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A multiparameter non-proportional shear strength reduction method for slope 
stability analysis based on energy evolution theory 
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Abstract: In the failure process of slopes, the contribution of different mechanical or material parameters to the stability is different 

and dynamic. In the context of shear strength reduction method (SRM) for stability analysis, it is of great significance to determine 

the factor of safety (FOS) by considering non-proportional reduction for these different mechanical or material parameters. This study 

firstly examines the mechanism of energy evolution in the process of slope failure. Then, the contribution of different mechanical 

parameters to dissipated energy evolution is weighted in conducting SRM, based on which we proposed a new method to calculate 

the FOS with multiparameter non-proportional reduction of shear strength parameters. This method can reflect the characteristic of 

FOS following the whole reduction path of different shear strength parameters. Subsequently, the proposed method is verified by 

examples. Finally, the influence of the reduction step and reduction path of the non-proportional reduction factors on the calculated 

FOS results is discussed. 

Keywords: energy evolution; shear strength reduction (SRM); factor of safety (FOS); degradation; reduction path 
 

1  Introduction 

It is well known that the methods commonly used 
for slope stability analysis mainly include limit analysis 
method (upper limit method and lower limit method), 
limit equilibrium method and shear strength reduction 
method (SRM). The strength reduction technique was 
first proposed and applied by Zienkiewicz et al.[1] in 1975, 
and then named the SRM by Matsui et al. [2] in 1992. 
Compared with the limit analysis method and the limit 
equilibrium method, SRM has the following advantages: 
on the one hand, it does not need to presuppose the shape 
or position of the fracture surface and the internal force 
between the bars, it can monitor the entire destruction 
process; on the other hand, complex conditions such 
as seismic forces, pore water pressure and supporting 
structures can be calculated. With the improvement of 
computer performance and the development of numerical 
calculation software, SRM has been widely used by many 
researchers in the stability analysis of geotechnical 
engineering[3–9].  

Based on the Mohr-Coulomb strength criterion and 
the concept of strength reserve, the traditional SRM 
usually adopts a proportional reduction method by which 
the strength parameter cohesion c and the internal fric- 
tion angle   use the same reduction factor to obtain 
the new cohesive force and internal friction angle, then 
gradually increase the reduction factor to make the slope 
reach the limit state, and the reduction factor at this time 
is defined as the factor of safety (FOS). In fact, the strength 
parameters(c and  ) of the slope in the failure process 

have different and dynamic contributions to maintain 
the stability of the slope[10–11]. A large number of tests have 
shown that the degradation rate and degree of cohesive 
force c and internal friction angle   of geotechnical 
materials are different when they deteriorate[12–19]. When 
using SRM for stability analysis, the difference of dif- 
ferent mechanical parameters of materials should be 
considered in the reduction process, that is, the non- 
proportional reduction between the parameters. In add- 
ition, a variety of geotechnical materials or supporting 
structures are often involved in geotechnical engineering, 
and the attenuation rate and degree of mechanical par- 
ameters among different geotechnical materials, geo- 
technical materials and supporting materials are not 
the same. In the traditional SRM, a variety of geotechnical 
materials are often reduced in equal proportions and 
the reduction of supporting materials is often not con- 
sidered; or the rock and soil mass and supporting struc- 
ture are reduced in equal proportions without considering 
the difference between materials in the process of reduc- 
tion. Therefore, it is of great significance to study the 
multiparameter non-proportional reduction for different 
mechanical parameters of the same material and dif- 
ferent materials. The number of reduction parameters 
can be two or more, depending on the selected strength 
criterion[20] and the number of reduced materials. 

The research on the two-parameter non-proportional 
reduction method (also known as the double reduction 
method) currently focuses on homogeneous slopes. 
Scholars have achieved certain research results. As 
early as 1948, Taylor[21] believed that c and   should 
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adopt different factors of safety, and proposed that the 
working order and degree of c and   are different 
when the slope is sliding. Tang et al.[22], Jiang et al.[23], 
also believed that the attenuation speed and degree of 
c and   are different, and proposed that the strength 
parameters (c and  ) should adopt different reduction 
factors to reflect the contribution to the slope stability, 
thus different reduction factors or factors of safety 
should be used. Bai et al.[20] proposed a new framework 
for defining factors of safety reference slopes, which 
theoretically discussed the relationship between the 
double reduction method and the traditional SRM, 
providing a theoretical basis for the study of multi- 
parameter non-proportional reduction. This section 
summarizes the representative research results of the 
non-proportional SRM for homogeneous slopes in 
recent years, as shown in Table 1. Among them, the 
mathematical average method obtains the reduction 
factors of c and   firstly when the slope is reduced 
from the initial state to the instability failure, then the 
average value is processed to get the comprehensive 
FOS. Its physical significance needs to be further 
clarified. The strength reduction path method obtains 

