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Analytical solution to consolidation of unsaturated soil by vertical drains with
continuous permeable boundary

QIN Ai-fang!, JIANG Liang-hua!, XU Wei-fang!, MEI Guo-xiong?
1. Department of Civil Engineering, Shanghai University, Shanghai 200072, China
2. School of Transportation Engineering, Nanjing Tech University, Nanjing, Jiangsu 210029, China

Abstract: In this paper, based on the axisymmetric consolidation theory of unsaturated soil and equal-strain assumption, an analytical
solution using the homogenization of boundary conditions and eigenfunction method is proposed to three-dimensional consolidation
of unsaturated soil enhanced by vertical drains under instantaneous loading, in which the continuous permeable boundary conditions
are properly introduced. Then, the proposed solution is verified by the special cases of double drainage boundary conditions. Finally,
the solution is analyzed using examples and the results show that the proposed solution can be used to simulate the arbitrary
distribution of permeability of the top and bottom boundary by setting reasonable interface parameters, which makes up for the
problem that the permeability of the top and bottom boundary is between pervious and impervious condition or follows an
asymmetric distribution. In addition, with a proper ratio of influence radius to drainage well radius and appropriate depth of vertical
drain, the influence of vertical flows on the dissipation of excess pore pressures is small when the ratio of radial to vertical
permeability coefficient is greater than two. Last but not the least, the above influence of excess pore pressures is more obvious with
the enhancement of the permeability of the top and bottom boundary considering the vertical flows.

Keywords: unsaturated soil; analytical solution; continuous permeable boundary; three-dimensional consolidation; vertical drain

1 Introduction boundary conditions. However, the significance of semi-

In the design and construction of highway and rail-
way subgrades, methods such as surcharge preloading
and surcharge preloading with vertical drains are usually
used for ground treatment. The settlement of the treated
ground is generally predicted using the traditional
saturated soil consolidation theory. However, in the
project, compacted soil, subgrade filling, shallow replace-
ment soil and part of offshore soft soil are all unsaturated
soils "1, A large number of studies have shown that under
the current requirements in the subgrade design code,
the degree of saturation of some subgrade fillings is
still between 65% and 87% after compaction!?), with
their consolidation characteristics being significantly
different from saturated soils. There is a deviation
between the calculated value based on the consolida-
tion theory of saturated soil and the measured value of
the project®. Therefore, it is necessary to carry out
further research on the consolidation characteristics of
unsaturated soil ground with vertical drains. In the existing
consolidation theory, the boundary of the soil layer is
usually assumed to be completely impermeable or com-
pletely permeable. However, in engineering practice,
the top and bottom boundaries of the ground are mostly
semi-permeable boundaries. Therefore, the analytical
solution to consolidation obtained under conventional
boundary conditions has certain limitations.

In terms of the consolidation of saturated soil ground,
based on Terzaghi’s!*! saturated soil consolidation theory,
Xiel! analyzed soil consolidation under semi-permeable
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permeable boundary conditions is not clear. The drainage
capacity cannot be expressed quantitatively either. There-
fore, Mei et al. [ proposed a continuous drainage boundary
on the basis of Terzaghi’s one-dimensional consolidation
theory, and proved that this boundary assumption not
only accords with the change of boundary permeability
in engineering with time, but it is also relatively easier
to obtain analytical solutions compared to the case using
semi-permeable boundary assumption. Based on the
above continuous drainage boundary conditions, Cai et
al.l” obtained a numerical solution for one-dimensional
consolidation of saturated soil layered foundations using
finite element analysis. In addition, the theory of con-
solidation under the continuous permeability boundary
has also been extended in unsaturated soils ¥,
Regarding the consolidation of unsaturated soil ground
with vertical drains, based on the theory of unsaturated
soil consolidation proposed by Fredlund et al.l', Qin
et al. "1 used Laplace transform and Bessel function to
obtain the semi-analytical solution for radial consolida-
tion of unsaturated soil ground with vertical drains under
free-strain assumption. Zhou et al.'? ultilized the dif-
ferential quadrature method (DQM) to obtain a numerical
solution for the axisymmetric consolidation of unsaturated
soils. Subsequently, Ho et al.l'>"'¥ obtained the analytical
solution to the consolidation of unsaturated soil founda-
tions through the separation of variables method and
Laplace transform under the comprehensive considera-
tion of vertical flow and radial flow, as well as the the
analytical solution of the equal-strain consolidation for
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unsaturated soil ground with vertical drains considering
the effect of smearing. In addition, Zhou et al.'> adopted
the eigenfunction method to obtain an analytical solution
for the consolidation of unsaturated soil ground with
vertical drains considering the effect of well resistance
based on the axisymmetric consolidation theory. However,
in the above studies on the consolidation of unsaturated
soil ground with vertical drains, the boundary is regarded
as the first type of boundary or the second type of boun-
dary conditions. The effect of asymmetric boundary,
semi-permeable boundary or more complicated boundary
conditions on the consolidation are not considered for
unsaturated soil ground with vertical drains.

