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Abstract: In this paper, the dissipative energy in the damage process was employed to solve the damage variable while the damage 

constitutive model was established. In this model, the Mohr-Coulomb criterion and the energy dissipation theory were introduced. 

Considering the hardening and softening characteristics of rock during loading, the non-associated plastic flow rule was applied to 

describe the plastic deformation of rock, and the damage variable was calculated by quoting the dissipation energy and damage 

energy dissipation rate in the damage process. Based on the conventional triaxial loading-unloading experiments, the energy 

consumption and damage evolution law of rock was analyzed. The expression of damage energy dissipation rate was established, and 

the parameters in the model were calibrated. Simulation was conducted by this model and the simulation results were compared with 

the experimental results to validate the model. In this process, the following conclusions were obtained: (1) in the elastic stage, the 

damage dissipation energy increases slowly with the axial strain, showing an upward concave curve, and the growth rate reaches the 

maximum near the peak-stress. In the residual stage, the relationship between damage dissipation energy and axial strain is linear;  

(2) based on elastic modulus associated damage definition, the experimental results show that there is a damage variable limit less 

than 1, and the damage variable limit gradually decreases with the increase of confining pressure; (3) the model in this paper can be 

used to investigate the strength, hardening, softening characteristics and strain law of rock under different confining pressures during 

the loading process. The numerical simulation results can describe the stress-strain relationship and damage evolution law of rock. 

Keywords: damage; energy dissipation; Mohr-Coulomb criterion; constitutive model; damage energy consumption rate 
 

1  Introduction 

In recent years, the development of damage mecha- 
nics has provided an effective method for the analysis of 
the mechanical properties of rock material. According to 
the law of thermodynamics, energy conversion is the 
essential feature of the physical process of matter, and 
the rock must dissipate energy during the damage 
process[1]. Using the dissipated energy in the damage 
process to solve the damage variables, and then to 
establish a damage constitutive model, will become a 
new modeling method. A large number of scholars have 
studied the law of energy dissipation during rock loading– 
unloading. Han et al.[2], Qin et al.[3], Xu et al.[4], Li et 
al.[5], Zhang et al.[6] and others conducted mechanical 
tests on the rock, and analyzed the elastic strain energy 
accumulated during the test and the energy dissipation. 
They deemed the changing law of energy dissipation is 
that the dissipation ratio presents a trend of increasing– 
decreasing–increasing. Xie et al.[7–8] defined criteria 
for rock strength failure and criteria for overall failure 
of rock mass based on the principle of energy dissipation 
and release. Jiang et al.[9] conducted triaxial tests on mud- 
stones in dry, natural and saturated states, and explored 
the influence of water content on rock mechanical 
properties and energy evolution. Yang et al.[10], Cong 
et al.[11], Li et al.[12] performed loading–unloading tests 

on granite and other rocks, analyzed the effects of dif- 
ferent loading rates on the elastic strain energy and 
damage dissipation energy in the rock, and also analyzed 
the transformation relationship between different types 
of energy. Zhao et al.[13] carried out comparative tests 
on sandstones in northeastern and western China, and 
investigated the characteristics of energy dissipation. 
Qiao et al.[14] designed a shear friction test and deter- 
mined the friction dissipation energy under different 
vertical stress levels by calculating the area under the 
shear stress–strain curve. Yin et al. [15] used self-developed 
true triaxial test apparatus to carry out loading–unloading 
mechanical tests on sandstone, and analyzed the influence 
of different loading rates on the energy evolution law. 