the reduction path diagram of c and   by calculation, 
and then derives the calculation formula of the com- 
prehensive FOS from special cases to general conditions 
according to the length of the reduction path. In the 
limit equilibrium method, the FOS for a circular slip 
surface is actually the ratio of the anti-slide moment to 
the slide moment. Although the FOS possesses a clear 
physical meaning, it needs to presume the shape and 
position of the slip surface, which is artificial and cum- 
bersome to calculate. For non-circular arc and non- 
linear sliding surface, the shear force on the sliding 
surface is neither the vector sum of the force in space 
nor the algebraic sum of the force projected in a certain 
direction. Therefore, its rationality has been questioned 
by some scholars[8]. In the reference slope method, the 
critical maximum common tangent line is calculated, 
and then the ratio of the sum of the initial shear strength 
at all common tangent points of the slope to be assessed 
and the sum of the reduced shear strength at all common 
tangent points of the critically damaged slope is defined 
as the comprehensive FOS. The method has clear physical 
meaning and provides new ideas for the study of non- 
proportional shear strength reduction. 

 
Table 1  Definitions of FOS using double non-proportional reduction method 

Method Comprehensive definition of FOS Literature source 

Mathematical average 
method 

FOS (SRF +SRF )/2c   Tang et al.(2007)[22], Jiang et al.(2013)[23]

FOS 2 / (1 / SRF 1 / SRF )c    Wu et al.(2018)[24] 

FOS SRF SRFc    Yuan et al.(2016)[25],Zhu et al.(2018)[26] 

2 2FOS (SRF SRF ) / 2c    Deng etc.(2019)[11] 

Shear strength reduction 
path method 

2 2FOS 2SRF SRF SRF SRFc c    Yuan et al.(2013)[27] 

2 2FOS 1 / 1 (1 1 / SRF ) (1 1 / SRF ) / 2c         Isakov et al.(2014)[28] 

Limit equilibrium method FOS min [ ]d d ( tan )d ( / tan / SRF )dc

S Ss S
l l c l c SRF l     


        Zheng et al.(2005)[8],Wu etc.(2018)[24] 

Reference slope method 0 0
1 1 1

FOS 2 tan sin cos
i

N N N

c o c i c i
i i i

c r r     
  

      
      Bai et al.(2014，2015)[29, 20] 

Note: SRFc is the cohesion reduction factor; SRF is the internal friction angle reduction factor; S is the set of all potential slip lines of the slope; s is a 

specific slip line in the set S;  is the shear stress on s; [ ] is the shear strength that meets the Mohr-Coulomb criterion on s; 0 and c are the sum of the shear 

strength of the Mohr-Coulomb strength line and the tangent point of the stress circle at initial state and failure, respectively; and other parameters are detailed 
in the corresponding literature. 

 

From above results, it is not difficult to find that 
the existing non-proportional reduction method usually 
sets a reduction ratio k ( SRF SRFck  ) in advance, 
and then reduces a stable slope to the limit state at a 
time according to the reduction ratio k. The key idea is 
to find a limit state which is the reference state[20] under 
a given reduction ratio, and then use the method in 
Table 1 to calculate the FOS of the current state relative 
to the limit state, which reflects the current state of the 
slope relative to the safety reserve of the limit state, 
while little attention is paid to the calculation of FOS 
evolving with the reduction path. In fact, as mentioned 
above, under the influence of external environment, 
the mechanical parameters of slope rock and soil and 

supporting materials usually undergo different degrees 
and dynamic changes of degradation processes, and the 
evolution process of the slope failure exists objectively. 
Corresponding to parameter reduction, on the one hand, 
the process of parameter degradation is actually the 
process of parameter reduction[20]; on the other hand, the 
path of different parameter reduction in the process of 
parameter reduction is variable, that is, it is not necessarily 
linear, the contribution of different parameters to slope 
stability in the whole reduction process is different and 
dynamic. In the process of the slope reduces from the 
initial state to the limit state, the FOS evolves dynamically 
along the reduction path. In addition, the engineers 
and technicians not only need to learn about the FOS 
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of slopes at current stage, but also need to understand 
its evolution mechanism over time, so that they can 
choose the right time to carry out targeted reinforce- 
ment. Therefore, from the perspective that the slope 
serviceability capacity may change from time to time, 
the study of the evolution mechanism of FOS is of both 
engineering and academic significance. 

Essentially, the slope failure is an energy-driven 
process[30] and a process of gradual destruction. When 
the mechanical parameters of rock-soil or supporting 
materials deteriorate, the stress and strain within the 
slope system will be redistributed and energy will evolve, 
which conforms to the law of energy conservation. 
Compared with the commonly used three failure criteria 
i.e., plastic zone penetration, non-convergence cal- 
culation and characteristic point displacement mutation, 
the use of energy evolution criterion to evaluate slope 
stability is more accurate and has clear physical mean- 
ing[30–31] when performing the strength reduction. In 
view of the above research background, this paper 
firstly analyzes the energy evolution law of slope 
system when the shear strength is reduced based on 
the energy evolution theory, then takes the contribution 
of different mechanical parameters to the evolution of 
dissipated energy in the reduction process as the weight 
of different reduction factors. Based on the definition 
framework of factors of safety of reference slope [20], a 
method for getting the FOS of multiparameter non- 
proportional reduction considering the correlation of 
the parameter reduction process is proposed. This 
method can obtain the characteristic of FOS along the 
reduction path, and the weight of contribution of 
mechanical parameters. Then, a numerical example is 
given to verify the rationality of the proposed method. 
Finally, the effect of reduction step size and reduction 
path on the calculated FOS is discussed. 