Based on the continuous drainage boundary con-
ditions proposed by Mei et al.[%], the top and bottom
interfaces of the unsaturated soil ground with vertical
drain are assumed to be continuous permeable boundaries,
and an equal-strain consolidation model for the un-
saturated soil ground with vertical drains is established.
An analytical solution for the three-dimensional con-
solidation of unsaturated soil ground with vertical drains
is derived by homogenizing the boundary conditions
and using the eigenfunction method based on continuous
permeable boundaries. The obtained solution compre-
hensively considers the combined flow in both the radial
and vertical directions. Through the analysis of calcula-
tion examples, it can be known that under the premise
of proper ratio of influence radius to drain well radius
and well depth, when the ratio of radial and vertical
permeability coefficient is greater than a certain value,
only radial flow is considered in the consolidation analysis
process. At the same time, this general solution can be
applied to any combination of top and bottom boundary
conditions, which not only makes up for the lack of
asymmetric boundary conditions in unsaturated soil
ground with vertical drains, but also degenerates the
analytical solution to consolidation solution of unsat-
urated soil ground with vertical drain under complete
permeable or complete impermeable boundary condi-
tion. The research results will provide a theoretical basis
for the prediction of consolidation and settlement of
the unsaturated soil ground with vertical drains.
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2 Derivation of analytical solutions

2.1 Basic assumptions

(1) The air and water phases remain continuous (that
is, the degree of saturation is between 15% and 90%).

(2) Pore water and soil particles are incompressible.

(3) The permeability coefficient and volume change
coefficient of the soil are constant.

(4) The equal-strain condition is valid, that is, the
vertical deformation of the soil at the same depth is equal,
and there is no lateral deformation in the ground with
vertical drain .

(5) The strain that occurs during consolidation is
small strain.

In engineering practice, the permeability coefficient
and volume change coefficient of soil usually change
with timel'l, but under the action of small strain and
instantaneous loading, it is assumed that these parameters
are constant, which has little effect on the consolidation
behavior® 131, At the meantime, this assumption is con-
ducive to solving the consolidation equation of unsaturated
soils, and is convenient to obtain the analytical solution
of the consolidation of unsaturated soils in complex
situations.

2.2 Computational model

Figure 1 shows the axisymmetric consolidation
model of unsaturated soil ground with vertical drians.
H is the thickness of soil layer; r, is the radius of
vertical drain; I, is the influence radius; tis the
consolidation time; rand z are the radial and vertical
coordinates respectively, and the range of the affected
area is I, < r<r,. This paper also assumes that the
top and bottom boundaries of the ground with vertical
drains are continuous permeable boundaries, and the
top is subjected to the vertical instantaneous uniform
loading ¢,; u’ and u’ are the initial excess pore-
air pressure and the initial excess pore-water pressure,
respectively; by and c; are the air interface parameters of
the top and bottom of the unsaturated soil ground with
vertical drains. b, and ¢, are the water interface para-
meters of the top and bottom of the unsaturated soil
ground with vertical drains.

r

—
FY Y I IYYY.

