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A new solution to the ultimate bearing capacity of reinforced ground near slope 
based on the unified strength theory 
 
YAN Qing,  ZHAO Jun-hai,  ZHANG Chang-guang 
School of Civil Engineering, Chang’an University, Xi’an, Shaanxi 710061, China 

 

Abstract: In view of two modes of general shear failure and composite failure of reinforced ground, a new solution to the ultimate 
bearing capacity of strip footings resting on reinforced ground near slope was derived based on the unified strength theory and the 
application procedures were given. Effects of the intermediate principal stress, the vertical spacing between reinforced material layers, 
the number of reinforced material layers, and the tensile strength of reinforced materials were comprehensively taken into consideration 
in the new solution. Compared with other methods, the effectiveness and parameter influence characteristics of the proposed method 
were discussed. The results showed that the obtained solution to the ultimate bearing capacity of reinforced ground agreed well with 
the results of model tests reported in the literature, and it had wide applicability. With the increase of the effect of intermediate principal 
stress, the ultimate bearing capacity of reinforced ground near slope subjected to general shear failure and composite failure increased 
markedly. As the vertical spacing between reinforced material layers increased, the ultimate bearing capacity of reinforced ground near 
slope increased first and then decreased under the general shear failure, but it would gradually reduce under the composite failure. The 
influence of the number of reinforced layers under the general shear failure can be divided into three stages, and that under the composite 
failure can be divided into two stages. Meanwhile, the effect of the tensile strength of reinforced materials cannot be ignored. The research 
results can provide useful references for the optimization design of reinforced ground near slope. 
Keywords: reinforced ground near slope; ultimate bearing capacity; unified strength theory; general shear failure; composite failure 
 

1  Introduction 

It is one of the effective methods to reinforce the ground 
by placing single or multi-layer reinforced materials in 
the soil below the footing[1−4]. In the previous literatures[5−9], 
the results of some model tests suggested that reinforcement 
technology can effectively improve the bearing capacity 
of the ground, and there are two main failure modes of 
reinforced ground, i.e., the general shear failure, and the 
composite failure incorporating punching shear failure 
of soil in reinforced area and general shear failure of soil 
under reinforced materials. Based on the failure mode of 
Prandtl’s ground, Liang et al.[10] deduced the solution of 
limit equilibrium method for ultimate bearing capacity 
of single-layer reinforced sandy soil by taking the transition 
zone as an isolation body, and considering the friction 
force between the reinforced materials and soils. Liu et al.[11] 
and Cao et al.[12] obtained the expression of ultimate 
bearing capacity of the reinforced ground through the 
slices method and critical slip field method based on the 
assumption that the reinforced ground was subjected to 
a general shear failure mode. Sharma et al.[13] and Chen 
et al.[14] obtained the solutions to the ultimate bearing 

capacity of reinforced ground in the case of general shear 
failure and composite failures by using limit equilibrium 
method. 

The theoretical studies on the ultimate bearing capacity 
of reinforced ground described above are all aimed at 
horizontal ground. At present, the geosynthetics reinfor- 
cement technique has been widely applied in the reinfor- 
cement of ground adjacent to slope. Many researchers 
have carried out model tests and finite element numerical 
simulation on the bearing capacity. For example, in some 
previous studies, model tests were used to investigate the 
influence of parameters of reinforced material on the ultimate 
bearing capacity of strip footings on sandy slope[15−17]. 
Ma et al.[18] studied the effect of the number of reinforced 
layers and the buried depth of reinforced layers on the 
ultimate bearing capacity and failure modes of reinforced 
sand slope through model tests, and proposed three types 
of soil failure modes above, between and below the rein- 
forced layers. Sommers et al.[19] simulated the in-situ con- 
ditions in the field and carried out the model tests on 
behavior of strip footing near slope by using the large- 
scale beam centrifuge. Through digital image analysis, 
they obtained the strain distribution of the reinforced layers 

1

YAN et al.: A new solution to the ultimate bearing capacity of reinforced gro

Published by Rock and Soil Mechanics, 2021



  1588                   YAN Qing et al./ Rock and Soil Mechanics, 2021, 42(6): 1587−1600 

 

under different loading pressures. Shin et al.[20] conducted 
the undrained model test on the strip footing on a rein- 
forced clay slope and discussed the reinforcement effect 
on the ultimate bearing capacity of the ground. Combined 
with finite difference method and random field model, 
Halder et al.[21] obtained the influence of spatial variability 
and randomness of soil strength parameters on the load− 
settlement characteristics of the strip footing on geocell- 
reinforced slope. The above studies suggest that the bearing 
capacity of the reinforced ground near slope is significantly 
improved, and most of the failure occurs on the side 
adjacent to the slope. Previous research results of model 
test and numerical simulation on the failure modes and 
bearing characteristics of the reinforced ground near slope 
provide a reference for the determination of bearing 
capacity, but there are few theoretical studies on the 
solution of ultimate bearing capacity of the reinforced 
ground near slope. Only Jha et al.[22] proposed a formula 
of ultimate bearing capacity of the fly ash reinforced slope 
when the strip footing was placed on the top of slope 
by using the stress balance of the reinforced layer. 

In the past, Mohr-Coulomb strength criterion was 
always adopted to calculate the ultimate bearing capacity 
of the ground near slope or the horizontally reinforced 
ground without considering the effect of intermediate 
principal stress on the strength of foundation soil[23−25]. 
However, the intermediate principal stress has an obvious 
effect on the strength of soil, and the calculation of soil 
strength without considering the effect of intermediate 
principal stress is conservative[26−27]. The unified strength 
theory is a set of strength criteria proposed by Yu[28−29] 
based on the twin shear element model. It has been widely 
used in determining the ultimate bearing capacity of 
unreinforced horizontal ground[30−33] because reasonably 
considering the influence of intermediate principal stress 
σ2 on soil strength. In this paper, based on the unified 
strength theory, the influences of intermediate principal 
stress and reinforcement parameters (the vertical spacing 
between reinforced material layers, the number of rein- 
forced materiallayers, and the tensile strength of rein- 
forcements) are discussed. Assuming that there are two 
main failure modes of reinforced ground, i.e. general shear 
failure and composite failure, the solution of ultimate 
bearing capacity of reinforced ground near slope is derived 
by using unilateral sliding surface, and the application 
steps are given in detail. The effectiveness of the solution 
is verified by comparing with other methods and the model 
test results. Finally, the influence of various parameters 
on the ultimate bearing capacity of reinforced ground near 
slope is discussed. 