At present, we have a basic understanding of the 
energy conversion law of rocks during loading, and many 
damage models have been developed to describe the 
mechanical properties of rocks. Based on the test results, 
Peng et al. [16] established a damage evolution model 
for coal stiffness degradation before peak strength, and 
used it to determine the initial damage and critical damage 
variables. He et al.[17] conducted fatigue tests on rock 
salt under different stress amplitudes, loading frequencies, 
confining pressures and loading rates, and established 
a cumulative dissipation energy evolution model. Based 
on the principle of energy dissipation, Ning et al.[18] 
developed a new method for identifying the threshold 
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of crack initiation and propagation. Liu et al.[19] defined 
the damage variable with energy dissipation as the 
bridge, and gave the damage evolution equation of the 
rock under cyclic loading and unloading conditions. 
Xie et al.[7] analyzed the critical stress of the overall 
failure of the rock element under various stress states, 
and used this criterion to discuss the critical conditions 
for the failure of the tunnel surrounding rock. 

Based on the existing research work, the expressions 
of damage variables are fitted under given test conditions, 
and the expressions can only be applied to the damage 
evolution law under test conditions. The damage evolution 
law under complex loading conditions needs to be further 
improved. This paper aims to establish a damage variable 
solution method, that is, the damage variable is obtained 
by dividing the damage dissipated energy by the damage 
energy consumption rate, and then the damage cons- 
titutive model is established to describe the mechanical 
properties of the rock in the damage process. 

2  Basic model equations 

2.1 Stress-strain relationship 
2.1.1 Definition of damage variables 

In this paper, the damage variable is defined in the 
form of scalar, and the loss of stiffness during the 
damage process is used to describe the magnitude of 
the damage variable. This method is the most widely 
used damage variable definition method at present, 
and its expression is 

0

1
E

D
E

                                 （1） 

where D is the damage variable; E is the elastic modulus 
in the damaged state; 0E is the elastic modulus in the 
undamaged state, which is referred to as the initial 
elastic modulus for short. Based on the above definition 
method, the elastic modulus in the damaged state can 
be written as 

 0 1E E D                               （2） 

2.1.2 Strain hypothesis 
Assuming that the strain consists of two parts: elastic 

strain and plastic strain, the expression of strain 
e p                                   （3） 

where   is the strain tensor; e  is the elastic strain 
tensor; and p is the plastic strain tensor. 

The prescribed stress and strain tensors are expressed 
in the form of 6 components, and their orders are arr- 
anged in the xx, yy, zz, xy, xz, and yz directions, which 
will not be described in the following. For example, 
the component expression of the elastic strain tensor is 

 Te e e e e e e, , , , ,xx yy zz xy xz yz                      （4） 

where  T means transpose.  
2.1.3 Stress–strain relationship equations 

According to Hooke's law, the stress–strain relation- 
ship of a rock can be written as 

  e
01 D  Μ                           （5） 

where   is the stress tensor; and 0Μ  is the stiffness 
matrix in the undamaged state, and its expression is 
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（6） 
where   is the Poisson’s ratio. Therefore, the stress 
increment expression is 

    p e
0 0 0d 1 d 1 d dD D D         Μ    （7） 

where d  is the strain increment; pd is the plastic 
strain increment; and dD is the damage variable incre- 
ment. 
2.2 Plastic flow rule 

For rock-like materials, the non-associative flow rule 
is usually used, and the plastic strain increment is obtained 
by the plastic potential function G, and its expression 
is 

pd d
G 





                             （8） 

where d  is the plasticity factor, the occurrence of 
plastic flow is determined by the loading conditions, 
and its expression is [20] 

ps ps( , , ) 0 d 0 ( , , )d 0f D f D    ≤ ≥， ，      （9） 

where ps( , , )f D  is the plastic yield function; and 
ps  is the equivalent plastic strain. In the process of 

plastic flow, the incremental expression form is 
p ps Dd d d d   σf f f f D                （10） 

where
f

f








，

ps

ps

f
f 







， D f
f

D





。 

2.3 Energy conservation law formula 
If a unit volume of rock produces a certain amount 

of deformation in the process of external force loading, 
we assume that the rock is in a closed system and there 
is no heat exchange with the outside world. According 
to the law of conservation of energy, the work done by 
the external force on the rock, the elastic strain energy 
of the rock, and the energy dissipated by damage satis- 
fies the law of conservation of energy, and the formula 
is as follows: 

d eU U U                               （11） 
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where U is the work done by the outside world to the 
closed system; dU  is the dissipated energy of unit 
rock, which is used to form internal rock damage and 
plastic deformation; and eU is the elastic strain energy 
(set the initial elastic strain energy to 0). 