(b) 2D schematic

Fig.1 Three-dimensional consolidation modeling of unsaturated soil with vertical drains

2.3 Governing equation
According to the axisymmetric consolidation theory

https://rocksoilmech.researchcommons.org/journal/vol42/iss5/6
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of unsaturated soil under the assumption of equal-strain!'* 1]

the control equations of excess pore-air pressure and
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excess pore-water pressure in the consolidation process
of unsaturated soil ground with vertical drains consider-
ing radial and vertical flows under instantaneous load
(See Appendix A for the derivation process) can be
expressed as follows:

A, _ 0, v, 1au

2
: e (@t 1) oo O

a

ot ‘ot ot ror’ or (0
S — 2 2
%:_Cwaua _va:(a uzw +lauw)_ yza u2W
ot ot or r or 0z
where
_ 1 r
Ua —WLW ua27trdl‘
. 2
u, :ﬁﬂ“ u,, 2mrdr
n(r) —(r) ™
C = — (3)
mldk - rn; _uaun(l - SrO)nO/(Ua)
Cl = KR, 5 (4)
gl]gM |im1ak - m; _uatm(l - SrO)nO/(ag) :l
ct = KRTy - (5)
gll?M |im1ak - m; _uatm(l - SrO)nO/(G;?) :|
c, =M ov_ K ow_ K (6)
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where U, (r,z,t)and U, (r,zt)are the excess pore-
air pressure and pore-water pressure (kPa) in the
affected zone, respectively; U,(Z,t) and U,(Z1t) are
the radial average excess pore-air pressure and average
excess pore-water pressure (kPa) under equal- strain
conditions, respectively; 0 represents the initial value
of U, , U, is the absolute average excess pore-air
pressure, U, = U +U,, , and Uy, is the atmospheric
pressure; my and m; are the volume change coe-
fficients of air and water phases under net stress (kPa™');
m; and m," are the volume change coefficients of air
and water phases under the action of matrix suction
(kPa™'); K, (K, )andK,, (K,,) refer to the permeability
coefficients of air and water phases in the unsaturated
soil in the radial (vertical) direction (m/s) ; M is the
average air molar mass (kg/mol); R is the air constant
(8.314 J/(mol-K)); T, is the absolute temperature (K);
S,y is the initial degree of saturation; N, is the initial
porosity; 7, is the unit weight(kg/ m*); C,,C% ,C?,
C,,CY and C! are all parameters; and ¢ is the
gravity acceleration (m/s?).

2.4 Initial conditions and boundary conditions

2.4.1 Initial conditions

u,(r,z,0)=u;, u,(r,z,0)=u, (7
2.4.2 Boundary conditions

At r=r,, thereis
ua(rW’Z’t)= UW(rW,Z,t)zo (8)
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At I'=r thereis

ou (r.z,t)]  au, (r.zt)|
or oo

r=r, r=r,

At Z=0, there is

u, (r,0,t) =u’e™, u, (r,0,t)=ule™ (10)
At z=H, thereis

u,(r,H,t)=ue®, u, (r,H,t)=ue™ (1D

The values of continuous permeable boundary inter-
face parameters b1, 1, and by, ¢z in Egs. (10) and (11)
refer to the analysis of related parameters of unsaturated
soil consolidation based on continuous boundary®-1,
In engineering practice, pore pressure sensors can be
placed at the top and bottom interfaces of the unsaturated
soil ground with vertical drain to collect data and to
acquire the relationship between pore pressure and time.
Finally, the specific interface parameter values can be
obtained through inversion methods [6- 81,

From Egs. (10) and (11), it can be seen that the con-
tinuous permeable boundary can strictly satisfy the initial
conditions of the boundary, and it can also reflect the overall
trend that the permeability of the top and bottom inter-
faces decrease monotonically during the consolidation
process. When by, ¢, b2, ¢;—0, it can be degenerated into
the impermeable top and impermeable bottom (ITIB) con-
dition; when by, ¢, by, c;—o0, it can be degenerated into
the permeable top and permeable bottom (PTPB) condition.
When the appropriate interface parameters are selected,
the boundary conditions with asymmetric permeability
can also be obtained, for instance, the permeable top and
impermeable bottom (PTIB) condition, the semipermeable
top and ipermeable bottom (STIB) condition , the semiper-
meable top and semipermeable bottom (STSB) condition
but different in permeability, etc.

