incremental iterative procedure 
is employed. First, the external load is divided into 
specified load steps for incremental application (the 
same incremental load is applied for each load step), and 
then the equilibrium condition is established according 
to the secant relationship and the unbalanced force is 
solved. Finally, the convergence criterion is used to 
determine whether the requirements are met, and judge 
whether it is necessary to continue incremental iterations. 
If the current step is the m-th iteration of the n-th load 
step, the incremental iteration process is as follows: 

Based on the global stiffness matrix, the incremental 
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nodal displacement vector in the global axis system is 
calculated, namely 

 
  
   

1

1

1

 2
m

m

F K m
U

F K m





    
 ≥

    ,

  , 
           （24） 

where {ΔU}m is the incremental nodal displacement 
vector in the m-th step; {ΔF} is the incremental force 
vector applied in the n-th load step; {ΔFʹ}m is the 
unbalanced force vector generated in the m-th step. 

The total incremental nodal displacement is calculated 
by the following formula, namely 

   
NEM1

1
m m

m

U U


                         （25） 

where {U}m is the total incremental nodal displacement 
in the m-th step; and NEM1 is the current step. 

The incremental nodal displacement vector {Δu}t 
in the element local axis system can be calculated by 
the following formula, namely 
     t tt

u B U                           （26） 

where {Δu}t is the incremental nodal displacement of 
the t-th element in the local axis system; and {ΔU}t is 
the incremental nodal displacement of the t-th element 
in the global axis system. 

After obtaining the incremental nodal displacement, 
it is substituted into the secant relationship to calculate 
the incremental element resistance vector{ΔR}t, and 
assembled into the global incremental resistance vector, 
the total resistance vector at the m-th step is given by 

       
NELE

T

1
1

m m tt
t

R R B R



                （27） 

where {R}m is the total incremental resistance vector 
at the m-th step; {ΔR}t is the soil incremental resistance 
vector of the t-th element; NELE represents the number 
of the elements. 

The total load applied by the corresponding load 
step can be calculated according to the following formula, 
namely 

   
NEM2

1
n

n

F F


                           （28） 

where {F}n is the total load vector applied at the n-th 
load step; NEM2 is the current load step. 

After obtaining the total resistance vector at the 
m-th step and the total applied load, the unbalanced 
force vector can be calculated as follows: 

     m n m
F F R                        （29） 

Finally, the following convergence criterion is used 
to determine whether the iteration has converged, that 
is 

   
   

T

T
m m

m m

U U
T

U U

 
≤                        （30） 

   
   

T

T
m m

m m

F F
T

R R

  
≤                        （31） 

where T is the convergence value. 
After m times iterations, judge whether the iteration 

meets the requirements according to the convergence 
criterion. If it is satisfied, the incremental iterative 
process of load step n+1 is carried out; otherwise the 
unbalanced force is used as an applied external loads 
to act on the system until the convergence criterion is 
satisfied. 

3  Illustrative example 

3.1 Linear pile−soil interaction 
The pile−soil interface satisfies the linear elastic 

assumption under the condition of small deformation, 
and the problem of laterally-loaded piles embedded in 
multi-layered soils has an theoretical solution. The 
following example is used to verify the accuracy and 
efficiency of the pile element model under the linear 
elastic condition. As shown in Fig. 5, consider a circular 
cross-section cast-in-place pile[30], the pile diameter D= 
1 m, the Young’s modulus of the pile E=32.35 GPa. A 
lateral load of 150 kN is applied on the pile head, the 
pile head is free and the pile toe is fixed. The surrounding 
soil has two layers, the upper layer is a flow-plastic 
backfill with a thickness of 2 m, the scale factor m1 =   
3 000 kN/m4, and the lower layer is a hard plastic 
cohesive soil with a thickness of 10 m, the scale factor 
m2=20 000 kN/m4. 
 

 
Fig. 5  Diagram of the pile−soil system 

 

Lateral displacement of the pile head and the maximum 
bending moment at 3 m below the pile head are simulated 
by the m method, pile element model, and discrete spring 
element model. The comparative results between the 
predicted results and the theoretical solution are shown 
in Table 1. The results of the discrete spring element 
model are calculated by the finite element analysis 
software NIDA [31], and the calculation time is obtained 
by a computer with an Intel(R) Core(TM) i5-7200 
processor and 8 GB memory. Table 1 illustrates that 
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the m method based on the conversion of multi-layered 
soils area is very different from the theoretical solution 
in predicting the displacement and bending moment of 
the pile. The improved m method based on the weighted 
conversion of the multi-layered soils deflection curve 
still has a big error. The error of the discrete spring 
element model decreases as the number of elements 
increases. When the total number of elements is 89 (45 
beam elements and 44 spring elements), the results match 
well with the theoretical solution. While the pile element 
model can accurately predict the displacement and bending 
moment of the pile with only 15 elements. From the 
prospect of calculation time, in order to achieve the 
same calculation accuracy as the theoretical solution, 
the discrete spring element model took 10.2 s, while 
the pile element model only took 0.4 s, which greatly 
reduced the calculation time. This is because the number 
of elements directly determines the size of the stiffness 
matrix, which affects the computational complexity of 
the finite element (see Eq. (24)). Compared with the 
discrete spring element model, the pile element model 
greatly reduces the number of elements (about 6 times) 
with the same accuracy, thereby reducing the dimension 
of the stiffness matrix and improving the overall calculation 
efficiency. Considering that actual projects often involve 
dozens or even hundreds of piles, when the integrated 
analysis of these piles is required, the computational 
efficiency advantage brought by the small number of 
element used in the pile element model will be more 
prominent. 