The work done by the external force on the rock per 
unit volume can be obtained by the following integral 
formula: 

 T
dU                                 （12） 

After the elastic strain tensor and stiffness matrix 
are known, the expression of elastic strain energy is 

 Te e e1

2
U   M                          （13） 

where M  is the stiffness matrix after damage, M  
  01 D Μ  
For any micro-element process, the incremental form of 
elastic strain is 

   

   

T Te e e e e
0

T Te e e e e e
0

1 1
d d d

2 2
1 1

  d d d
2 2

U D

D

  

 

   

     

M Μ

M M Μ

 

（14） 

Due to symmetry, the term  Te e1
d

2
 M in Eq.(14) 

is equal to  Te e1
d

2
 M , so they are combined into 

one term. 
Here, Y is defined as the energy dissipated per unit 

damage, which is called the damage energy consumption 
rate. The method of dividing the damage dissipation 
energy ddU by the damage energy consumption rate Y 
is used to solve the damage variable increment dD , 
which is the incremental form of the damage variable. 
The definition formula of the damage variable is shown 
in equation (1). According to this, the increase of the 
dissipated energy ddU  can be calculated by the product 
of damage variable increment dD and damage energy 
consumption rate Y, the expression is 

d
dd

d ,  d d
U

D U Y D
Y

                      （15） 

According to the second law of thermodynamics 
ddU ≥0， 0≥Y ， dD≥  0, 
For any infinitesimal process, the incremental form 

of the law of conservation of energy is 

e dd d dU U U                           （16） 

Substituting the differential form of Eq.(12) and 
the second term in Eqs. (14) and (15) into Eq. (16), we 
can get 

   
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           （17） 

So far, Eq. (10) is derived from the plastic yield 

function and Eq. (17) is derived from the formula of the 
law of conservation of energy. Both formulas contain 
two unknown quantities of plastic factor d and damage 
variable increment dD , and these two unknowns can be 
calculated simultaneously by solving the two equations 
(Eqs. (10) and (17)). 

3  Plasticity-damage model building 

3 Determination of damage energy consumption 
rate formula 
3.1.1 Method for measuring elastic modulus 

The laboratory results show that the stress–strain 
curve of the rock has non-linear deformation characteri- 
stics to a certain extent during the unloading process. 
Even for hard granite, marble, etc., their stress–strain 
curves are not absolute straight lines in appearance. 
This brings certain difficulties to determining the elastic 
modulus during rock unloading. 

The elastic strain energy stored in the rock is an 
important indicator for analyzing dynamic disaster 
accidents. Therefore, an approach from the perspective 
of elastic strain energy is developed to determine the 
elastic modulus of the rock during unloading. The 
elastic modulus obtained by this method in this paper is 
consistent with that measured in the experiment when 
calculating elastic strain energy. The specific procedure 
is as follows: 

Figure 1 shows the stress–strain curve of sandstone 
during loading–unloading under the condition of 10 MPa. 
The loading curve is displayed as OAB in the figure. 
When loaded to point B, unloading starts, and the actual 
unloading curve is BCF in the figure. At point B, the 
elastic strain energy stored in the rock in the axial dir- 
ection can be calculated from the elastic strain energy 
released by the rock during the unloading process, 
expressed by the area enclosed by the unloading curve 
and the strain axis (the area enclosed by the FCBKF in 
the figure). 