2.5 Derivation of analytical solution

Reorganize the governing Egs. (1) into

— W 2
i(rauaJ: r —caaUW—%—c;;@ia
or\ or) C. ot ot t674

— — 2
Q(r%jz; % 3, v O,
or\ or C, ot ot 0z
After Egs. (12) is integrated on r and combined with

Egs. (8) and (9) of the boundary conditions, it is sub-
stituted into the Eqs. (2) to obtain

=0 »

0
w

(12

— — 2
U =AC, ou, +%+Cjz—a u;
ot ot 0z
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where
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Equations (13) are the homogeneous partial dif-
ferential equations, and their boundary conditions Egs.
(10) and (11) are non-homogeneous boundary conditions.
To solve the problem, the non-homogeneous boundary
conditions can be homogenized, that is, let
g =y, + 1= Zuoe oy 2 ule o

H H

a a

(15
0 =v, +0- T2 ety 2o
v H H

At this moment, V,(z, t) and Vv_(z, t) are inter-
mediate variables, and their boundary and initial con-
ditions are: Vv, (0, t) =v,(0,t)=0, v, (H, t) =v, (H,
t)=0; v,(z,0)=Vv, (z,0)=0.

Substituting Eqgs. (15) into Egs. (13), then
ov, 1 . OV, ov,

+C,—X=9¢
ot A" or ot
ov, 1 oV, ov, (16)
—t-—V, +C) —+C —*t=
o W oz ot

where
¢ (z,t) :u(blugeqt +C,bule™ +lufemj +
H A

z |
—(Clue +C,cule ™ +—Ule 'j amn
H A

H-z 0 bt 0.t | O—b,tj
z,t)=——bu e ™ +C bue™ +—u e ™ |+
v(zt)=—4 (sz Whte ™+,

i(czu\‘ie‘%‘ +C cule ™ + Ly e‘%‘j (18)
H W
ExpandV, (z,t), Vv, (z,t) according to eigenfunction:
v, (zt)=
v, (2,t)
where J = jm,(j=1,2,3,+); 0,(0)=0,&(0)=0.
Substituting Egs. (19) into Egs. (16), according to

the orthogonality of the trigonometric function sin(Jz/H)
in the interval [0, H], and so

™M

) (t)sin%z

(19

I
™8

& (t)sin%z

i

dé (t do (t
a)(t)=ﬂw é:J()_'_/'La wj()_/lgﬁ(t)
! dt dt ar (20
do () d& (1)
§J (t) = na let + nw let - 77q'//1 (t)
where
AH? WC_H?
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YR Y G BRI VENRVVCURE
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2 2
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?, (t)= (bl +1J We ™ +Chule™ —
(1) ot 1) e

Q24

v, (t)=C,bue™ + (bﬂ—\%vjuaeblt—
(1) Cuote ()0 Juke™

Introducing arbitrary constants 0, and 0, , consider-
ing Egs. (20), and so

(25

d
Q1a)j (t) + Q2§j ( ) (ql/1 + qZUa)a;—t() +
a (t) (26)

Introducing the constant Q through the variable
@ (t) =0, (t) +0,4; (t) , from Eq. (26) , and thus

Qa4 =G4, + %7, Q4 =4, + G, 27
In addition, the condition for Eq. (27) to be valid is
(4 -Q)(m, —Q)= A1, =0 (28)

The roots Q, and Q, of Egs.(28) can be expressed
as

Qs =%[ﬂa +77W¢\/(ﬂua —77W)2 +4lw77a} (29)

When Q=Q,, giand g, in Eq. (27) are qi1 and Qa1,
respectively. Correspondingly, when Q=Q,, g and
g2 are (12 and Q2 , respectively.

In summary, Eq. (26) can be expressed as the
following first-order linear non-homogeneous ordinary
differential equations:

2(0-04%0 4y -
@(1)=0. dqjt( LA
where

Q%(t) o (1) + 6, (1), () =0, (1) +£(1)
/(Qz ) /5’1( ) ’1q(pj( )+ SSUAS (t)
0 zﬂw/ Q -1), B ()=t 40; () + 7, (1)

D
The general solution of Egs. (30) are
D=1 +q,n,7,
1= %461 T %4 (32)
D, = qlzlqé,z +1,%

where

=C u\(:/ [sz(Qlabz)_(_l)j CZE(QNCZ):|+
W] (b+A")E(Qu0)-(-1)' (¢ + A")E(Quc)]

(33)
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where
Ql(t):q2]62_61,61 (t):q1291_92 (41)
G2 -1 G20 -1
6 = (et/Q‘ - 1)(/1qA‘1uf + q2,77qW‘1u3) (42)
0, = (/% = 1) (g, A AU + W W) (43)