2  Method for solving the FOS of multipara- 
meter non-proportional shear strength reduction 

2.1 Energy analysis principle of failure process of 
slopes 

Under external load and self-weight stress, the energy 
of slope system is in a dynamic equilibrium process of 
transformation and dissipation. The work done by the 
external load to the material, that is, the input energy, 
part of which is stored in the form of elastic strain energy, 
and the other part is transformed into dissipated energy 
through damage and deformation. Since the capacity 
of slope to store elastic strain energy and dissipate 
energy through deformation is limited, when the total 
input energy is greater than the energy that the slope 
can withstand, the excess energy will be converted 
into kinetic energy. At this time, the slope reaches the 
limit equilibrium state and sliding failure occurs [32]. 
The process of slope energy input, transmission, con- 
version and dissipation always maintains dynamic 
balance and obeys the law of conservation of energy, 
namely  

g e d kE E E E                            （1） 

where gE is the work done by dead-weight stress; eE  
is the elastic strain energy; dE is the dissipative energy, 
and kE is the kinetic energy.  

The failure of slope is essentially a process of energy 
dissipation. In the process of slope system transition 
from a stable state to a critical state, the material deforma- 
tion continues to increase, and the material continuously 
damage in the system until slope failure occurs. Con- 
sidering the reduction of strength parameter c and , 
for strength reduction once, the energy evolution of 
the slope system can be expressed as [30–31] 

g e d kE E E E                           （2） 

where gE , eE , dE and kE  are the increments 
of gravitational potential energy, elastic strain energy, 
dissipative energy and kinetic energy after strength 
reduction for once, respectively. 

For the slope system under consideration, all kinds 
of energy can be calculated as follows [30–31]: 

g d
V

E g h V                            （3） 

e e1
d

2V
E V                             （4） 

d total e1
( )d

2V
E U V                       （5） 

k 21
d

2V
E V                            （6） 

where  is the density; g is the acceleration of gravity; 
Δh is the height change of the unit centroid in the 
direction of gravity; is the stress tensor; e is the 
elastic strain tensor, e e

ij ij    ; total edU    , is 
the total strain energy;  is the velocity at the centroid 
of the element; and V is the volume of the slope. 

The dissipated energy increases with the rise of 
reduction coefficient. When the critical state is reached, 
the dissipated energy will have a sudden change, and 
the slope will lose its stability[30]. When a slope is reduced 
from the initial state to the critical state, the energy of 
the slope system will continuously transform and the 
energy dissipation will continue to increase. We take a 
homogeneous slope as an example. After the strength 
is reduced once, the total energy dissipation increment 
of the slope system is assumed to be dE . The increment 
in dissipation energy generated by the reduction of 
cohesive force c after strength reduction once is d,cE , 
and the increment in dissipation energy generated by the 
reduction of the internal friction angle   is d,E  . 
The nonlinearity of the slope in conducting strength 
reduction[33] suggests that the increment in the dissipated 
energy of the slope system due to the joint reduction of 
c and   is d, _cE  . Therefore, the dissipated energy 
change of the slope system can be expressed as 

d, d, d, _ dc cE E E E                       （7） 

where dE  is the total energy dissipation increment 
of the slope system after conducting strength reduction 
once; d,cE is the increment in dissipation energy of 
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the slope system caused by the reduction of c alone  
after conducting reduction once; d,E  is the increment 
in dissipation energy of the slope system induced by 
the reduction of   alone once; d, _cE  is the incre- 
ment in dissipated energy of the slope system caused 
by joint reduction of c and  after reduction once, 
reflecting the increment in dissipated energy caused by 
nonlinearity and correlation when the two are reduced. 
In particular, when the energy change in conducting 
strength reduction is linear, d, _ 0cE   , nameley 

d, d, dcE E E     . 
2.2 Multiparameter non-proportional reduction 
based on energy evolution theory to solve FOS over 
time 