 

 
Fig. 1  Measurement method of elastic modulus 

 
Suppose there is a straight line passing through 

point B, as shown by the line BH in the figure. The 
straight line satisfies the following characteristics: the 
area surrounded by the straight line BH and the strain 
axis equals the area enclosed by the unloading curve 
and the strain axis. That is, the elastic strain energy 
released by unloading along the straight line BH is equal 
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to the elastic strain energy released along the actual 
unloading curve BCF. At this moment, it is assumed 
that the elastic modulus E shown by the straight line 
BH is the elastic modulus of the rock at the moment of 
unloading. Meanwhile, it is assumed that the line segment 
HK is the elastic strain e

1 before unloading, and the 
line segment OH is the plastic strain p

1 of the rock. 
3.1.2 Determination of damage energy consumption rate 
during the test 

Based on the above-mentioned elastic modulus 
damage variable definition method, the conventional 
triaxial loading–unloading test is used to determine the 
damage energy consumption rate. The sandstone used 
in test is sampled from the Zigong area of Sichuan 
province. After measurements, the average density of 
sandstone is 2.46 g/cm3. Sandstone is made into a 
cylinder with a diameter of 50 mm and a height of 100 mm, 
as shown in Fig. 2(a). We design 5 groups of different 
confining pressures: 0, 5, 10, 20, and 30 MPa. The 
RLJW-2000 electro-hydraulic servo rock triaxial 
compression testing machine is used to carry out the 
conventional loading–unloading triaxial compression 
test. The test press and gripper are shown in Figs. 2(b) 
and 2(c). After loading–unloading is completed, the 
fracture morphology of the rock is shown in Fig. 2(d) 
(confining pressure is 10 MPa). One-way continuous 
loading test were also carried out to determine the 
material parameters besides the cyclic loading and 
unloading tests. 

The loading process is as follows. Firstly, apply 
confining pressure to the set confining pressure value, 
then stop the confining pressure loading, at this moment, 
the axial displacement is cleared. Then load (or unload) 
the specimen at a uniform speed at an axial loading rate 
of 0.005 mm/s. In the process of loading–unloading, the 
loading is performed again after unloading is conducted 
to the axial stress being zero. During the test, data was 
collected every 0.2 s. 

 

  
(a) Rock samples and groups            (b) Servo press  

 

     
(c) Gripper and radial displacement         (d) Rock fracture pattern 

monitoring 

Fig. 2  Experimental equipment and materials 

The stress–strain curves during the loading and un- 
loading test are shown in Fig. 3. In the figure, the abscissa 
represents the axial strain 1 , and the ordinate represents 
the axial stress 1 . Figures 3 (a)–(e) show the test results 
of the confining pressures of 0, 5, 10, 20, and 30 MPa, 
respectively. 

Using the test results in Fig. 3, the dissipated energy 
during the cyclic loading–unloading process is calculated. 
The calculation method and results are shown in Fig. 4. 
In the figure, the 9th cycle under the condition of a con- 
fining pressure of 5 MPa is analyzed as an example. In 
the 9th cycle, the increment in damage dissipation energy 

d
9dU  is expressed as 

d load unload
9 1 3 3 1 3 3d +2 d +2U                  （18） 

where load
1 3 3d +2     represents the work density  

done by the external force on the specimen during the 
cycle, as presented in the upper right corner of Fig. 4; 
the area enclosed by the axial stress–strain curve in the 
loading phase in the 9th cycle is the value of the integral  

term. unload
1 3 3d +2      represents the elastic strain  

energy released by the cycle. As shown in the small graph 
at the lower right of Fig. 4, the area surrounded by the 
axial stress–strain curve in the unloading phase is the 
value of the integral term. Where load

1 is the axial stress 
during the loading process; unload

1 is the axial stress 
during the unloading process; 3  is the increment 
in the radial strain during the loading process; 3   is 
the increment in the radial strain during the unloading 
process. 

Finally, the increment in damage dissipation energy 
during each cycle is determined by the above formula. 
To obtain the dissipated energy–axial strain relationship 
diagram, we accumulate the dissipated energy of each 
cycle as shown in Fig. 4. 