Uy |:(bz +W71)E(Q1abz)_(_1)j (Cz +W71)E(Q1,C2)}
(35)
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(36)
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(37)
Combining Eqgs. (15), (19) and (32) results in:

0=y , (t)siniz +uufe‘blt +E e
- oA (38)
P X . J H -7 0 —bt z 0 _—Ct
U, =>¢&(t)sin—z+ wWe™ +—ue™
W Egj( ) H H W H W
where
, (t) _ 50D -, , é:j (t) _ 4,2 -2, (39)

0,0y, -1 GG, -1

Equations (38) are the analytical solution to equal-
strain consolidation of axisymmetric unsaturated soil
ground with vertical drain under instantaneous uniform
loading considering continuous permeable seepage bou-
ndary conditions.

3 Verification and example analysis

An example is used to verify the analytical solution
of the axisymmetric consolidation of unsaturated soils
with vertical drains under the continuous permeable
boundary. And the consolidation characteristics of the
ground is also analyzed. In the example used in this
paper, the physical parameters are consistent with those
adopted by Qin et al. ('l and the parameters are as
follows: k,, =10 mss, k,, =2k,,, S,=80%, n,=50%,
r,=02m, ,=1.8m, H=5m, m; =-5x10" kPa™,
m, =-2x10"* kPa™' , m'=-2x10"kPa™", mi=1x
10 kPa™', ¢, =100kPa, u’=20kPa, u’ =40 kPa.
3.1 Verification

When by, ¢1, by, ¢;—0, the analytical solution in this
paper can be degenerated into an analytical solution of
equal-strain consolidation of unsaturated soil ground
with vertical drains under the ITIB condition, and so

0= 3[1-(-1)' ] (t)sin >z
H
w | ; (40)
0, =3[1-(-1)' |7, (t)sin—z+u)
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However, when bi, ci, b2, c2—o, the analytical
solution of equal-strain consolidation under continuous
permeable boundary conditions in this paper is the
analytical solution of equal-strain consolidation of
unsaturated soil ground with vertical drain under the
PTPB condition:

0 -3[1-(-1)']2, (t)sin%z

=1

_ 5 (44)
U, = j2=1[1—(—1)‘}02 (t)sin- 2
where
q21¢2_¢1 qlzﬂ_@
Q,(t)=—"—,0,(t) =————= (45)
2() Q12q21_1 2() Q12q21_1

¢ = [ﬂq (0 +Cu))+am, (Cwuf +ul ):|(Ql ) e
(46)

<[4 (0Ca ) en C @) e

47

The correctness of the analytical solution in this
paper is to verified by comparing Eqs.(44) with the
result of Ho et al.[4]

At z = 0.5H, the comparison curves that U, and 0,
dissipate with time under the PTPB condition is plotted
in Fig.2, where the time factor T = Kkt ;/Wmlskrcz)
The dissipation curves in Fig. 2(b) are clearly divided
into two stages when k /K, is greater than 1, and
there is a plateau in the middle of the two stages. This
may be due to the fact that U, needs an adjustment
period to continue to dissipate due to the existence of
suction just after the dissipation of U, . Comparison
between Figs. 2(a) and 2(b) demonstrates that when
the excess pore-air pressure dissipates to 0, it is just
the beginning of the plateau, which is also the diving
point between the early and late periods of the dissipa-
tion curve. But the plateaus are at the same position
when different values of k, /K are taken. This is because
when the initial degree of saturation and other para-
meters are the same, only changing the air permeability
coefficient will only affect the rate of dissipation of
U, , but will not affect the degree of dissipation of T, .
In addition, after the end of the dissipation of U, , the
onset time of the dissipation of U, and the dissipation
rate tend to be consistent due to the same values of the
water phase related parameters. The above phenomenon
is almost consistent with the results of Ho et al.l'¥ when
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ignoring the smearing effect, implying that the analytical
solution in this paper is reliable.

1.0 ——Solution in this paper (PTPB)
A Solution by Ho et al. ['4
08
- 06}
2
= 04 F 10%) 107!
z=0.5H
02} Ky /K =2
k., =10"m/s
0.0 =
10107 1010 10* 1073 102 107" 10° 10" 10?