2  Fundamental assumption 

For a rigid strip footing near the slope, the multi-layer 
geosynthetics were applied to the soil below, where the 
width of footing is B, the buried depth of footing is D, 
the slope angle is η, and the ultimate bearing capacity 
of the soil is qur when the soil is in the ultimate equi- 
librium state. Based on the model test results in the 
literatures[15, 18−19], there are four possible failure modes 
of reinforced ground near slope, as shown in Fig.1. Figure 
1(a) shows the failure above the reinforced material layers, 
which usually occurs when the distance between footing 
bottom and top layer of reinforced materials u>0.5B[18]. 
Figure 1(b) shows the failure between layers of reinforced 
materials, which usually occurs when u≤0.5B, while the 
vertical spacing between reinforced material layers zi> 
0.5B[18]. Figure 1(c) shows the general shear failure, which 
usually occurs in the sandy soil ground with a large distance 
hn between the bottom layer of reinforced materials and 
footing bottom[15, 19]. Figure 1(d) shows the composite 
failure, in which the punching shear failure occurs in the 
soil within hn, and the general shear failure occurs in the 
soil below the reinforced zone. This situation (Fig.1(d)) 
usually occurs in the clay ground or sandy soil ground 
with a smaller hn

[18]. The reinforcement effect of reinforced 
materials under the two failure modes shown in Figs. 
1(a) and 1(b) cannot be fully exerted. It is pointed out in 
the literatures[13−14, 34] that controlling the distance between 
footing bottom and top layer of reinforced materials u≤ 

0.5B and the vertical spacing between reinforced material 
layers zi≤0.5B can avoid the occurrence of these two 
failure modes. Therefore, under the condition of u≤0.5B 
and zi≤0.5B, we deduced the formula of ultimate bearing 
capacity of reinforced ground near slope based on the 
two failure modes shown in Figs. 1(c) and 1(d). 

The calculation model of reinforced ground in case 
of general shear failure is shown in Fig.2, which is com- 
posed of three parts: region I, region II and region III. The 
calculation model of reinforced ground in case of com- 
posite failure is shown in Fig.3, which consists of four 
parts: regions I, II, III, and IV. In the actual projects, the 
failure of reinforced ground near slope might occur in 
two cases in Fig.2 and Fig.3: when the DF plane is inclined 
downward, the included angle α between the DF plane 
and the horizontal plane is positive, and the deepest point 
of the slip line appears at point F in region III; while 
when the DF plane is inclined upward, the included angle 
α between the DF plane and the horizontal plane is nega- 
tive, and the deepest point of the slip line appears on 
the CD plane in region II. In the following, the ultimate 
bearing capacity of the reinforced ground near slope is 
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solved according to Fig.2 and Fig.3, and several funda- 
mental assumptions are made: 

(1) The bottom surface of the footing is completely 
smooth, the soil within the buried depth D can be simp- 
lified as an equivalent uniform load q, i.e., q = γD (γ is 
the unit weight of soil). L is the horizontal distance from 
the footing to the slope shoulder, which can be expressed 
as L=aB (a is the distance coefficient, i.e., the ratio of 
distance L to footing width B). 

 
(a) Failure above reinforced material layers  

  

(b) Failure between reinforced material layers 

  

(c) General shear failure 

 

(d) Composite failure 

Fig. 1  Failure modes of reinforced ground near slope 
 

(2) When n layers of reinforced materials are hori- 
zontally arranged in the ground, and hi (i = 2, …, n) is 
the vertical distance from the i layer of reinforced materials 
to footing bottom, then the vertical spacing of reinforced 

 
(a) α > 0 

 

(b) α ≤ 0 

Fig. 2  Calculation models for the general shear failure of 
reinforced ground near slope 

 

(a) α > 0 

 

(b) α ≤ 0 

Fig. 3  Calculation models for the composite failure of 
reinforced f ground near slope 

 
materials is zi = hi − hi−1. Assuming that the reinforced 
material is flexible, the influence of its bending stiffness 
on the bearing capacity of soil can be ignored, and only 
the tensile effect of reinforced materials is considered. 
When the ground fails, reinforced materials will break, 
and there is enough anchorage length not to be pulled 
out. 

(3) Regions I, II and III in Figs. 2 and 3 are general 
shear failure regions. The soil near slope fails first. It is 
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assumed that the stress state of the soil on two footing 
sides is the same, so the region I is a symmetric elastic 
wedge, and the angle between planes BC and AB in Fig.2 
(between planes B′C and A′B′ in Fig.3) is π/4+ tϕ /2. Region 
II is the shear transition region and CD is the logarithmic 
spiral. Region III is the Rankine passive region, and the 
angle between plane DF and the slope surface EF is μ = 
π/4 − tϕ /2. Region IV in Fig.3 is the punching shear failure 
region. 

(4) The shear strength formula under plane strain state 
based on the unified strength theory is adopted to calculate 
the soil strength, which is expressed as[28−29, 35]: 

f t ttancτ σ ϕ= +                            （1） 

where t
2(1 )sinsin

2 (1 sin )
b

b
ϕϕ
ϕ

+=
+ +

, t
2(1 ) cos
2 (1 sin )

b cc
b

ϕ
ϕ

+= ⋅
+ +

 

t

1
cosϕ

. 

In Eq.(1), σ  is the compressive stress along the normal 
direction of the sliding surface; c is the cohesion; ϕ is the 
internal friction angle; ct is the unified cohesion; tϕ is 
the unified internal friction angle; and b is the unified 
strength theoretical parameter, which reflects the inter- 
mediate principal stress effect on soil strength, and the 
value range is 0≤b≤1. Parameter b can also represent 
the selection of soil strength criterion. When b = 0, Eq.(1) 
is degenerated into the classical shear strength formula 
of Mohr-Coulomb strength criterion. When b=1, Eq.(1) 
is the plane strain shear strength formula of the twin shear 
stress strength criterion. When 0<b<1, a series of new 
shear strength formulas under plane strain state can be 
obtained. 