Using the test results in Fig. 3, the damage variables 
during the cycle loading–unloading process are cal- 
culated. The calculation method and calculation results 
are shown in Fig. 5(a). Figure 5(b) takes the 14th cycle 
of 30 MPa as an example, and the formula for solving 
the damage variable is 

14
14

0

1
E

D
E

                              （19） 

where 14E  is the elastic modulus during the 14th cycle 
of unloading, and the method in Fig. 1 is used to 
determine the elastic modulus. 

The value of the damage variable can be obtained 
through the above calculation method, and the damage 
variable is drawn to obtain the damage variable–axial 
strain relationship diagram, as shown in Fig. 5. 

It can be observed from Fig. 4 that the magnitude of 
the dissipated energy under different confining pressures 
has a significant difference, the greater the confining 
pressure, the greater the damage dissipated energy. 

4
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Although there are differences in numerical values, the 
law of change is consistent. When the strain is less than 

1%, the damage dissipated energy increases slowly 
with the axial strain, showing an upward concave curve,  

 

       
(a) 3  0 MPa                                            (b) 3  5 MPa 

 

       
(c) 3  10 MPa                                           (d) 3  20 MPa 

 

 
      (d) 3  30 MPa 

Fig. 3  Stress–strain relationships of loading–unloading experiments  

 

 
Fig. 4  Relationships between damage dissipated energy and axial strain  
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(a) Relationship curves of damage variable D and axial strain 1            (b) Determination of the 14th cycle damage variable at 30 MPa 

Fig. 5  Relationships between damage variable and axial strain 

 

and the growth rate is increasing. When the strain is 
about 1.2%, the damage dissipation can produce a rapid 
surge process, which corresponds to the peak stress of 
the rock. Then the damage dissipation energy enters the 
linear phase, which corresponds to the residual stress 
stage of the rock. The main source of dissipated energy 
in this process is the friction of the fracture surface. 
Since the frictional energy and the slip distance app- 
roximately satisfy the linear law, the dissipated energy 
in this process is proportional to the axial strain. 

Three stages can be roughly identified from Fig. 5, 
namely the slow development stage, the surge stage 
and the stable stage. When the rock enters the residual 
stress stage, the damage evolution gradually stops. 

From the stress–strain relationship (Fig. 3), it can 
be found that under 5 MPa confining pressure, the slope 
of the unloading curve at the residual stress stage changes 
significantly as compared with that before peak, indicat- 
ing that the loss of elastic modulus is greater. While under 
30 MPa, the slope of the unloading curve at residual 
stress stage changes slightly as compared with that before 
peak, indicating that the loss of elastic modulus is smaller. 
Based on the damage variable definition method of elastic 
modulus, the greater the loss of elastic modulus, the 
greater the damage variable. The test results show that 
the damage variable eventually approaches a limit less 
than 1, and the larger the confining pressure, the smaller 
the limit value. 

Considering the test results of damage dissipated 
energy and damage variables, we can draw a diagram 
of the relationship between damage dissipated energy 
and damage variables, as shown in Fig. 6. In the figure, 
the abscissa represents the damage variable, and the 
ordinate represents the damage dissipated energy. It 
can be seen from the figure that the dissipated energy 
shows a positive correlation law with the increase of 
the damage variable, and the growth rate of the dis- 
sipated energy is different under different confining 
pressures. A higher confining pressure gives a faster 
growth rate. 

The damage dissipated energy–damage variable curve 
illustrates that a surge phenomenon eventually appear 
in development of dissipated energy, which is related 
to the characteristics of the residual stress stage. In the 
residual stress stage, due to the friction of the fracture 
surface continuously dissipating energy, at this time the 

elastic modulus approaches a constant, the damage 
variable no longer increases, showing the phenomenon 
that the damage variable does not change but the energy 
continues to be dissipated, so the curve shows an upward 
development trend. 
 

 
Fig. 6  Relationships between damage dissipation energy 

and damage variable 
 

According to the definition of damage energy con- 
sumption rate, the energy consumed per unit damage 
in unit volume, the dimension of damage energy con- 
sumption rate Y is determined as 

  1 2dim ML TY                           （20） 

where M, L, T are the dimension symbols of mass, 
length, and time, respectively. 

