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Variable-order fractional damage creep model based on equivalent viscoelasticity 
for rock 
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1. State Key Laboratory for Geomechanics and Deep Underground Engineering, China University of Mining and Technology (Beijing), Beijing 100083, China 
2. School of Mechanics and Civil Engineering, China University of Mining and Technology (Beijing), Beijing 100083, China 

 
Abstract: Based on the equivalent viscoelasticity between the fractional Zener model and the time-varying viscosity Zener model, 
the significance of the relaxation time in the evolution of rock rheological viscoelasticity is highlighted. As the relaxation time 
approaches infinity, the evolution of viscosity during creep is equivalent to that during relaxation. Accordingly, the damage factor 
related to relaxation time is established to explain the physical significance of damage factor in rock rheological deformation. In 
specific, the function of variable order is constructed by using relaxation time and the variable-order fractional damage creep model is 
introduced. Furthermore, the variable-order fractional damage creep model is extended to the triaxial status. Based on the triaxial 
sandstone creep experimental data, the applicability and rationality of the variable-order fractional damage creep model in the triaxial 
state are verified. The results show that the developed variable-order fractional damage creep model and the creep experimental data 
are in good agreement, indicating that the damage creep model can be used to describe the nonlinear mechanical behavior of 
complete creep process. The effectiveness of the model fitting parameters is analyzed and verified, which encourages the applicability 
of the introduced model in other complex stress issues. 
Keywords: rock rheology; equivalent viscoelasticity; relaxation time; evolution of damage; variable-order fractional damage creep 
model 

 

1  Introduction 

Rock rheology is a common phenomenon in under- 
ground engineering, which involves time-dependent defor- 
mation process of material[1−3]. In order to accurately 
predict and judge the creep failure time of rock, numerous 
element models have been applied in the description of 
creep mechanical behavior[4−6], e.g., classical Maxwell 
model, Zener model, Burgers model and Nishihara model 
etc. However, the element model is an integer order 
constitutive model in essence, which cannot better reflect 
the history-dependence of deformation. Due to the unique 
time memory of fractional-order calculus theory, fractional 
creep model has been attached great attentions by many 
scholars and a series of achievements have been achieved 
in recent years[7−14]. In 1978, Koeller et al.[7] replaced the 
traditional Newton dashpot in element model with the 
fractional dashpot constructed by R-L fractional operator. 
Yin et al.[8−9] presented a fractional Bingham model to 
describe the creep behavior of soft clay, which was based 
on fractional calculus. Zhou et al.[10] proposed a novel 
creep constitutive model of salt rock to describe three 
creep stages by replacing traditional dashpot with fractional 

dashpot with varying parameters. Chen et al.[11] introduced 
a fractional element with varying parameters to describe 
the decaying behavior of properties of rock material after 
damage. The three creep deformation stages can be well 
simulated by the introduced fractional creep model. Wu 
et al.[12] proposed a fractional damage creep model to 
depict three creep deformation stages of salt rock. Based 
on Caputo fractional theory, Liu et al.[13] presented a 
time-varying viscosity fractional creep model to reflect 
the creep mechanical behavior of sandstone. Based on 
the fractal theory, Su et al.[14] constructed a fractional 
non-Newtonian model to describe the viscoelastic behavior 
of material. 

However, during the creep process of rock, the material 
properties vary with time, indicating that the fraction 
order should theoretically be a time-varying variable. 
Using the specific property of Gamma function and 
discrete approximation of infinite series, Zhang et al.[15] 
put forward a variable-order fractional rock creep model 
and applied the proposed model into the prediction of 
deformation of tunnel rock. Wu et al.[16−17] presented a 
new variable-order fractional rock creep model. His rock 
creep model took the deformation memory and time  
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memory of each stage of rock creep into consideration. 
Generally, most of fractional creep models were based 
on constant-order fractional calculus and thus the physical 
meaning of fractional order cannot be clearly interpreted. 
Applying the variable-order fractional theory into rock 
creep model has gradually attracted many scholars’ atten- 
tions[18−22]. When the variable-order fractional theory 
is applied in the construction of creep model, based on 
the different experimental conditions and time effect, 
Su et al.[18] presented a tri-axial variable-order fractional 
creep model from the view of analytic solutions. His 
new model considered the deformation behavior of three 
creep stages by introducing the variable-order fractional 
element. Based on the variable-order fractional theory and 
time effect, Wu et al.[19] proposed a modified variable- 
order Maxwell rock creep model, which has been verified 
by experimental creep data. However, when the fractional 
varying-order function is unknown, scholars use the 
finite difference method to discretize the variable order 
fractional equation so that the numerical calculations can 
be carried out. Bouras et al.[20] constructed a variable- 
order fractional creep model of concrete by conducting 
the numerical calculation based on finite difference method. 
The relationship between the order of fractional derivative 
and temperature were calibrated by experimental data. 
Sun et al.[21] used the finite difference method to discretize 
the variable-order fractional constitutive equation, and 
then established the relationship between the order of 
fractional derivative and variable according to the test 
conditions, so as to carry out the numerical calculation 
of the creep model. Based on variable-order fractional 
theory, Ramirez et al.[22] also presented a viscoelastic 
model. However, reviewing the application research of 
variable-order fractional calculus, the variable-order frac- 
tional rock creep model with clear physical meaning 
has been rarely reported and the study of variable-order 
fractional creep model under tri-axial status is also relatively 
insufficient. 