3  New solutions to ultimate bearing capacity 

The effect of reinforced materials on improving the 
ultimate bearing capacity of ground is mainly manifested 
as the ‘membrane effect’ of the vertical component and 
the ‘lateral restraint effect’ of the horizontal component 
of tensile force of reinforced materials[2, 12, 24]. As the load 
increases, the direction of tensile force Tr will change 
with the sliding deformation of soil. It is assumed that 
the soil is in the limit equilibrium state, the angle between 
the tensile force of reinforced material Tr and the horizontal 
plane is ξ. The tensile direction of reinforced material 
is related to its stiffness: when the stiffness of reinforced 
material is large, the tensile force is in the horizontal di- 
rection, but the economic cost is high, so it is rarely used 
in engineering practice[36]; when the stiffness is small, 
the tensile force is along the tangent direction of sliding 
surface. For the convenience of calculation, the suggestion 
from the previous study[2] is adopted in this paper, and 

ξ = π/4 + tϕ /2, that is, the tensile force of reinforced material 
is along the tangent direction of the sliding surface AC 
in Fig.2 (A′C in Fig.3). The tensile force of reinforced 
material Tr is taken as its allowable tensile strength, then  

u u
r

CR ID D

T TT
RF RF RF RF

= =                    （2） 

where Tu is the ultimate tensile strength of reinforced 
material; RF is the reduction coefficient of comprehensive 
strength; RFCR is the creep reduction coefficient, and its 
value is between 2.5 and 5; RFID is the reduction coefficient 
of mechanical failure, and its value can reach 3; and RFD 
is the aging reduction coefficient, which is generally equal 
to 2[37]. The range of creep reduction coefficient of com- 
monly used geosynthetics are as follows[37−38]: polyester 
(PET) is between 2.5 and 3; polypropylene (PP) is between 
4 and 5, and polyethylene (PE) is between 2.5 and 5. 

According to the calculation models of reinforced 
ground near slope in Fig.2 and Fig.3, considering the 
influence of tension of reinforced material, the ultimate 
bearing capacity formulas of reinforced ground near slope 
under general shear failure mode and composite failure 
mode will be derived by using limit equilibrium method. 
3.1 General shear failure 

Since the two calculation models in Fig.2 do not affect 
the derivation process of the formula for ultimate bearing 
capacity, the calculation model in Fig.2(a) is taken as an 
example for the formula derivation. The depth range of 
reinforced materials and the relative position of the sliding 
zone will affect the ultimate bearing capacity of reinforced 
ground near slope. In Fig.2, the vertical distance from 
the deepest C point of the region I to footing bottom is 
H1, and the effective reinforcement depth He is the vertical 
distance from the deepest point of failure slip line to footing 
bottom. It is assumed that all the reinforced materials are 
within the failure zone, that is, the distance from the bottom 
layer of reinforced material to footing bottom hn is less 
than or equal to He. According to the relative size between 
hn and H1, He, two cases of hn≤H1 and H1<hn≤He are 
discussed. 
3.1.1 hn≤H1 

When hn≤H1 = 0.5Btan(π/4 + tϕ /2), the tensile force 
of reinforced materials acts on three parts of regions I, 
II, and III simultaneously. The stress state of each region 
as an isolation body is determined according to the factors 
including the force transfer relationship of region I→ 
II→III, the relative sliding between adjacent regions, and 
the contributions of the soil cohesion and tensile force 
of reinforced materials to the ultimate bearing capacity 
of ground. However, the force analysis of the isolated 
body is carried out in the reverse order of the force transfer 
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relationship. Figure 4 shows the force analysis of the iso- 
lated body BDEF. From the force balance in the horizontal 
and vertical directions, we have 

 
Fig. 4  Force analysis of the isolated body BDFE 

 
( ) ( )p1 t t p2 tcos sin sinE c BD Eϕ ε ε ϕ α− + = − +    

t rcos sinc DF nTα ξ+                       （3） 

( )3 p1 t tsin cosqL W E c BDϕ ε ε+ + − + =   

( )p2 t t rcos sin cosE c DF nTϕ α α ξ− + +         （4） 

where Ep1 and Ep2 are the passive earth pressures on planes 
BD and DF, which act on BD /3 and DF /3 from point 
D, respectively, and the angle between their directions 
and the normal of the action surface is tϕ ; ε is the included 
angle between the BD plane and the vertical line. According 
to the geometric relationship shown in Fig.2(a), it can 
be obtained that ε = tϕ /2 + θ − π/4; and W3 = γS3 is the 
soil self-weight of the isolation body BDFE, S3 is the 
area of the isolated body BDFE, which is expressed as 
follows:  

2

3
1 1 cos2 cos sin 2
2 2 tan

S BD L BD εε ε
η

 
= − + + 

 
 

1 cossin sin
2 tan

DF L BD BD εε α
η

 − + 
 

          （5） 

According to the geometric relationship in Fig.2(a), 
the length of DF is 

( )sin cos
sin

L BD
DF

η ε η
μ

+ +
=                 （6） 

Since CD is the logarithmic spiral, BC can be regarded 
as the initial radius. So, the length of BD is 

( )
t

t

tan
tan

t

e= e =
2cos π/4 /2

BBD BC
θ ϕ

θ ϕ

ϕ+
           （7） 

where θ is the angle between BD and BC. 
Since DF is the tangent of CD at point D, assuming 

that the angle between DF and the extension line of BD 
is ψ, then by the definition of the logarithmic spiral equ- 
ation[39], it can be obtained:  

tcot tanψ ϕ=                              （8） 

Thus, we can get that ψ, α, and θ  are respectively:  

t
π
2

ψ ϕ= − , tπ
4 2

ϕα η= − + , tπ
4 2

ϕθ α= + −     （9） 

By combining Eq.(3) with Eq.(4), the passive earth 
pressure Ep1 can be derived as 