It can be seen from the test results (Fig. 6) that the 
confining pressure and damage variables have a significant 
impact on the damage energy consumption rate. The 
greater the confining pressure, the greater the damage 
energy consumption rate. Additionally, the damage 
energy consumption rate approaches infinity when the 
damage variable approaches maxD , thus the denominator 
adopts the form of ( maxD D ).The following model is 
constructed to describe the magnitude of the damage 
energy consumption rate: 

3 0

max

k Y
Y

D D

 



                            （21） 

where maxD is the limit of damage variable, which 
denotes the limit value of the damage variable in the 
residual stress stage under a given confining pressure; 
k is the influence coefficient of confining pressure on 
the damage energy consumption rate, which is a dim- 

0 1 2 3
0.0 

0.2 

0.4 

0.6 

D
 

1 /% 

5 MPa
10 MPa
20 MPa
30 MPa

14
14

0

1
E

D
E

 
0
0.2 0.6 1.0 1.4 1.8

100

200

E14 

1 

Loading 

Unloading 

50

250

 1
 /M

P
a 150

1 /% 

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0

1

2

3

4

5

6

D 

U
d 

/(
M

J·
m

–3
) 

Experiments   Simulations
5 MPa 5 MPa 
10 MPa 10 MPa
20 MPa 20 MPa
30 MPa 30 MPa

6

Rock and Soil Mechanics, Vol. 42 [2021], Iss. 5, Art. 2

https://rocksoilmech.researchcommons.org/journal/vol42/iss5/2
DOI: 10.16285/j.rsm.2020.6091



  1216                 MA Qiu-feng et al./ Rock and Soil Mechanics, 2021, 42(5): 12101220                       

 

ensionless quantity; 0Y  is the damage energy con- 
sumption rate when the confining pressure is 0, and the 
dimension of energy consumption rate is  0dim Y   

1 2ML T  , while the dimension of confining pressure is 
  1 2

3dim ML T   . In addition, since the damage 
variable is a dimensionless quantity, the dimensions of 
the left and right sides of Eq. (21) are the same. 

First determine the expression of maxD . Through the 
test results, the damage variable limits under the con- 
ditions of 5, 10, 20, and 30 MPa are: 0.567, 0.263, 0.188, 
and 0.165, respectively. For uniaxial compression con- 
ditions, since the rock cannot bear load in the post- 
peak stage, the elastic modulus is considered to be 0 at 
this time, so the damage variable is 1. The statistics of 
the above results are shown in Fig. 7. The test results 
are regressed and the exponential model is used, namely 

2 3
max 1 3ebD b b                           （22） 

where 1b , 2b and 3b are all empirical parameters. 
The parameters 1b , 2b , 3b  are determined by fitting, 

and the expression of the limit of damage variable is 
obtained as 

30.2
max 0.84e 0.16D                       （23） 

 

 
Fig. 7  Relationship between damage variable limit and 

confining pressure 

 
After calculation, the goodness of fit is 0.982, indi- 

cating that the exponential model can more accurately 
represent the influence of the limit of the damage variable 
along with the confining pressure. 

In order to further determine the parameters in the 
damage energy consumption rate Y, according to the 
definition of damage variable, the following formula is 
integrated using a numerical calculation method: 

d dU Y D                                （24） 

After the relationship of dU D  is obtained, the 
least square method is used to determine the best fitting 
parameters in the model. After fitting, the parameters 
k  3.0 J/(m3·Pa), 0Y  5 MJ/m3, and the goodness of 
fit is 0.934. The fitting result is presented as the solid 
line in Fig. 6, indicating that the fitting result can roughly 
reflect the relationship between the damage dissipated 
energy and the damage variable limit under different 
confining pressure conditions. 