In reality, slope mechanical parameters will deter- 
iorate, and the deterioration (reduction) of its mechanical 
parameters is a gradual process and follows a certain 
reduction path. Based on the Mohr-Coulomb strength 
criterion, considering the reduction of the strength par- 
ameters c and  , it is assumed that the strength reduction 
can be divided into n+1 states, such as state 0, ..., state 
k-1, state k, ..., state n, as shown in Fig. 1. According 
to the definition of safety factor of slope in literature[20], 
shear strength is selected as the key attribute of the 
slope studied, so the ratio of shear strength in one state 
of slope to that in reduced reference state is the safety 
factor of a state of slope relative to the reference state.  
The strength reduction process can be deemed as a 
 

process in which the reference state is further reduced 
and updated, approaching the limit state, until the refer- 
ence state is just in the limit state( FOS  1.0). Based 
on the above concept, the FOS of any state k-1 in Fig. 
1 can be expressed as 

1FOS( 1) SRF SRF SRF FOS( ),

  0 ,  1
k k nk n

k n n
   




≤ ≥
     （8） 

SRF (SRF ,SRF )c
k f                       （9） 

1 1SRF ,SRF tan tanc k k k kc c              （10） 

where FOS( 1)k   is the comprehensive FOS when 
the slope is in state 1k  ; FOS( )n is the residual FOS 
after the slope is reduced n times, if the state n is just 
in limit state, then FOS( ) 1.0n  [20]; 1kc  and 1k  are 
respectively the cohesion and internal friction angle 
before the kth reduction; kc and k  are respectively 
the cohesion and internal friction angle after the kth 
reduction; SRFc  and SRF  are the kth strength 
reduction coefficients of c and  , respectively, which 
can be determined by the reduction path; SRFk  is the 
comprehensive reduction coefficient when the slope is 
reduced for the kth time, which can be expressed as a 
function of SRFc  and SRF [28]. When SRF SRFc   
and 1n  , it is the traditional equal-proportional SRM. 

 

 
(a) State 0                         (b) State k–1                       (c) State k                           (d) State n 

Fig. 1  Illustration of SRM for slope stability analysis 

 
When the slope is reduced non-proportionally, 

SRF SRFc  , which reduction coefficient is used to 
characterize the comprehensive FOS of the slope is a 
difficult problem. Slope failure is essentially a process 
of energy dissipation. In the process of an actual slope 
transition from a state to instability failure, the con- 
tributions of different mechanical parameters to main- 
taining slope stability differ and change dynamically[10–11]. 
In accordance with the energy principle in section 2.1, 
we can see that in a strength reduction, when d,cE   

d,E  , this indicates that the cohesion in this reduction 
interval contributes more to the slope stability than the 
internal friction angle, that is, in this reduction, the 
reduction of cohesion is more unfavorable to the stability 
of the slope, and the cohesion reduction coefficient 
accounts for a larger proportion in the comprehensive 
reduction coefficient in this reduction process. When 

d, d,cE E    , it shows that the contribution of the 
internal friction angle in this reduction interval to the 
slope stability is greater than the cohesive force, that is, 
in this reduction, the reduction of the internal friction 

angle is more detrimental to the stability of the slope, 
and the reduction coefficient of the internal friction 
angle dominates the comprehensive reduction coef- 
ficient. When d, d,cE E    , it shows that the 
cohesive force and internal friction angle in this 
reduction have the same contribution to the slope 
stability. Therefore, in this paper, the contribution to 
the energy dissipation of the slope in the reduction 
process of different mechanical parameters is used as 
the weight of different reduction coefficients, and Eq. 
(9) can be written as 

_

SRF (SRF ,SRF ) SRF SRF

(SRF ,SRF )

c c c
k

c c

f

g

  

 

 



   
  （11） 

d, d d, d

_

,

1.0

c c

c c

E E E E 

 

 

  

      


   
           （12） 

2
(SRF ,SRF )

(SRF SRF ) (SRF SRF )
c

c c
g 

 
 

 

（13） 

Initial state Limit state0 0,  c   
1 1,  k kc   ,  k kc  ,  n nc 
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where c ,   and _c  are the weights of contributions 
of c alone reduction,   alone reduction, and c and 
  reduction together to variation of dissipated energy 
in slope system; (SRF ,SRF )cg  is the harmonic mean 
of the reduction coefficients c and  , which represents 
the joint effect of the reduction coefficients during non- 
proportional reduction, and reflects the influence of the 
nonlinearity and correlation of the reduction parameters. 
It should be noted that the harmonic average value 
selected here is to consider that the harmonic average 
value has been used in the double reduction method to 
characterize the comprehensive reduction coefficient 
among different reduction coefficients[24]. Moreover, 
the reduction coefficient calculated by the harmonic 
mean is the smallest among the common mean methods 
and is relatively safe. 