In order to enrich the theory and engineering appli- 
cation of fractional creep model of rock, in this study, 
based on the equivalence of Zener rheological model, 
a variable-order fractional creep model related to relaxation 
time is established and the variable-order fractional creep 
model under tri-axial statue is proposed. Finally, based 
on the experimental creep data of sandstone under uniaxial 
and tri-axial conditions, the applicability and rationality 
of the model are verified. 

2  Equivalent viscoelasticity of Zener model 

Rocks show obvious viscoelastic properties during 
the rheological process. In order to better describe the 
viscoelastic mechanical property of rock materials in 
the rheological process, the classical Zener element model 
is selected as an important component of construction 
of rheological model[1]. In describing the material visco- 
elastic properties during rheological process, the dashpot 
element in Zener model can be replaced by fractional 
dashpot[7] and time-varying dashpot[1], and therefore the 
fractional Zener model (FZ) and time-varying viscosity 
Zener model (TVZ) are obtained. Both creep equations 
can be derived respectively from FZ model and TVZ 
model under constant stress. Since both creep equations 
can describe the viscoelastic behavior in the creep process, 
the equivalence between creep equations of FZ and TVZ 
model is employed to describe the viscous flow in the 
rheological process of materials. Therefore, the significance 
of relaxation time in the rheological process is highly- 
ghted. The relaxation time can be further applied to the 
construction of rheological model. 
2.1 FZ model and TVZ model 

As shown in Fig.1, fractional Zener model is composed 
of fractional Maxwell model and one spring element 
in parallel and the constitutive equation of classical 
Koeller dashpot is expressed as follows[7]: 

d ( )( ) =
d

tt E
t

α
α

α
εσ τ                          （1） 

 

Fig. 1  Fractional Zener element model 
 
where ( )tσ  is stress and ( )tε  is strain. When α = 0, 
Eq. (1) describes pure solid body. When α = 1, Eq. (1) 
represents pure viscosity fluid body. When 0< α <1, 
Eq. (1) describes viscoelastic behavior of material. E1 

and E2 represent elastic modulus of Zener model and 
fractional Maxwell model, respectively. The τ  represents 
relaxation time and characterizes the internal time scale 
of relaxation phenomenon of material (τ = η/Ε). And 
the α represents the order of fractional derivative. When 
the relaxation time τ is introduced to describe the vis- 
coelasticity of dashpot, in order to simplify the calculation 
and reduce the parameters, this paper refers to reference[7] 
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and assumes E is equal to E2.  
Based on the stress−strain relationship of elements 

in series and parallel, the constitutive model of FZ model 
can be obtained: 

1 2 1( ) ( ) = ( ) ( ) ( )t D t E E D t E tα α α ασ τ σ τ ε ε+ + +    （2） 

where E1 is elastic modulus.  
The Riemann-Liouville fractional operator[23−24] used 

in this paper is expressed as follows: 
1

0

d ( )d , 1
( )d

( )
d ( ) , =

d

m mt

m

m

m

f m m
mt

D f t
f t m
t

α

α

ξ ξ ξ α
Γ α

α

− −
− < < −= 





 （3） 

The expression of R-L fractional operator under 
Laplace transform is obtained: 

( ( )) ( )aL D f t s f sα =                           （4） 

where L represents Laplace forward transform and s is 
expression of time in frequency domain. 