3.2 Plastic yield function and plastic potential 
function 

The Mohr-Coulomb model (M-C model) is introduced 
to describe the strength of the rock, and the (shear) plastic 
yield function is [21–22] 

s
1 3 2N c Nf                         （25） 

where c is the cohesion; N  is related to the friction 
angle, and its expression is 

1 sin  

1 sin
N








                           （26） 

For rock-like materials, the direction of plastic flow 
is usually not along the normal direction of the loading 
surface. Therefore, the non-associated flow rule is adopted 
and the plastic potential function is assumed to be [21] 

s
1 3G N                              （27） 

where N  is the material constant, which is related 
to the dilatancy angle   of the material. 

When the rock is in tension, its plastic yield function 
is 

t
3 tf                                 （28） 

where t is the tensile strength. Since the compressive 
stress is assumed to be positive, there is a negative sign 
for 3  before it. 

Under tension, the plastic potential function tG  
adopts the associated flow rule: 

t
3G                                   （29） 

4  Model validation 

4.1 Calibration of model parameters 
The parameters in the model involve three parts, 

namely: elastic part, damaged part and plastic part. The 
elastic part includes two parameters, namely the initial 
elastic modulus 0E  and Poisson’s ratio  , which can 
be gained by the axial stress–strain curve and the axial 
strain–radial strain curve in the linear elastic stage of 
the loading process. The damage part only contains the 
parameters in the damage energy consumption rate Y, see 
section 3.1. 

The plastic part parameters include cohesive force 
c and friction angle  . First determine the initial yield 
stress, as shown in Fig. 8. The position where the stress– 
strain curve deviates from the fitting line of the linear 
stage is defined as the initial yield stress, as shown in 
the figure. Draw the initial yield stress Mohr’s circle 
and the envelope to determine the cohesive force c and 
the friction angle  , as shown in Fig. 9. 

To further characterize the hardening–softening 
characteristics of the rock after yielding, the concept 
of equivalent plastic strain ps is introduced, and its 
expression is 

     2 2 2ps p p p p p
1 m m 3 m

1

2
               （30） 
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Fig. 8  Determination of initial yield stress 

 

 
Fig. 9  Determination of cohesion and friction angle 

 
where p

m  is the plastic volumetric strain，and p
m   

 p p
1 3+ /3  。 

The relationship between the equivalent plastic 
strain and the cohesion and friction angle is plotted in 
Fig.10. Assuming that the cohesive force and friction 
angle of the rock are in a functional relationship with 

ps , a line segment is used to approximate the smooth 
curve. 

To determine the dilatancy angle，the relationship 
curves between axial strain 1 and volumetric strain 

v  during the test are drawn first, as shown in Fig. 11. 
Then the dilatancy angle  can be calculated by 
determining the included angle between the curve and 
x-axis in the shear expansion stage[23], and the calcula- 
tion formula is as follows: 

tan
arcsin

2 tan




    
                     （31） 

Finally, 5 , 10 , 20 and 30  (where the subscript 
denotes the confining pressure) are respectively deter- 
mined, and the corresponding dilatancy angles  are 
obtained. By taking the average value for various con- 
fining pressure conditions, the dilatancy angle is calculated 
as 33.75°. 
4.2 Model validation 

To program the model in this article, C++ software 
is employed to build DLL (Dynamic Link Library) to 
realize the embedding of the model in FLAC3D software. 
FLAC3D is adopted to establish a cylindrical numerical 
simulation specimen with a total of 8000 elements and 
7 980 nodes. As shown in Fig. 12, the model size, 
boundary conditions and loading conditions are con- 
sistent with the conventional indoor triaxial test. 