According to Eqs.(8), (11)–(13), for different strength 
materials (rock and soil, concrete, etc.) and different 
mechanical parameters (cohesion, internal friction angle, 
tensile strength, etc.) with unequal proportion SRM, the 
calculation can be carried out by the following formula: 

1 1 1 1 1
FOS( 1) SRF (1 )

(SRF ) FOS( )

n l m l m
j j j

i i i
k i j i j

j
i

k

f n

 
    

   



   


  （14） 

d, dj j
i iE E                             （15） 

(SRF )
SRF SRF

j
i j j

i i

lm
f 

 
                （16） 

where FOS( 1)k   is the comprehensive FOS of the 
slope in state 1k  ; SRF j

i  is the strength reduction 
factor of the j-th mechanical parameter of the i-th material; 

j
i is the weight of the contribution of the reduction of  

the j-th mechanical parameter of the i-th material to the 
variation of dissipated energy in the slope system; n is 
the number of reduction; FOS( )n is the residual FOS of 
the slope after reduction for n times, FOS( )n ≥ 1.0; d, j

iE  
is the dissipation energy increment of the slope system 
after the reduction of the i-th material and the j-th mech- 
anical parameter in  conducting a strength reduction; 

dE is the increment of dissipated energy of slope system 
after all mechanical parameters of all materials are 
reduced in conducting a strength reduction; (SRF )j

if  
is the harmonic mean of the reduction coefficient, 
which represents the joint effect of the reduction coe- 
fficients during non-proportional reduction, and reflects 
the influence of the nonlinearity and correlation of the 
reduction parameters on  the comprehensive safety 
factor. 

When the mechanical parameters of all materials 
are reduced in equal proportion, that is, when SRF j

i   
SRF  is constant, (SRF ) SRFj

if  .This is the trade- 
tional equal proportion SRM: 

1
FOS (SRF) FOS( ) SRF FOS( )

n
n

k
n n


         （17） 

The realization process of the whole process FOS 
solution method based on the energy evolution theory 
with multiparameter non-proportional reduction is shown 
in Fig. 2. 

 

 
 

 
 

 

 

 

 

 

 

 

 

Fig. 2  Flow chart for FOS calculations 

3  Example verification 

In order to verify the applicability of the method 
proposed in this paper in the non-proportional reduction 
of homogeneous materials with different mechanical or 
material parameters, two classic examples in the liter- 
ature are selected for verification and analysis. Example 
1 is a homogeneous slope of one material, and example 
2 is a slope supported by anti-slide piles of two materials. 
3.1 Example 1—Homogeneous slope 

This example is a homogeneous slope of one material, 
which is a classical example in the study of non-propor- 
tional strength reduction[29]. The size and grid division 
of the slope are shown in Fig.3. The slope material is an 
ideal elastic-plastic material obeying Mohr-Coulomb 
strength criterion. The unit weight of soil is   25 kN/ 
m3, the shear modulus is =K 4.846 MPa, the bulk 
modulus is G  8.333 MPa, the cohesion is c =42 kPa, 
and the internal friction angle is   27°. The reduction 
coefficient of the limit state obtained by the double 
reduction method in the literature is SRFc  1.067 and 
SRF  2.985, the reduction ratio is k  1.067/2.985  
0.357. When the strength reduction is performed in this 
paper, it is assumed that the reduction coefficients of c 
and   are the same for each reduction, and follow the 
exponential deterioration. Also, non-associated flow 
rule is adopted, and the failure criterion assumes the 
slope dissipated energy changes abruptly. The conver- 
gence condition is that the maximum unbalanced force 
ratio is less than 510 . The results of the FOS are shown 
in Table 2, and the evolution curve of the strength par- 
ameter weight and FOS along with the whole process 
of reduction is shown in Fig.4. 

Calculate comprehensive safety factor 

Calculate the evolution of slope dissipated energy and the 
weight values of different reduction parameters

Perform parameter reduction to reduce the slope to the limit 
state 

Determine the reduction coefficients for different 
mechanical parameters 

Determine the reduction path of mechanical parameters

Determine the geometric size, material type and mechanical 
parameters of the slope 
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Fig. 3  Numerical model of a homogenous slope  
(element: 3 200, node: 6 672) 

 

Table 2  Comparison of the FOS of a homogeneous slope 
for different methods 

Reduction method  Method 
Initial 
FOS 

Reduction 
times 

Reduction 
ratio k

Limit equilibrium 
method 

Bishop method 1.723 － － 

Traditional strength 
 reduction method 

(Proportion 
 reduction) 

Bai et al.[29] 1.710 － － 

Method of this paper 1.711  54 1.000

Non-proportional  
reduction 

(Double reduction) 

Bai et al. [29] 1.239 － － 

Tang et al.[22] 2.026 － － 
Yuan et al.[25]  1.785 － － 
Yuan et al.[27] 1.421 － － 

Isakov et al.[28] 1.895 － － 
Method of this paper 2.709 102 0.357

Only the internal 
 friction angle  is  

reduced 

Tang et al.[22] 1.994 － － 

Yuan et al.[25] 1.728 － － 
Yuan et al.[27] 1.341 － － 

Isakov et al.[28] 1.888 － － 
Method of this paper 2.988 110 0.335

Note: * For ease of comparison, in addition to the limit equilibrium method, 

control each reduction coefficient SRF  1.01 of internal friction angle. 