( ) ( )3
p1 t t r t

t

sin sin
cos

qL WE c DF nTϕ α ξ α ϕ
ϕ

+
= − + + + −  

                                       （10） 
The force analysis of the isolated body BCD is shown 

in Fig.5. The following equation can be obtained by the 
moment equilibrium at point B: 

( )2
t p1 t r0

1

2d cos
3

n

B i
i

M c r E BD T h
θ

θ ϕ
=

Σ = + − ⋅   

( )t p3 t 2
2cos cos 0
3

E BC Wξ ϕ α ϕ λ+ − − + =     （11） 

In Eq.(11) 

( )

( )

t

t

2
2 t 2 tan

t0 t
2

2 tan
2 2 2

t

d ,e 12 tan

, e 14 tan

c BCc r

BCW S S

θ
θ ϕ

θ ϕ

θ
ϕ

γ
ϕ


= −




= = − 



         （12） 

where Ep3 is the passive earth pressure on BC, which acts 
at FG /3 away from point C, and the angle between its 
direction and the normal of action surface is tϕ ; W2 is 
the soil self-weight of the isolated body BCD; S2 is the 
area of the isolated body BCD; and λ is the horizontal 
distance from W2 to point B. 

 

Fig. 5  Force analysis of the isolated body BCD 
 

The passive earth pressure Ep3 can be derived from 
Eq.(11): 

2
t0 2

p3 p1
t t

d3 3
2 2cos cos

c r WBDE E
BC BC BC

θ
θ λ
ϕ ϕ

= + + −   

( ) ( )r t
1

t

cos
3
2 cos

n

i
i

T h

BC

ξ ϕ α

ϕ
=

+ −
                 （13） 
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Figure 6 is a rectangular coordinate system with B 
as the origin and BC as the x-axis. Parameter λ is equal 
to 

 

Fig. 6  Geometric parameters of the isolated body BCD 
 

t t
1 1

π πsin cos
4 2 4 2

y xϕ ϕλ    = + − +   
   

          （14） 

( )
( )( )

t

t

3 tan
t t t

1 2 2 tan
t

4 tan e sin 3tan cos 3tan

3 1 9tan e 1
x BC

θ ϕ

θ ϕ

ϕ θ ϕ θ ϕ

ϕ

 + − =
+ −

 

                                       （15） 

( )
( )( )

t

t

3 tan
t t

1 2 2 tan
t

4 tan e 3tan sin cos 1
3 1 9tan e 1

y BC
θ ϕ

θ ϕ

ϕ ϕ θ θ

ϕ

 − + =
+ −

（16） 

where (x1, y1) is the coordinate of the centroid of the sector 
isolated body BCD[39]. 

The stress analysis of the symmetrical half structure 
of the isolated body ABC is shown in Fig.7, and the equ- 
ilibrium equation of its vertical force is 

ur t t1
p3 t

π πcos sin
2 2 4 2 4 2

q B W E c BCϕ ϕ   + = − + + +   
   

  

r sinnT ξ                                 （17） 

where W1 = γS1 is the soil self-weight of the isolated body 
ABC, and S1 is the area of the isolated body ABC, namely 

2
t

1
πtan

4 4 2
BS ϕ = + 

 
                      （18） 

 

Fig. 7  Force analysis of the semi-structure of the isolated 
body ABC 

By substituting Eq.(13) into Eq.(17), the ultimate 
bearing capacity of reinforced ground near slope under 
general shear failure mode can be obtained: 

ur u u t u
1
2c qq q q c N qN BN qγγ= + Δ = + + + Δ     （19） 

( )

( )

t

t

t

t

tant t

2 tan
t

t
tan

t
t

t
tan

t
3 t 2

t

2 1
3 2

π 2 πtan cos e
4 2 4 2

3 π e 1tan
4 4 2 sin

π e2 sin cos
4 2 cos

π e4 sin cos
4 2 cos

6 2

c

q

N DF
B

LN
B

N S
B

S S
B B

θ ϕ

θ ϕ

θ ϕ

θ ϕ

γ

ϕ ϕ

ϕ
ϕ

ϕϕ α
ϕ

ϕϕ α
ϕ

λ

   = + + − +   
    

− +  
  

 = − −  
  

  = − − +   

− 

（20） 

( )u r r t2
1

2 3sin cos
n

i
i

q nT T h
B B

ξ ξ ϕ α
=

Δ = + + − +  

( )
ttan

t
r t

t

e π2 cos sin
cos 4 2

nT
B

θ ϕ ϕ ξ α ϕ
ϕ

 − + − 
 

     （21） 

where qu is the ultimate bearing capacity of non-reinforced 
ground near slope; Nc, Nq and Nγ are the bearing capacity 
coefficients of cohesion, overload and unit weight; Δqu 

is the increment of ultimate bearing capacity of reinforced 
ground near slope caused by reinforced materials. 
3.1.2 H1<hn≤He 

When H1<hn≤He, the effective reinforcement depth 
He should be determined first. When α >0, the deepest 
point of the slip line is F in Fig.2(a), and the effective 
reinforcement depth He at this time is 

( )e coscos sinH BD DF ηε α= +              （22） 

When α≤0, the deepest point of the slip line appears 
on the plane CD, corresponding to point G[12] directly below 
point B in Fig.2(b), and the effective reinforcement depth 
He at this time is 

( )
h t

h t

tan
tan

e
t

ee
2cos π/4 /2

BH BG BC
θ ϕ

θ ϕ

ϕ
= = =

+
     （23） 

where θh = θ + tϕ /2 − π/4 is the angle between BG and 
BC. 