Then the Laplace forward transform is applied in 
FZ constitutive model, when 0= ( )H tσ σ , the creep 
compliance of FZ model can be derived as follows: 

1 1
1

FZ
1 21 2 1

1( ) =
( )

s sJ s L
E EE E s E

α α

α α
τ

τ

− −
−  += +  ++ + 

 

1
12

1 2 1 2 1( )
E sL

E E E E s Eα ατ

−
−  
 + + + 

             （5） 

where H(t) is Heaviside function.  
According to the Laplace inverse transform and 

convergence of Mittag-Leffler function[26], Eq. (5) can 
be simplified into 

2 1
FZ ,1

1 1 1 2 1 2

1( )
( )

E E tJ t M
E E E E E E

α

α τ
  = − −  + +   

  （6） 

Similarly, the Laplace forward transform and Mellin 
transform are applied on FZ constitutive model[23, 26−27], 
when 0( ) ( )t H tε ε= , the relaxation modulus of FZ model 
can be written as follows: 

112
FZ 1 12

0 1 /
( ) =

0 1 / ; (0,1)
E tG t E H

α
α τ α

 
+  

  
        （7） 

where 11
12H  is Fox-H function [23, 26−27]. 

And based on the convergence of Mittag-Leffler 
function, Eq. (7) can be simplified into 

FZ 1 2 ,1( ) = tG t E E M
α

α τ
  + −  
  

               （8） 

 

Fig. 2  Time-varying viscosity Zener element model 
 

As shown in Fig.2, the time-varying viscosity Zener 
model (TVZ) is composed of the time-varying Maxwell 
model and the spring element in parallel. It is well- 
known that during the process of rheology, the viscosity 
of material changes with time. For better exhibiting the 
viscosity flow in the process of rheology, the traditional 
Newton dashpot is replaced by the time-varying viscosity 
dashpot. Based on the stress−strain relationship of elements 
in series and parallel, the constitutive model of TVZ 
model is yielded as follows: 

1 2
1

2 2

( )( ) ( ) = ( ) ( ) ( )E Ett t E t t t
E E

ησ σ ε η ε++ +        （9） 

where ( )tη  represents time-varying viscosity; ( )tσ  and 
( )tε  are the first derivative of stress and strain, respectively. 

Based on the initial boundary conditions, i.e., 0 =σ  
0 1 2( )E Eε + , when 0( )tσ σ= , the creep compliance of 

TVZ model can be derived by the method of variable 
separation. 

2 12
TVZ 0

1 21 1 1 2

1 d( ) exp
( )( )( )

t E EEJ t
E EE E E E

τ
η τ

 −= −  ++  
  

                                       （10） 
In a similar way, when 0( )tε ε= , based on the method 

of variable separation and initial boundary conditions, 
the relaxation modulus of TVZ model can be obtained 
as follows:  

2
TVZ 1 2 0

d( ) exp
( )

t E
G t E E τ

η τ
 −= +  
 
            （11） 

2.2 Effect of relaxation time on equivalent viscoelasticity 
As mentioned in Section. 2.1, both FZ model and 

TVZ model can depict the viscoelastic mechanical behavior 
of materials in process of rheology. By setting the creep 
and relaxation response of FZ model are equal to the 
creep and relaxation response of TVZ model, the time- 
varying viscosity function can be obtained and the physical 
meaning of fractional viscoelasticity can be well under- 
stood. In this section, this equivalent idea will be applied 
in the Zener rheological model. First, by making Eq. (6) 
equal to Eq. (10), i.e., FZ TVZ( ) ( )J t J t= , the time-varying 
viscosity equation in creep process can be obtained as 
follows: 
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,1 0
1

c 2

, 0

( )

tM E
t E t

tM E

α

α
α α

α

α α

τη τ

τ

−

  −  
  =

  −  
  

            （12） 

where ,1Mα  is Mittag-Leffler function with two para- 

meters and c ( )tη  represents viscosity in creep process. 

1
0

1 2

= EE
E E+

. 

Similarly, the equivalent viscoelasticity of rheology 
is applied in Zener relaxation model and by setting Eq. 
(7) equal to Eq. (11), i.e., FZ ( )G t = TVZ ( )G t , the time- 
varying viscosity equation in the process of relaxation 
can be deduced as follows: 

,1
1

2

,

( )r

tM
t E t

tM

α

α
α α

α

α α

τη τ

τ

−

  −  
  =

  −  
  

             （13） 

where ( )r tη  represents the viscosity in the process of 
relaxation. 