 

Table 2 shows that for proportional reduction, the 
initial FOS calculated by this method is close to that 
calculated by other methods, indicating that this method 
can be used in the case of proportional reduction. It can 
be seen from Fig.4(a) that in the case of proportional 
reduction, at the initial stage of reduction, the weight 
of the internal friction angle   is the largest, the weight 
of cohesion c is the second, and the weight of the joint 
reduction is the smallest. With the increase of reduction 
times, the weight values of   and c decrease, and the 
weight value of the joint reduction increases, indicating 
that the nonlinearity of the slope is more and more 
significant in the later period of reduction. For non- 
proportional strength reduction, it can be seen from 
Fig.4(b) that before the slope is reduced to failure, the 
weight of   is always close to 1.0, that is, under this 
reduction path ( k  0.357), the contribution to main- 
taining slope stability is always greater than that of c, 
and the stability of the slope is mainly dominated by 
the internal friction angle  . In addition, the FOS of 
non-proportional strength reduction is 2.709, which is 
close to 2.988 under the condition of only reducing the 
internal friction angle, mainly because the reduction 
ratio of non-proportional strength reduction ( k  0.357) 
is close to the reduction ratio of only reducing the inter- 
nal friction angle ( k  1.000/2.987=0.335). Therefore, 

 
     (a) Proportional reduction  

 

 
     (b) Non-proportional reduction  

 

 
      (c) Reduction only  

 

 
  (d) FOS evolution curves  

Fig. 4  Evolution of weight values and FOS  
in the shear strength reduction process (Example-1) 

 

under this reduction path, the stability of the slope is 
mainly contributed by the internal friction angle, and 
the cohesion has little effect on the stability under such 
a slight reduction (see Fig.4(c)). It is worth noting that 
the initial FOS calculated by the method in this paper is 
larger than that calculated by other methods. The main 
reason is that other methods do not consider the con- 
tribution of different mechanical parameters in the 
reduction process, which is different and dynamic, and 
the comprehensive FOS is calculated according to the 
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formula in Table 1 based only on the total reduction 
factor (SRFc andSRF ). It can be seen from Fig.4(d) 
that under these 3 reduction methods, the FOS of the 
slope decreases nonlinearly with the reduction times. 
The reduction times of proportion reduction, non-equal 
proportion reduction and only reduction of internal 
friction angle are 54, 102 and 110, respectively. The 
reduction times of proportion reduction are the least, 
indicating that when the reduction coefficient is the 
same, the times of reductions will be the least. To sum 
up, the FOS solution proposed in this paper is reasonable, 
and the weight value of different mechanical parameters 
to maintain slope stability and the evolution curve of 
FOS with reduction times can be obtained in order to 
better reflect the failure process. 
3.2 Example 2—Slope supported by anti-slide piles 

This example is a classic example of slope with pile 
support[5], with slope height of 10 m, slope ratio of 1: 
1.5, and pile spacing of 2D (D is pile diameter, D = 
0.8 m). The slope material is an ideal elastic-plastic 
material which obeys the Mohr-Coulomb strength 
criterion. The associated flow rule is adopted. The mech- 
anical parameters of soil and anti-slide pile are shown 
in Table 3.The FOS of slope without pile is 1.184. The 
geometric size and grid division of the slope are shown 
in Fig.5. When strength is reduced, it is assumed that 
the reduction coefficients of cohesion and internal 
friction angle of soil and pile are the same for each 
reduction, and they all follow an exponential deter- 
ioration law. To facilitate calculation and comparison, 
the cohesion and internal friction angle of each material  
 

(soil and concrete pile) are set to be reduced proportionally. 
In this example, five working conditions are set acc- 
ording to the different degradation rates of soil and pile. 
In order to facilitate comparison, it is assumed that the 
reduction coefficients of soil in each of the five working 
conditions are the same ( soilSRF 1.02 ). The failure 
criterion is that the dissipation energy of slope changes 
abruptly, and the convergence condition is that the maxi- 
mum unbalanced force ratio is less than 510 . Fig.6(a)– 
6(e) are the weight evolution curves of different mech- 
anical parameters in working conditions 1–5, respectively. 
Fig.6(f) is the whole process evolution curve of FOS 
with reduction times. The results are shown in Table 4. 
 