Since the tensile force of the reinforced materials 
within the range of H1<hn≤He cannot function in the 
region I, the reinforcement effect shall be reduced. By 
taking the ratio of the depth H1 of region I and the distance 
hi from the reinforced material to the footing bottom as 
the reduction coefficient[12], the ultimate bearing capacity 
of the reinforced ground near slop under general shear 
failure mode qur, can be modified to 
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ur u u t u
1
2c qq q q c N qN BN qγγ′ ′= + Δ = + + + Δ    （24） 

( ) ( )u r r t2
1 1

2 3sin cos
n n

Ti Ti i
i i

q T R T R h
B B

ξ ξ ϕ α
= =

′Δ = − + − +   

( )
ttan

t
r t

1 t

e π2 cos sin
cos 4 2

n

Ti
i

T R
B

θ ϕ ϕ ξ α ϕ
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   （25） 

where RTi is the reduction coefficient of reinforced material 
depth, and its expression is given as 

1

1
1 e

1         when 

     when 

i

Ti
i

i

h H
R H H h H

h


=  <


，  ≤

，  ≤
          （26） 

When hn≤H1, all the reinforced material meets the 
condition of hi≤H1, then RTi = 1. At this time, Eq.(24) 
degenerates into Eq.(19), that is, Eq.(19) can be regarded 
as a special case of Eq.(24). Therefore, Eq.(24) is the 
general formula for calculating the ultimate bearing cap- 
acity of reinforced ground near slope under general shear 
failure mode in this paper. 
3.2 Composite failure 

Previous research results in the literatures[13−14, 34, 40] 
show that the effective reinforced depths He of clay ground 
reinforced by geogrids and geotextiles are 1.5B and 1.25B, 
respectively, and the influence of reinforced materials 
can be ignored when hi >He. Assuming that the distance 
hn between the bottom layer of reinforced materials and 
footing bottom is less than or equal to He. In the case of 
composite failure, the derivation of ultimate bearing capa- 
city can be divided into the general shear failure zone 
including regions I, II and III, and the punching shear 
failure zone of region IV in Fig.3. The derivation process 
of the ultimate bearing capacity formula is the same in 
the two cases of α >0 and α≤0. Therefore, the calculation 
model in Fig.3(a) is used to deduce the formula of the 
ultimate bearing capacity of the reinforced ground near 
slope under the composite failure mode. The force analysis 
of the semi-structure of the isolated body ABB′A′ in Fig.3(a) 
is shown in Fig.8, and the equilibrium equation of its 
vertical force is 

ur ub4
p4 t t rsin sin

2 2 2 n
q B q BW E c h nTϕ ξ+ = + + +  （27） 

where W4 = γBhn is the soil self-weight of the isolated 
body ABB′A′; qub is the bearing capacity of plane A′B′ in 
Fig.3(a), that is, the ultimate bearing capacity of the soil 
in the general shear failure zone under reinforced material 
layers; Ep4 is the passive earth pressure on the BB′ plane, 
which can be determined according to Rankine's earth 
pressure theory[13−14], i.e.,  

 

Fig. 8  Force analysis of the semi-structure in zone IV 
 

( ) 2 2t t
p4 t

π 1 π2 tan tan
4 2 2 4 2n nE c D h hϕ ϕγ γ   = + + + +   

   
 

                                       （28） 
The general shear failure zone under reinforced material 

layers is shown in Fig.9. The effect of soil self-weight 
on the B′E′ plane is simplified as the surcharge q+γhn, 
and the length of B′E is L′ = L+hn/tanη. The solution and 
analysis process of the bearing capacity of the A′B′ plane 
qub is similar to that in Section 3.1, but the effect of Tr 
should be removed. The bearing capacity of the A′B′ plane 
qub can be expressed as 

( )ub t
1
2c n qq c N q h N BNγγ γ′ ′ ′= + + +            （29） 

 
Fig. 9  General shear failure zone under reinforced material 

layers 
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                                       （30） 
where S3′ is the area of the quadrilateral B′DFE′, and its 
expression is 
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2

3
1 1 cos2 cos sin 2
2 2 tan

S BD L BD εε ε
η

 ′ ′= − + + 
 

 

cos1 cossin sin
2 sin tan

nhDF L BD BDη εε α
μ η

  ′+ − +  
  

 

                                       （31） 
By substituting Eqs. (28) and (29) into Eq.(27), the 

ultimate bearing capacity of the reinforced ground near 
slope under composite failure mode can be obtained as 
follows: 

( )ur t p4 t
1 2 sin
2c n qq c N q h N BN E

Bγγ γ ϕ′ ′ ′= + + + + +   

t r
2 2 sinn nc h nT h
B B

ξ γ+ −                    （32） 

The results of the model test conducted by Shin et al.[20] 

suggested that the ultimate bearing capacity of reinforced 
clay ground near slope qur, first increased and then dec- 
reased with the increase in the distance of top reinforced 
material layer u, and gradually decreased with increasing 
the vertical spacing between layers of reinforced materials 
zi. In general, the ultimate bearing capacity of horizontally 
reinforced clay ground decreases with the increase of the 
vertical spacing between layers of reinforced materials[34, 40]. 
However, when the number of reinforced material layers 
n is constant, the bearing capacity qur in Eq.(32) increases 
with the increase of the distance between the bottom layer 
of reinforced materials and footing bottom (it is actually 
the distance of the top reinforced material layer u or the 
vertical spacing between layers of reinforced materials 
zi), which is contrary to the influence characteristics of 
the vertical spacing between reinforced material layers. 
Therefore, the reduction coefficient su of u and the reduc- 
tion coefficient szi of zi in the literature[20] are introduced to 
comprehensively modify the increment term of ultimate 
bearing capacity caused by the effect of reinforced materials 
in Eq.(32). su and szi can be expressed as 

0.32 / 0.87 when / 0.4
1.19 0.48 /  when 0.4 / 0.5u

u B u B
s

u B u B
+

=  − <

， ≤

， ≤
  （33） 

1.3 0.9 / when / 0.5zi i is z B z B= − <，            （34） 

After modification, the ultimate bearing capacity of 
reinforced ground near slope under composite failure mode 
qur is 

( )ur t p4 t
1 2 sin
2c n qq c N q h N BN E

Bγγ γ ϕ′ ′ ′= + + + + +  

t r
2

2 2 sin
n

n u zi n
i

c h T s s h
B B

ξ γ
=

 + + − 
 

           （35） 

3.3 Comparison of other methods 
Based on the unified strength theory, novel solutions 

to the ultimate bearing capacity of reinforced ground near 
slope (i.e., Eq.(24) and Eq.(35)) are presented in this paper. 
In view of two modes of general shear failure and com- 
posite failure of reinforced ground, the effects of the inter- 
mediate principal stress (0≤b≤1), the vertical spacing 
between reinforced material layers zi , the number of 
reinforced material layers n, and the tensile strength of 
reinforced material Tu, were comprehensively taken into 
consideration in the new solution, which has extensive 
theoretical significance. 