As illustrated in Fig.3, when relaxation time increases 
gradually, the viscosity coefficient of FZ model gradually 
approaches the viscosity coefficient of TVZ model. It 
is shown that the relaxation time can control the viscosity 
evolution of Zener model during the rheological process, 
and the idea of rheological equivalent viscoelasticity is 
also verified. As a consequence, the effect of relaxation 
time should be taken into account in the later rheological 
model construction. It is also shown in Fig. 3 that the 
viscosities of FZ model and TVZ model increase with 
the increase of time. Meanwhile, viscosity plays an impor- 
tant role in the resistance to rheological deformation of 
materials. As the material viscosity is gradually consumed, 
the proportion of viscosity in the properties of materials 
decreases gradually. 

         
(a) τ = 20 s                                                  (b) τ = 200 s 

         
(c) τ = 2 000 s                                                 (d) τ = 20 000 s 

Fig. 3  Relationship between viscosity coefficient of FZ model and that of TVZ model under different relaxation time where 
the fractional order is 0.5 

 

3  Damage creep model based on variable-order 
fractional theory 

3.1 Damage factor considering relaxation time 
It can be concluded from Section 2 that relaxation 

time is a significant factor affecting the evolution of 

viscoelasticity in the rheological process of materials, 
which deserves great concerns in the total process of 
rheology. During the process of rheological deformation, 
from the initial load to the final damage, the characteri- 
zation of material damage is necessary to establish creep 
model. Based on the significance of relaxation time in 
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the rheological process, a damage factor with physical 
significance based on relaxation time is proposed in 
this section.  

= 1 exp tD
τ

  − −    
                       （14） 

where D is damage factor describing failure charac- 
teristics of materials. 

 
Fig. 4  Introduced damage factor based on relaxation time 

 
As shown in Fig. 4, the longer the relaxation time 

is, the more time is needed for damage development and 
the gentler the damage degree is. It suggests that it is 
reasonable to consider the development of relaxation time 
in damage factor. With the increase of time, the damage 
factor of materials keeps increasing, which is also consistent 
with the crack propagation when the failure occurs inside 
the rock materials. The cracks keep increasing with the 
increase of time. This founding physically verifies the 
rationality of the proposed damage factor. 
3.2 Variable-order fractional damage creep model 
considering relaxation time 

Rock creep is a time-dependent deformation process, 
which commonly involves decaying, steady and accele- 
rating creep three stages[1]. The nonlinear behavior is 
more obvious in accelerating creep stage and the rock 
damage develops rapidly in this stage as well. Therefore, 
in order to better describe the nonlinear mechanical 
behavior of three creep deformation stages of rock, the 
important role of relaxation time is considered in the 
viscoelastic evolution and damage development process 
of materials. In this section, a nonlinear damage creep 
model is proposed by combining variable-order fractional 
Zener model with damage factor that considers relaxation 
time in series, which is demonstrated in Fig. 5. 

 
Fig. 5  Variable-order fractional damage creep model 

First, based on the R-L fractional theory, when stress 
is a constant value 0σ , constant-order fractional Zener 
creep model is expressed as follows: 

0 0 2 1
FZ ,1

1 1 1 2 1 2

( )
( )

E E tt M
E E E E E E

α

α
σ σε

τ
  = − −  + +   

  （15） 

When rock creep deformation occurs, the viscosity 
of material is constantly consumed over time to resist 
deformation, which leads to the continuous change of 
the viscoelasticity proportion within material. Hence, 
in order to clearly express the evolution of mechanical 
property in creep process through fractional theory, the 
order of fractional derivative should be assumed as a 
time-dependent function. As aforementioned, considering 
the importance of relaxation time in the process of visco- 
elasticity evolution and damage development of material, 
a varying-order function within fractional theory is 
presented as follows: 

( ) exp ttα
τ

  = −    
                        （16） 

Substituting the varying-order function into Eq. (15) 
leads to the variable-order fractional Zener creep model: 

( )
0 0 0 2 1

VFZ ( ),1
0 1 1 1 2 1 2

( )
( )

t

t
E E tt M

E E E E E E E

α

α
σ σ σε

τ
  = + − −  + +   

 

                                       （17） 
where E0 is the elastic modulus. 