Table 3  Material properties for example 2 

Material type  
/(kN·m–3)

E 
/MPa 

ν 
c 

/kPa 
 

/(°) 
Soil mass[5] 20 14 0.3 20 20 

Concrete pile [34] 23 30 000 0.2 7 000 40 

 

 
Fig. 5  Numerical model for example 2 

   
(a) Working condition 1                       (b) Working condition 2                       (c) Working condition 3 

 

   
(d) Working condition 4                       (e) Working condition 5                       (f) FOS evolution curve 
Fig. 6  Evolution of weight values and FOS in the shear strength reduction process (Example-2) 

 
Table 4 shows that the initial FOS of the slope 

after anti-slide pile reinforcement is 1.219 (working 
condition 5), which is 2.96% higher than that of the 

slope without reinforcement (1.184), indicating that 
the anti-slide pile reinforcement can improve the overall 
stability of the slope. The reduction coefficients of each 
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soil in working conditions 1–5 are the same. With increase 
of the reduction ratio, the initial FOS decreases gradually 
and converge to 1.219. It can be seen from condition 5 
that the initial FOS of the slope is equal to the reduction 
coefficients of the soil without considering the reduction 
of the pile, because the comprehensive FOS of the slope 
is contributed by the reduction coefficients of the soil in 
the reduction process. It can also be seen from Fig.6(e) 
that the weight value of soil in the reduction process 
has been 1.0, indicating that the increment of dissipation 
energy of slope system in the reduction process is con- 
tributed by soil reduction. With the decrease of the 
reduction ratio, that is, the reduction coefficient of each 
soil is the same. When the reduction coefficient of the 
pile increases, the initial FOS increases, which is mainly 
due to the strength reserve of the pile in the reduction 
process. It can be seen from Fig.6(f) that when the 
reduction coefficient of the pile is much larger than 
that of the soil (working condition 1), the FOS first 
decreases slowly with the reduction times, which is 
mainly because at the beginning of the reduction, the 
pile has sufficient strength, and its reduction has little 
effect on the stability of the slope system. When the 
pile is reduced to a certain strength, the FOS begins to 
decrease rapidly. This is mainly due to the rapid decline 
in the strength of the pile, and its bearing capacity can 
no longer maintain the stability of the slope well. It can 
also be seen from the corresponding weight change 
curve that at this time, the weight value of the soil 
reduced separately begins to decrease, but the weight 
when the pile and soil are reduced together begins to 
increase gradually, indicating that the harm of the 
reduction of pile strength to slope stability is greater 
than that caused by soil reduction. 

 
Table 4  Results of example 2 

Working 
condition 

Soil pile reduction 
ratio 

soil pileSRF SRFr   

Soil reduction 
coefficient 
 ( total

soilSRF ) 

Pile 
reduction 
coefficient 
 ( total

pileSRF ) 

Reduction 
times 

Initial
FOS

1 0.6 1.149 41.034  7 1.740
2 0.8 1.195  8.904  9 1.357
3 0.9 1.219  3.496 10 1.239
4 1.0 1.219  1.219 10 1.219
5 － 1.219  1.000 10 1.219

Note: soilSRF  and pileSRF  are the reduction coefficients of each soil and 
pile in the reduction process; total

soilSRF  and total
pileSRF are the total reduction 

coefficients of soil and pile when they are reduced to the limit state, 
respectively. 

4  Discussions 

4.1 Influence of the reduction step 
In order to study the influence of the reduction step 

on the energy evolution and FOS of the slope, a further 
study was carried out using the example in section 3.1. 
The mechanical parameters and calculation methods 
are consistent with the example 1. We keep the same 
reduction ratio k for cohesion and internal friction angle 
of each reduction (i.e., the reduction path is the same), 
and set three calculation conditions with different red- 
uction steps of internal friction angle (SRF  1.01、
1.02、1.03). The evolution curves of energy and weight 
for internal friction angle during the reduction process 

are shown in Fig. 7. The results of FOS for the three 
conditions are listed in Table 5. 

 

 
    (a) Evolution curve of dE   

 

 
     (b) Evolution curve of dE   

 

 
    (c) Evolution curve of weight 

Fig. 7  Evolution of energy and weight values in the 
reduction process for  

 
Figure 7(a) shows the evolution curve of the total 

energy dissipation increment with respect to the reduc- 
tion coefficient for each reduction. It can be seen that the 
total energy dissipation increment in different calculation 
conditions increases with the reduction coefficient, which 
is mainly due to the increase of the degree for the slope 
mechanical parameters reduction. However, since the 
reduction path is the same, the evolution trend of the 
total dissipated energy increment after each reduction 
is the same. Figure 7(b) shows the evolution curve of 
the total energy dissipation with the reduction coefficient. 
It can be observed that there is no significant difference 
in the total energy dissipation for different calculation 
conditions with the increase of the reduction coefficient, 
which is mainly because the reduction path for cohesion 
and internal friction angle between different calculation 
conditions are the same. As shown in Figure 7(c), with 
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the increase of the reduction coefficient, there is not 
much difference in the weight indices. In the later stage 
of the reduction, the position of the inflection point of 
the curve has slight fluctuations. This is because the 
size of the reduction step value (representing the degree 
of reduction) will affect whether the last step of reduction 
can be performed when the slope reaches a critical state. 
Therefore, the reduction step should not be too large in 
the reduction process, otherwise the accuracy of FOS 
will be insufficient, but also should not be too small, 
otherwise the energy increment during the reduction 
process is too small, which will also affect the calculation 
accuracy. 