When the tensile force of reinforced materials Tr and 
the distance between the bottom layer of reinforced mate- 
rials and footing bottom hn are 0, Eqs. (24) and (35) are 
equal and they are all the ultimate bearing capacity solutions 
of unreinforced ground near slope based on the unified 
strength theory. The unified strength theory parameter b 
represents different selections of strength criteria. When 
b = 0, Eqs. (24) and (35) degenerate into the ultimate 
bearing capacity solutions of reinforced ground near slope 
based on Mohr-Coulomb strength criterion. When b = 0, 
Tr = 0, hn = 0, Eqs. (24) and (35) degenerate into the ultimate 
bearing capacity solution of unreinforced ground near 
slope based on Mohr-Coulomb strength criterion in the 
literature[39]. When b=1, Eqs. (24) and (35) are the ultimate 
bearing capacity solutions of reinforced ground near slope 
based on twin shear stress strength criterion. When 0<b<1, 
a series of new ultimate bearing capacity solutions of 
reinforced ground near slope can be obtained from Eqs. 
(24) and (35). 

Therefore, the new solutions to ultimate bearing capa- 
city of reinforced ground near slope obtained in this paper 
can be degenerated into the solutions in the published 
literature, and a variety of unpublished new solutions can 
be obtained, which are suitable for different engineering 
practical situations. 
3.4 Application steps 

For reinforced sandy soil ground or clay ground near 
slope with u≤0.5B and zi≤0.5B, Eqs. (24) and (35) can 
be used to solve the ultimate bearing capacity of reinforced 
ground near slope. A strip footing with width B and buried 
depth D is given and placed near the slope with angle 
η. The horizontal distance from footing to slope shoulder 
is L, and the underlying ground is reinforced with n layers. 
The physical and mechanical indexes of foundation soil 
are known (unit weight γ, cohesion c and internal friction 
angle ϕ): (i) for sandy soil ground with 0.25B<u≤0.5B 
or 0.25B<zi≤0.5B, the ultimate bearing capacity of rein- 
forced ground near slope can be solved according to 
Eq.(24); (ii) for sandy soil ground with u, zi∈(0, 0.25B] 
and clay foundation with u, zi∈(0, 0.5B], the ultimate 
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bearing capacity can be calculated by Eq.(35). The specific 
application steps are shown in Fig.10. 

 

Fig. 10  Flowchart of application steps 

4  Comparison of model tests 

To verify the effectiveness of the new solutions, the 
calculation results of the new solution of the ultimate 
bearing capacity of the reinforced ground near slope under 
the general shear failure and composite failure modes 
(i.e., Eqs. (24) and (35)) in this paper are compared with 
the model test results in the literature[15, 18, 20], respectively. 
4.1 General shear failure 

In the literature[15], a strip footing was embedded in 
sandy slope, the ultimate bearing capacity of multi-layer 
reinforced sand soil ground below the footing was studied 
by model test. During the model test, the general shear 
failure occurred in the reinforced ground near slope. The 
measured value from the model test is compared with the 
calculated value based on Eq.(24) in this paper, as shown 
in Fig.11. The parameters used for the ground and rein- 
forced materials are as follows: c = 0 kPa, ϕ = 42º, γ = 
20 kN/m3, B = 0.08 m, D = 0, a = 1.5, η = 34º, u = zi = 
0.3B, Tu = 55 kN/m, RFCR = 5, RFID = 3, RFD = 2. 

It can be seen from Fig.11 that the ultimate bearing 
capacity qur of reinforced ground near slope obtained from 
Eq.(24) and model test increase significantly with the 
increase of the number of reinforced layers n. When b = 
0.5, the calculated value in this work is in good agreement 
with the measured value from the model test in the lite- 
rature[15], and the average relative error between the two 
results is only 5.3%, which verifies the validity of Eq.(24) 
in this work and also suggests that the shear strength of 
the sand tested should be determined by Eq.(1) when  

 
Fig. 11  Comparisons with the model test results from 

literature [15] 
 
parameter b = 0.5. When b = 0, the calculated value in 
this paper is significantly less than the measured value 
in the literature[15], indicating that the Mohr-Coulomb 
strength criterion (b=0) underestimates the potential of 
ground bearing capacity because it does not consider the 
influence of intermediate principal stress. When b = 1, 
the calculated value in this paper is obviously greater than 
the measured value in the literature[15], which exaggerates 
the effect of intermediate principal stress on soil shear 
strength. 
4.2 Composite failure 

In the previous study[18], model tests were carried out 
on the reinforced sandy soil ground near slope, and the 
failure modes of the soil above, between and under the 
reinforced material layers were obtained. It is pointed 
out in the literature[18] that when u = zi = 0.25B, the failure 
mode of the ground under the reinforced layer is composite 
failure. The model test results are compared with the 
calculated values obtained from Eq.(35) in this paper, 
as shown in Fig.12. The relevant parameters are as follows: 
c = 0.03 kPa, ϕ = 38.36º, γ = 16 kN/m3, B = 0.12 m, D = 
0, a = 0, η = 23º, Tu = 1 532 kN/m, RFCR = 5, RFID = 3, 
RFD = 2. 

 

Fig. 12  Comparisons with the model test results from 
literature [18] 
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It can be seen from Fig.12 that when b = 0.5, the 
calculated value obtained from Eq.(35) is close to the 
measured value from the model test in the literature[18], 
and the average relative error of the two values is only 
5.4%, which verifies the effectiveness of Eq.(35) in this 
work and also indicates that the shear strength of the sand 
tested should be determined by Eq.(1) when parameter 
b = 0.5. Additionally, when b = 0 (i.e., ignoring the effect 
of intermediate principal stress), the calculated value is 
smaller than the measured value from the model test and 
the calculated value in this work tends to be conservative. 
When b = 1, the calculated value is obviously larger than 
the measured value from the model test and the calculated 
value tends to be dangerous. 