T

(@) T /U’ T curves

Solution in this paper (PTPB)
o Solution by Ho et al. [4]

510!

K /Ky =2
02} k,, =1010m/s

0.0 " " " " " "
107 10 10 10* 1073 102 107" 10° 10' 10?
T

(b) T, /u) -T curves
Fig.2 Comparison of the solution in this paper under
PTPB condition with the result of Ho et al. 4]

3.2 Example analysis

To explore the three-dimensional consolidation cha-
racteristics of unsaturated soil ground with vertical
drains under continuous permeable boundary condi-
tions, in this paper, calculation examples are used to
compare the excess pore-air pressure and excess pore-
water pressure with respect to radial, vertical permea-
bility coefficient ratios (i.e.k,, /k,and K, /K, ), depth
Z, and permeability of the top and bottom boundaries
of the ground with vertical drains (i.e. different values
of interface parameters by, €, b2, and ¢;). The focus is
on the influence of these parameters on the law of
pressure dissipation.

Figure 3 shows the dissipation curves of U, and
U, over time at z = 0.5H, with different radial and
vertical permeability coefficient ratios under the PTPB
conditions. The dissipation curves are compared with
the existing consolidation analytical solution that only
considers radial flow. It can be seen from Fig. 3 that
the three-dimensional consolidation that considers
both radial and vertical flows and the axisymmetric
consolidation that only considers the radial flow shows
that regardless of the initial excess pore-air pressure
dissipation or the excess pore-water pressure dissipa-
tion, when the permeability coefficient ratio between
radial and vertical flows (i.e. k. /k,) takes a value
of 5.0, the vertical seepage has almost no effect on the
dissipation of the excess pore pressures; when the
k. /k, value is 2.0, the vertical flow has a slight effect

https://rocksoilmech.researchcommons.org/journal/vol42/iss5/6
DOI: 10.16285/j.rsm.2020.6301

on the dissipation of the excess pore pressures. It can
be concluded that in the unsaturated soil ground with
vertical drain at proper ratio of influence radius to drain
well radius and well depth, when the ratio of radial to
vertical permeability coefficient is greater than 2.0, the
vertical flow has hardly any effect on the dissipation of
excess pore pressure. Compared with the dissipation curve
of U, in Fig. 3(a), the dissipation curve of U, in
Fig. 3(b) is different. The dissipation is divided into
two stages. When Kk, /k,, (K, /k, =2 remains con-
stant) takes different values, the dissipation curves in
the first stage (before the end of U, dissipation) almost
coincide; until the air phase dissipation is completed
and adjusted to enter the second stage, the dissipation
curves are different. This indicates that in the process
of three-dimensional consolidation of unsaturated soil
ground with vertical drains, the first and second stages
of dissipation of U, are controlled by the dissipation of
excess pore-air pressure and excess pore-water pressure,
respecttively.

kar / kaZ k\*«l’ / K‘«Z
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0.0 -
0+ 1073 102 10" 10° 10! 102

T
(b) T, /ul T curves
Fig.3 Dissipation of average excess pore-air pressure and
pore-water pressure under different ratios of radial to
vertical permeability coefficients

The dissipation curves of the average excess pore-
air pressure and the average excess pore-water pressure
over time along the depth direction is plotted in Fig. 4
in the equal-strain consolidation. The corresponding
condition in Fig. 4 is the unsaturated soil ground with
vertical drain under the assumption that the top boundary
is completely permeable and the bottom boundary is
completely impermeable (asymmetric permeable boun-
dary of PTIB condition). Here, the interface parameters
b1, c1, by, €2 take the value of 10%, 1072, 107, 107 57,
respectively. It can be found that the excess pore pre-
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ssures quickly dissipates to zero in the area near the
completely permeable boundary; while in the area
surrounding the completely impermeable boundary, the
excess pore pressures remains the same as the initial pore
pressure for a long period of time. By observing Fig. 4(b),
it can be seen that during the period from 5x10* s to
10° s, the average excess pore-water pressure dissipa-
tion curve is close to parallel along the depth, and the
average excess pore-water pressure value hardly changes
during this period. This phenomenon is in line with the
phenomenon of "plateau” in the dissipation curve when
k, /k, =10 at z=0.5H in Fig. 2(b).