 
Table 1  Predicted results and relative errors 

Calculation 
method 

Element 
number 

Pile head 
displacement 

/mm 

Relative 
error 
/% 

Maximum 
bending 
moment 

/(kN·m) 

Relatively
Error 

/% 

Calculation
time 

/s 

Analytical 
solution [30] － 4.373 5 － 336.81 － － 

m Method-1[30] － 3.015 6 −31.05 238.95 −29.05 － 

m Method-2[30] － 4.209 3 −3.75 343.83 2.08 － 

Discrete spring 
element model 

29 5.053 6 15.55 381.45 13.25 6.2 

59 4.450 3 1.76 348.21 3.38 7.4 

89 4.371 7 −0.04 343.35 1.94 10.2 
Pile element 

model 15 4.372 4 −0.03 343.62 2.02 0.4 

Note: m method-1 is the m method based on the conversion of multi-layered 
soil area; m method-2 is the m method based on weighted conversion of the 
multi-layered soils deflection curve. 

 
3.2 Nonlinear pile−soil interaction 

In actual engineering, the soil layer is often complex  
and highly nonlinear. In this example, a test pile[32] in 
the suburbs of Shanghai is selected for analysis. As 
shown in Fig. 6, the test pile is a steel pipe pile with a 
pile diameter of 0.5 m, a pile depth of 13.28 m, and a 
free height of 0.72 m. The bending rigidity of the pile 
is 97 939.67 kN·m2. The geotechnical parameters of 
the test site are shown in Table 2. The test is divided into 

two groups: the pile head of group a is subjected to 
lateral load H0 =60.055 5 kN; the pile head of group b 
is subjected to lateral load H0 =80.078 4 kN. This calculation 
example uses the empirical formula for calculating the 
p-y curve of clay proposed in the literature [27], which 
uses field test parameters to calculate the p-y curve of 
each soil layer, as shown in Fig. 7. The pile element model 
and the discrete spring element model are respectively 
used for calculating the lateral displacement and bending 
moment of the pile along the depth distribution, as 
shown in Figs. 8 and 9. 

 

 
Fig. 6  Geological profile of the test site 

 

Table 2  Soil properties of the test site[27] 
Embedded 
depth /m

Soil layer 
C 

/kPa 
 

/(°) 
 ' 

/(kN·m−3)
av 

/MPa−1

0−1.5 Plastic yellow clay 34 4.0 8.9 0.51

1.5−4.4 Soft plastic yellow clay 13 1.0 7.1 0.86

4.4−5.5
Plastic silty loam with  

silt sand 51 3.5 9.0 0.10

5.5−11.0
Flowing silty loam with  

silt sand 13 4.5 7.1 0.51

11.0−13.0 Plastic silt loam 24 2.5 7.9 0.66

13.0−15.4 Flowing silty clay 10 1.5 7.1 1.14

 

 
Fig. 7  p-y curves of each soil layer 
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(a) H0 =65.055 5 kN 

 
(b) H0 =80.078 4 kN 

Fig. 8  Depth−lateral displacement curves of pile 
 

 
(a) H0 =65.055 5 kN 

 
(b) H0 =80.0784 kN 

Fig. 9  Depth−bending moment curves of pile 

Figures 8 and 9 illustrate that the pile element model 
with 10 pile elements match well with the field test data 
in simulating the lateral displacement and bending moment 
which validates the accuracy of the pile element model 
under the condition of complex soil layer and the nonlinear 
soil properties. The discrete spring element model requires 
at least 79 elements (40 beam elements and 39 spring 
elements) to achieve the same accuracy, which is about 8 
times the number of elements in the proposed method. 
For reaching the same accuracy with the field test data, 
the discrete spring element model took 9.5 s, while the 
pile element model took only 0.45 s. It is thus clear 
that the pile element model can substantially reduce 
the number of elements and calculation time than in the 
case of linear elasticity, when considering the nonlinear 
pile-soil interaction.  

4  Conclusion 

(1) This paper develops a pile element model suitable 
for analyzing laterally-loaded piles embedded in multi- 
layered soils. The element is incorporated with a distributed 
"soil spring" to consider the properties of the soil and 
combined with the p−y method to consider the nonlinear 
pile-soil interaction. The tangent stiffness matrix of each 
soil layer is derived in this paper and it is assembled to 
form the global stiffness matrix, which is used to calculate 
the displacement in the Newton-Raphson incremental 
iteration, and the convergence of the iteration is achieved 
through the secant relationship. 

(2) The calculation example shows that the pile 
element model is accurate and efficient when analyzing 
laterally-loaded piles embedded in multi-layered soils. 
Under the conditions of linear and nonlinear behaviors 
of pile−soil interaction, fewer elements and shorter 
calculation time are used in the pile element model 
than those in the discrete spring element model to 
accurately predict the pile displacement and bending 
moment of the laterally loaded pile. It is more accurate 
than the m method recommended in "Specifications 
for design of foundation of highway bridges and culverts ". 
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