In the existing literature[20], the effect of reinforcement 
parameters on the ultimate bearing capacity of ground 
was studied by undrained model test of strip footing on 
the geogrid reinforced clay slope. The reinforced ground 
presented the characteristics of composite failure. The 
comparison between the measured value from the model 
test in the literature[20] and the calculated value determined 
by Eq.(35) in this paper is shown in Fig.13. The relevant 
parameters are as follows: c = 9.1 kPa, γ = 18.25 kN/m3, 
B = 0.076 1 m, D = 0, a = 1, η = 45º; u = 0.4B, zi = 0.333B, 
Tu = 182 kN/m, RFCR = 5, RFID = 3, RFD = 2. Since the 
internal friction angle ϕ  in the undrained model test in 
literature[20] is 0º, but the expression of cN ′  in Eq.(30) 
in this paper requires ϕ >0º, so ϕ = 0.01º was used for 
calculation in this work. 

 

Fig. 13  Comparisons with the model test results from 
literature [20] 

 
It can be observed from Fig.13 that when b=0.4, the 

calculated value obtained from Eq.(35) is consistent with 
the measured value from the model test on the reinforced 
clay ground in the literature[20], and the average relative 
error of the two values is only 4.8%, which verifies the 
validity of Eq.(35) in this work. Meanwhile, when the 
intermediate principal stress (b = 0) is not taken into 
account, the calculated value obtained from Eq.(35) is 

small, while the calculated value obtained from Eq.(35) 
is significantly large when b = 1. 

5  Parameter analysis 

The influences of the intermediate principal stress, 
the vertical spacing between reinforced material layers, 
the number of reinforced material layers and the tensile 
strength of reinforced materials on the ultimate bearing 
capacity of reinforced ground near slope are discussed. 
The parameter analysis of ultimate bearing capacity of 
the reinforced ground near slope under general shear failure 
mode, i.e., Eq.(24), adopts the model test parameters of 
sandy soil ground near slope in the literature[15] in Section 
4.1. The parameter analysis for the composite failure mode, 
i.e., Eq.(35), adopts the model test parameters of clay 
ground in the literature[20] in Section 4.2. 
5.1 Intermediate principal stress 

The effect of intermediate principal stress on the shear 
strength of ground is obvious, and the unified strength 
theory parameter b can reflect the degree of the effect of 
intermediate principal stress. Figure 14 shows the variation 
of the ultimate bearing capacity qur of reinforced ground 
near slope with parameter b under the general shear failure 
and composite failure modes when the number of rein- 
forced material layers n = 1, 2 and 3. 

 
(a) General shear failure 

 

(b) Composite failure 

Fig. 14  Influence of intermediate principal stress 
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The ultimate bearing capacity qur under the general 
shear failure and composite failure modes increase with 
the increase of parameter b. When the number of rein- 
forced layers n = 1 and the parameter b increases from 
0 to 1, the bearing capacity qur increases by 52.6% under 
general shear failure and 31.0% under composite failure, 
which shows that the intermediate principal stress pro- 
minently influence the ultimate bearing capacity of rein- 
forced ground near slope. When b=0, the bearing capacity 
qur is obviously small because the effect of intermediate 
principal stress of foundation soil is not considered. The 
improvement of the ultimate bearing capacity of the rein- 
forced ground by the intermediate principal stress should 
be considered to give full play to the strength potential 
of the foundation soil and reduce the project cost. 
5.2 Vertical spacing between reinforcement layers 

The distance hn from the bottom reinforced material 
layer to the footing bottom varies with the change of vertical 
spacing between reinforced material layers zi, and the 
ultimate bearing capacity of reinforced ground near slope 
also changes accordingly. Figure 15 shows the influence 
of vertical spacing zi on the ultimate bearing capacity qur 
under general shear failure and composite failure modes, 
where the number of reinforced layers n = 3, and b = 0, 
0.5 and 1. When u≤0.25B and zi≤0.25B, the ultimate 
bearing capacity of reinforced sandy soil ground near 

 
(a) Composite faulure →general shear failure 

 

(b) Composite failure 

Fig. 15  Influence of vertical spacing between reinforced 
material layers 

slope is calculated according to Eq.(35) under composite 
failure mode. When 0.25B<zi≤0.5B, the ultimate bearing 
capacity is calculated according to Eq.(24) under the 
general shear failure mode. In Fig.15(a), u is equal to 
0.25B. 

When 0≤zi<0.25B, the ultimate bearing capacity qur 
of reinforced sandy soil ground decreases with the increase 
of zi under the composite failure mode. When 0.25B< 
zi≤0.5B, the effect of vertical spacing zi between reinforced 
material layers on the reinforced sandy soil ground near 
slope under the general shear failure can be divided into 
two stages. That is, when hn≤H1, the bearing capacity 
qur increases with the increase of zi, and when H1<hn≤ 

He, qur decreases with the increase of zi. For example, 
in the case of b=0, the bearing capacity qur is decreased 
by 2.8% when zi/B increases from 0.1 to 0.25; the bearing 
capacity qur under general shear failure is 1.27 times larger 
than that under composite failure when zi/B = 0.25; when 
zi/B increases from 0.25 to 0.4, hn≤H1 = 0.078 m, and 
the bearing capacity qur is increased by 2.6%; when zi/B 
increases from 0.4 to 0.5, hn>H1 = 0.078 m, and the bearing 
capacity qur is decreased by 3.6%. This is because under 
the general shear failure mode, the relative size between 
hi and H1 affects the reduction coefficient of the reinforced 
material depth, so that the bearing capacity first increases 
and then decreases, and the influence of the distance from 
the bottom layer of reinforced materials to footing bottom 
hn is earlier and more prominent. In addition, the bearing 
capacity potential of the reinforced sandy soil ground near 
slope under composite failure can not be brought into full 
play. The vertical spacing between reinforced material 
layers should be reasonably controlled to avoid punching 
shear failure of reinforced soil ground. 