Figure 5 shows the distributions of the average
excess pore-air pressure and average excess pore-water
pressure along with the depth during the consolidation
process when t=2x10* s and t = 2x10’s, respectively
for the unsaturated soil ground with vertical drain
under different interface parameters of the top and

0.0 t/s
[ T1x10?
0.2 [T1x10
[ 5x10°
0.4 I 1 <10¢
T I 1 0¢
N 06 . 410
: . | <105
. 505
0.8 . <00
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1.0 k, /k, =10
0.0 0.2 0.4 0.6 0.8 1.0
o k,/k,=1

u/u

a ! Ya

(a) Z/H-T, /U curves

bottom boundaries. It can be observed that the —top
and bottom boundary of the unsaturated soil ground
with vertical drains change from completely impermeable
to completely permeable with the increase of the
interface parameters’ values (i.e. b1, ¢1,b2, C2). Observ-
ing the pressure distribution curves under the ass-
umptions of ITIB, STIB and PTIB in Figs. 5(a) and
5(b) (where ITIB: by =c¢c;=10%s! by=c, =107 s7};
PTPB: b;=c¢c; = 102 Sfl, b,=c = 1072 871; STSB: b; =
c1=2x10°s", by=c,=2x10"*s'; STIB: by =2x10°°
st b=10%s"¢c,=10°s";¢,=10"s"; PTIB: b, =
10°s!, by =102%s", ¢, =10°s"; ¢, =107 s7"), it can
be found that when the top—boundary permeability
assumption changes from completely impermeable to
completely permeable, the excess pore pressure dis-
sipation curves differ at depths less than z;; when
converting from completely impermeable to semi-
permeable, the difference between the two curves is

Fig.4 Dissipation of (a) average excess pore-air pressure U, and (b) pore-water pressure U,
along the vertical direction with time
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Fig.5 Distribution of average excess pore-air pressure U, and pore-water pressure u, along vertical direction under
different interface parameters and the ratio of radial to vertical permeability coefficients
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only observed when the depth is less than z, . In Figs. 5(c)
and 5(d), when Kk ,/K,= 5 (according to the
analysis of Fig. 3, the vertical flow can be ignored at
this time), Z, = Z, and the value is equal to 0.5H. When
k,, /K, is taken a different value compared to the one
mentioned above, the comparison of excess pore
pressure distribution shows that when the ratio of
radial to vertical permeability coefficients is less than
a certain value, the effect of vertical flow on the
dissipation of excess pore pressures of unsaturated soil
ground with vertical drain is more significant. From
Figs. 5(a) and 5(b) where z > z,, it can be found that
the larger the permeability of the top interface, the greater
the effect of vertical flow on the dissipation of excess
pore pressures in the depth direction. In addition, by
comparing the pressure dissipation curves under the
STSB and STIB conditions, it is found that only the
average excess pore-water pressure changes when the
top boundary interface parameter b, is changed.

4 Conclusion

In this paper, an analytical solution of axisymmetric
consolidation for unsaturated soils ground with vertical
drains based on continuous permeable boundary under
instantaneous loading. Through the analysis of examples,
conclusions obtained are summarized as follows:

(1) The analytical solution for the consolidation of
the unsaturated soil ground with vertical drains obtained
in this paper can be used to simulate the arbitrary dis-
tribution of the top and bottom boundary permeabilities
in reality by setting reasonable interface parameters,
which makes up for the current inability to account for
the permeability at the top and bottomboundaries
between permeable and impermeable, and the inability
to consider the asymmetric distribution of permeability.
This means that the solution in this paper is continuous
and asymmetric.

(2) Under the premise of proper ratio of influence
radius to drain well radius and well depth, the vertical
flow has less influence on the dissipation of excess
pore pressures when the ratio of radial to vertical per-
meability coefficients is greater than 2.

(3) When considering vertical flow, the larger the
permeability at the top and bottom boundaries, the
greater the influence of vertical flow on the dissipation
of excess pore pressures.