 
    (a) Relationship between cohesion and equivalent plastic strain 

 

 
    (b) Relationship between friction angle and equivalent plastic strain 

Fig. 10  Relationships of cohesion and friction angle  
with equivalent plastic strain 

 

 
Fig. 11  Relationships between volumetric strain  

and axial strain 

 

 
Fig. 12  Numerical mesh model 

 
The model parameters consist of three parts: elastic 

part, with initial elastic modulus 0E  of 19.8 GPa, and 
Poisson’s ratio   of 0.24; plastic part, with dilatancy 
angle   33.75°, cohesion and friction angle as shown 
in Fig. 10; damage part, with influence coefficient k  
of confining pressure of 3 J/(m3·Pa), and initial damage 
energy consumption rate 0Y  of 5 MJ/m3, and the 
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damage variable limit is shown in Fig. 7. 
The comparison between the numerical simulations 

and the laboratory test results is illustrated in Fig.13, 
which gives the relationship between the axial strain 
and the radial strain. 

From figure, it can be seen that the model reflects 
the strain hardening of the rock and the softening cha- 
racteristics after the peak. And the model can describe 
the strain law of the rock in the third principal stress 
direction. Additionally, the peak strength increases as 
the confining pressure increases, which is obviously in 
line with the test results. 

To ascertain the model’s description of the charac- 
teristics of the damage dissipation energy, the relationship 
between the dissipation energy dU  and the axial strain 

1 is plotted. Among them, the formula in the conventional 

three-axis numerical calculation process is [3] 

 

 

d
1 1 3 3

step 1

2 2 2
1 3 1 3 3

2

1
2 2 2

2

n

U

E

   

     


    

    


        （32） 

where the first item on the right side of the equal sign 
represents the work done by the outside on the unit rock, 
which is obtained by accumulating the calculation results 
of each step; n represents the number of calculation steps; 
and the second term represents the elastic strain energy 
of the rock, and E is the elastic modulus in the damaged 
state.

 

       
(a) 3  5 MPa                                                (b) 3  10 MPa 

 

       
(c) 3  20 MPa                                               (d) 3  30 MPa 

Fig. 13  Comparison between numerical results and experimental results of rock stress–strain relationships 

 

Comparisons between the numerical results and the 
experimental results are made as in Fig. 14. It can be 
seen from the figure that the numerical results show 
three stages. In the strain hardening stage, the dissipated 
energy increases slowly; the dissipated energy increases 
sharply in the post-peak softening stage; and entering 
the residual stress stage, the dissipated energy increases 
linearly with the axial strain approximately. As a whole, 
the results by numerical calculation agree with those 
of experiment. 

In order to further explore the model’s description 
of the damage variable, the relationship between damage 
variable and axial strain in the numerical calculation 
process is drawn, as shown in Fig. 15. The test results 
show that the damage variable increases with the inc- 
rease of axial strain, and the growth rate presents three 
stages of slow growth, rapid growth and stability (close 
to the limit of damage variable). 

Numerical calculation results show that the model in 
this paper can describe the change law of rock damage 
variables more accurately. 

 

 
Fig. 14  Relationships between dissipated energy  

and axial strain 
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Fig. 15  Experimental and numerical results of damage 

variable changing with axial strain 

5  Conclusion 

This paper aims to use the damage energy consump- 
tion rate to solve the damage variables, and then establish 
the plastic-damage constitutive equation. The expression 
of the damage energy consumption rate was determined 
using the cyclic loading and unloading tests, and the 
model parameters were calibrated. Numerical calcula- 
tion tests were carried out and compared with the lab- 
oratory tests. Some conclusions were drawn as follows: 

(1) The damage dissipated energy slowly increases 
with the axial strain in the linear elastic stage, presenting 
an upward concave curve, and the growth rate is increas- 
ing. The growth rate reaches the maximum near the stress 
peak, and the damage dissipation energy is approximately 
linear with the axial strain in the residual stage after 
the peak. 

(2) The damage variable definition method associated 
with the elastic modulus is adopted. On this basis, the 
test results show that the damage variable has a damage 
variable limit less than or equal to 1. With the increase 
of confining pressure, the limit of damage variable 
gradually decreases. 

(3) Numerical calculation results show that the plastic- 
damage constitutive model proposed in this paper can 
describe the stress–strain relationship of rock under 
different confining pressures, the evolution laws of dis- 
sipated energy and damage of rock. 
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