It can be seen from Figure 15(b) that the ultimate 
bearing capacity qur under composite failure mode decreases 
with the increase of vertical spacing zi, which is in line 
with the law observed from the model tests in the lite- 
rature[20]. In the case of b = 0, the bearing capacity qur 
when zi/B = 0.5, decreases by 15.6% compared with that 
when zi/B = 0.1. Therefore, the vertical spacing between 
reinforced material layers has a certain influence on the 
ultimate bearing capacity qur under composite failure. 
5.3 Number of reinforced material material layers 

The variation of the number of reinforced material 
layers n also represents the variation of the distance from 
the reinforced material layers to footing bottom hi. Figure 
16 shows the influence of n on the ultimate bearing capacity 
qur under general shear failure and composite failure modes, 
where b = 0, 0.5, and 1. As geogrid reinforcement was 
employed in the literature[20], the effective reinforcement 
depth He = 1.5B is taken in Fig.16(b). 

The case of b=0 in Fig.16(a) is analysed as an example 
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here. As the number of reinforced material layers n inc- 
reases, the ultimate bearing capacity qur of the reinforced 
sandy soil ground near slope under general shear failure 
can be divided into three stages: (i) n increases from 1 
to 4, the bearing capacity qur is increased by 1.44 times. 
At this time, hn≤H1, and the bearing capacity qur increases 
linearly with the increase of n. (ii) n increases from 4 to 
8, the bearing capacity qur is increased by 51.3%. At this 

time, H1<hn≤He, and the growth rate of bearing capacity 
qur decreases gradually, because when hi>H1, the reduction 
coefficient of reinforced material depth RTi<1, and the 
reinforcement effect is weakened. (iii) When n>8, the 
bearing capacity qur remains the same value as that when 
n = 8 with the increase of n. In this case, hn>He, and the 
reinforcement effect of reinforced materials located in 
range of hi>He is not included. 

         
                           (a) General shear failure                                          (b) Composite failure 

Fig. 16  Influence of the number of reinforced material layers 
 

With the increase of the number of reinforced material 
layers n, the ultimate bearing capacity qur of the reinforced 
clay ground near slope under composite failure can be 
divided into two stages: (i) When b = 0, and n increases 
from 1 to 5, the bearing capacity qur is increased by 73.4%. 
At this time, hn is less than or equal to He = 1.5B, and 
the bearing capacity qur increases linearly with the increase 
of n. (ii) When n>5, corresponding to hn>He, only the rein- 
forcement effect within the range of He is considered, 
and the bearing capacity qur remains unchanged. The 
number of reinforced material layers should be reasonably 
determined according to the effective depth of reinforced 
materials to reduce economic costs. 
5.4 Tensile strength of reinforced materials 

In the design of ground reinforcement, the tensile 
strength of reinforced materials is an important basis for 
the selection of reinforced material types. Figure 17 shows 
the influence of tensile strength of reinforced materials 

Tu on the ultimate bearing capacity qur of the reinforced 
ground near slope under general shear failure and com- 
posite failure modes, where the number of reinforced 
layers n = 3, and b = 0, 0.5, and 1. 

It can be seen from Fig.17 that the ultimate bearing 
capacity qur of reinforced ground near slope under general 
shear failure and composite failure modes increases lin- 
early with the increase of tensile strength of reinforced 
material Tu. In the case of b = 0.5, when Tu increases from 
30 kN /m to 150 kN /m, the bearing capacity qur increases 
by 2.1 times and 32.8% under general shear failure and 
composite failure, respectively. Therefore, the tensile str- 
ength of reinforced materials has an important influence 
on the ultimate bearing capacity of reinforced ground near 
slope. The economic cost of the reinforced materials with 
high tensile strength is higher, so the type of reinforced 
materials should be selected reasonably according to the 
design requirements.

         
(a) General shear failure                                           (b) Composite failure 

Fig. 17  Influence of reinforced material tensile strength 
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6  Conclusions 

(1) Aiming at two failure modes of general shear failure 
and composite failure of reinforced ground, new solutions 
of ultimate bearing capacity for reinforced ground near 
slope reasonably consider common effects of the inter- 
mediate principal stress, the vertical spacing between 
reinforced material layers, the number of reinforced material 
layers and the tensile strength of reinforced materials and 
have wide applicability. The effectiveness of the solution 
in this paper is verified by comparing with three groups 
of model test results from the literatures. At the same time, 
the ultimate bearing capacity solution of unreinforced 
ground near slope based on Mohr-Coulomb strength cri- 
terion in the literature[39], the ultimate bearing capacity 
solution of reinforced ground near slope based on Mohr 
Coulomb strength criterion and twin shear stress strength 
criterion are special cases of this work. 

(2) The intermediate principal stress significantly infl- 
uences the ultimate bearing capacity of the reinforced 
ground near slope under general shear failure and com- 
posite failure modes. The bearing capacity obtained without 
considering the intermediate principal stress is obviously 
small. Additionally, the ultimate bearing capacity of the 
reinforced ground near slope under general shear failure 
and composite failure modes increases significantly with 
the increase of the tensile strength of reinforced materials. 

(3) The ultimate bearing capacity of the reinforced 
ground near slope under general shear failure first increases 
and then decreases with the increase of vertical spacing 
between reinforced material layers, which is related to 
the distance from the bottom reinforced material layer 
to the bottom of foundation. The ultimate bearing capacity 
of the reinforced ground near slope under composite failure 
decreases monotonically with the increase of vertical 
spacing between reinforced material layers. The vertical 
spacing of reinforced materials in sandy soil ground near 
slope should be reasonably controlled to avoid composite 
failure. 

(4) Only the effect of effective reinforcement depth 
within the range can be counted. With the increase of 
the number of reinforced material layers, the ultimate 
bearing capacity of reinforced ground near slope increases 
linearly first, then slowly increases and finally remains 
unchanged under general shear failure. Under composite 
failure, the ultimate bearing capacity first increases and 
then remains unchanged, which is related to the distance 
from the bottom reinforced material layer to footing bottom. 
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