(4) In different unsaturated soil ground with vertical
drains, the water permeability (or air permeability) of the
top and bottom interface increases with the increase of
the interface parameter value, which will only accelerate
the dissipation of corresponding excess pore-water
pressure (or excess pore-air pressure).
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Appendix A

Al Governing equation of water phase

For the unsaturated soil unit in the foundation of a
three-dimensional axisymmetric shaft, the direction of
water flowing from the foundation to the shaft in the
radial direction is defined as the positive direction; the
direction of water flowing vertically upward to the top
surface is defined as the positive direction. The velocity
of the water flowing into the unit in the radial and ver-

. o ov ov
tical directions are V,, + a‘r” dr and v, + 6_de

respectively. Using the net flow rate of water
of the unit, that is, the change in water volume is equal
to the difference in the volume of water flowing into
and out of the unit within a certain period of time:

No__ ( W, Mg j rdrdzd0 = —(—a"w + M jvo

ot or 0z or oz
(A1)
Where Vy, is the volume of water, V, =rdrdzd@ .
Rearranging Eq. (A1), we can get
oV
( W/VO):_ ale’_*_avwz (Az)
ot or 0z

Assuming that water seepage conforms to Darcy's
law, namely

a(uw /yw) I(wr auw

V. =-— = —

wr W o . or (A3)
o(u K,, ou

vV :_k ( w/yw):_ wZ w (A4)

wZ wZ az }/W az

After differentiating Eqs. (A3) and (A4) with
respect to I and z, respectively, substituting them into
Eq. (A2), we can get
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(V. Ky (07U, 10 K, 0
( w/VO) wr[ LIw += uw]_’_Lz uw (AS)

a g o rar )y a

According to Fredlund’s unsaturated soil consolida-
tion theory and equal-strain assumption, under loading

Ko:

de/\/O:mlvf(d(qO_Ua)_‘_m;Nd(Ua_Uw) <A6)

Substituting Eq.(A6) into Eq. (A5), we can obtain
the governing equation for water phase:

— —_ 2 2T
ou,, __c ou, _Cw(a u, +l%)_cxa u,

— . o > > (A7)
ot ot or r or 0z

where C,, C¥and C., are shown in Eq. (6).
A2 Governing equation of air phase

The air flow of the unsaturated soil elemnt can be
calculated by the mass flow rate of air in the radial and
vertical directions J,, and J,,, respectively. The net
mass of the air flow of the elemnt is equal to the
difference in mass between the air flowing into and
out of the soil in a period of time:

aMa :—(aJar +%j rdrd@ = _(%4_%}\/0

ot ? 0z or 0z

(A8)
where M, is the mass of the air in the soil, and
M, =V,p,;V, and p, are the volume and density
of the air, respectively.

Rearranging Eq. (A8) gives

) (@, D)

A9
ot or oz (A9)

Assuming that the air flow in unsaturated soil
conforms to Fick’s law:

ou, _ k, au,

J =-D - Za
ar P g or (A10)
ou k_ou
J =D 2—_—a 2
a w g, g oz (A1D)

where D, and D, are the corrected radial and
vertical air flow conductivity constants in the soil.

Taking derivatives of Egs. (A10) and (All) with
respect to r and z, respectively, and then substituting
them into Eq. (A9) leads to

a(va/vo)+ Va a&_

ot PV, ot
s ) (A12)
k, (0u, 1ou, k, O°u,
e D e
gp, \ or r or gp, Oz
The air is defined as an ideal air, so there is
oM (A13)
Pa RT.

Substituting Eq. (A13) into Eq. (A12) yields
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a(Va/\/())_'_ Va %_
ot ayv, ot

RT k, (0°u, 1au,

— S+ — +

M gd,\ or" r or
Equation (A14) is a non-linear equation, and some

of the coefficients depend on the pressure of the air.

However, when the excess pore-air pressure is much

lower than the atmospheric pressure, the absolute

pressure U, can be approximated as a constant (. .
Based on Boyle’s Law, we have

0

=2 (A15)

a

RT k, &y,
M gd, oz°

(A14)

s o||§,<
[} | =
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where \730 is the initial air volume before consolida-
tion.
From Eq. (A15), we can get
V U,
a_—_am (1S )n
l"]aVO (00)2( rO) ’

(A16)

a

In the same way, by taking the derivative of Eq. (A6)
with respect to t, and combining with Eqs. (A14) and
(A16), the governing equation of the air phase can be
obtained as follows:

— — 2 2
LN UM A S oS S ON T
ot ot or- ror 0z

Equations for calculating C,, C!, and CI, are
the same as Egs. (3) to (5).
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