It can be seen from Table 5 that there is not much 
difference in the total reduction factor of the final 
cohesion and internal friction angle of the 3 calculation 
conditions, and the initial FOS values are also very close, 
indicating that the change of reduction step length will 
not significantly affect the initial FOS. On the other 
hand, with increase of the step length of each reduction, 
the total times of reduction decreases when the slope 
is reduced to failure. This is mainly due to the fact that 
under a given reduction path and the same initially FOS 
of the slope, the larger the step length of each reduction 
(i.e., the larger the degree of each reduction), the smaller 
the number of reductions. This is consistent with the 
actual project that the greater degree of degradation of 
the slope in the same time period, the shorter its life. 

In general, for a given slope with a certain reduction 
path, as the reduction coefficient increases, the difference 
in reduction step will affect the value of the incremental 
change in each reduced dissipation energy and reduction 
times, but does not affect the change of the total energy 
dissipation of the slope, the evolution of the energy 
weight index value and the initial FOS. 

 
Table 5  Influence of reduction factor of every reduction 
step on calculation results 

Calculation 
conditions 

k SRFc  SRF  
Reduction 

times 
Initial 
FOS 

1 0.357 1.062 2.759 102 2.709 
2 0.357 1.062 2.745  51 2.696 
3 0.357 1.061 2.732  34 2.684 

 
4.2 The influence of reduction path 

According to the literature research, the deterioration 
forms of rock and soil mechanical parameters are mainly 
linear[35–36], exponential[15, 36–37], and logarithmic[18-19, 38] 
or their combination in the research 

0S S                                （18） 

0exp( )S S                            （19） 

0 ln( 1)S S                            （20） 

where S is the mechanical parameters after deterioration, 
such as cohesion, internal friction angle and elastic 
modulus; 0S  is the mechanical parameter of the initial 
state;   is the parameter that affects the degradation 

rate;   is a variable, which can be time, strain, moisture 
content, dry wet cycle times and freeze-thaw cycle times. 

In order to study the influence of the reduction path 
on the calculation results, the above three different 
degradation forms are used as the reduction path. The 
case 1 in Section 3.1 is still used here. The mechanical 
parameters and calculation method of the slope are the 
same as that of example 1. In order to study the influence 
of the change of the reduction path form, the exponential 
type is taken as the reference condition. It is assumed 
that the cohesion and internal friction angle of the slope 
in the initial state and failure state are consistent under 
different conditions, and the total reduction times are 
102 times (that is, the reduction step is the same). The 
parameter setting and calculation results of numerical 
calculation are shown in Table 6 and Fig. 8. 

 
Table 6  Influence of reduction path on FOS 

Reduction 
path type

Initial state Failure state Reduction 
times 

Initial
c /kPa  /(°) c /kPa  /(°) FOS

Linear   2.715
Exponential 42.0 27.0 39.547 10.463 102 2.716
Logarithmic   2.708

 

 
Fig. 8  Evolution of FOS with different reduction paths 

 
It can be seen from Table 6 and Fig. 8 that there is 

almost no difference in the initial FOSs under different 
reduction paths, and the final FOSs are all 1.0. This is 
because the initial state and failure state of the slope are 
the same. It can be seen from Eq. (8) that the FOSs will 
be the same in theory. In fact, FOS is a relative concept, 
which reflects the safety reserve of the research object 
in a certain state compared with the reference state [20]. 
The FOS is directly related to the studied state and the 
corresponding reference state. However, due to different 
reduction paths, the intermediate states in the reduction 
process are different, and there is process correlation 
among the states in the reduction process. Therefore, 
the evolution of FOS in the whole reduction process is 
different, and the selection of reduction path will affect 
the evolution curve of FOS in the whole reduction 
process. 

5  Conclusion 

(1) In this study, we discussed the results and short- 
comings of the current non-proportional reduction method, 
and proposed that when using SRM for stability analysis, 
it is not only necessary to consider the non-proportional 
reduction for different mechanical parameters of the same 
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material, nor the materials with different strengths, but 
also necessary to understand the evolution of FOS in 
the whole process of slope reduction. 

(2) Based on the energy evolution theory, a new 
method to calculate the FOS with multiparameter non- 
proportional reduction of shear strength parameters was 
developed in conducting strength reduction by referring 
to the definition of safety factor of reference slope and 
taking the contribution of different mechanical para- 
meters to dissipated energy evolution as the weight. 

(3) Two examples were used to verify the applicability 
of the proposed method in the calculation of non-pro- 
portional reduction for different parameters of the same 
material and materials with different strengths. 

(4) For a given slope, when the reduction path is 
fixed, the difference in reduction step will affect the 
increment of dissipated energy in each slope reduction, 
but will not affect the change of the total dissipated 
energy of the slope, the evolution of the energy weight 
values, and initial FOS. When the initial state and the 
limit state are the same, different reduction paths 
almost do not affect the initial FOS, but it will affect 
the evolution of FOS in the whole process of slope 
reduction. 
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