When creep deformation develops toward last stage, 
damage factor will play a dominant role. The proposed 
novel damage body that considering relaxation time will 
be applied in the description of accelerating creep stage 
of rock, whose expression is shown as follows: 

0 s( )
(1 )a t

D
σ σε
η

−
=

−
                          （18） 

where ( )a tε  is  the strain resulted from damage body 
and plastic switch. 

Hence, the variable-order fractional damage creep 
model can be finally expressed as follows: 
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0 1 1 1 2 1 2

0 s

( )
0 0 0 2 1

( ),1
0 1 1 1 2 1 2

0 s
0 s

,
( )

( )

( )

,
(1 )

t

t

t

t

E E tM
E E E E E E E

t E E tM
E E E E E E E

D

α

α

α

α

σ σ σ
τ

σ σ
ε σ σ σ

τ
σ σ σ σ
η

   + − −   + +    
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                                       （19） 

0 200 400 600 800 1 000
0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

τ = 10 000 s 

τ = 2 000 s

τ = 1 000 s

τ = 200 s 
τ = 50 s 

D
 

Time 

5

LI et al.: Variable-order fractional damage creep model based on equivalent

Published by Rock and Soil Mechanics, 2020



LI De-jian et al./ Rock and Soil Mechanics, 2020, 41(12): 3831−3839                    3836 

 

3.3 Variable-order fractional damage creep model 
under tri-axial status 

Since the rock mass is in tri-axial compressive state 
under engineering conditions, for better describing the 
mechanical behavior of rock creep under tri-axial state, 
in this study, the variable-order fractional damage creep 
model is established under tri-axial state, which can accu- 
rately predict and simulate the mechanical behavior of 
rock creep under tri-axial state in following section.  

First, the total strain of rock is assumed as ( )ij tε , 
based on strain superposition principle, we can obtain: 

S VFZ ND( ) ( ) ( ) ( )ij ij ij ijt t t tε ε ε ε= + +               （20） 

where S ( )ij tε , VFZ ( )ij tε  and ND ( )ij tε are strains of spring, 
VFZ model and nonlinear damage body, respectively.  

The relationships among stress tensor, strain tensor, 
spherical tensor of stress and spherical tensor of strain 
are shown as follows: 

m

m

ij ij ij

ij ij ij

δ

δ

= + 
= + 

S

e

σ σ

ε ε
                         （21） 

where mσ  and mε  are the spherical tensor of stress 
and spherical tensor of strain, respectively; ijS  and ije  
are deviator tensor of stress and deviator tensor of strain, 
respectively; and ijδ  is Kronecker function[27].  

The instantaneous elastic deformation behavior of 
initial creep stage can be depicted by spring element, 
whose expression of creep is 

S

0

( ) =
2

ij
ij

S
t

G
ε                              （22） 

For the fractional Zener model, in the early creep 
stage, most of deformations are attributed to shear defor- 
mation and most of deformation characteristics are vis- 
coelasticity evolution. Thus, tri-axial creep equation of 
fractional Zener model can be simplified into tri-axial 
creep equation of fractional Maxwell model, whose 
expression is written as 

( )
mVFZ

1

( )
2 3 2 (1+ ( ))

t
ij ij ij

ij

t
t

G K G t

αδ
Γ α

= + +
S Sσ

ε         （23） 

where G is the shear modulus and K is the bulk modulus.  
For nonlinear damage body, based on the generalized 

plastic mechanics and associated flow rule[27], the creep 
equation of nonlinear damage body is expressed as 
follows:  

ND

0

exp( / )( )ij
ij

Ft ft g t
F

τε
η σ

   ∂=    ∂  
           （24） 

where F is the yield function and F0 is the initial value 
of yield function, in general, F0 = 1. f is the plastic 
potential function. According to associated flow rule, 
F = f.  

During the process of tri-axial creep of rock, the 
deviator tensor of stress generally plays a dominant role 
and the effect of spherical tensor of stress on creep 
deformation is relative weak. So the Misses criterion[27] 
is used in this paper, as shown below:  

s
2 3

F J σ
= −                            （25） 

where J2 is the second invariant in deviator tensor of 
stress. 

Because tri-axial creep experiment is generally 
conventional tri-axial creep experiment, several initial 
conditions are given as 
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1 3

1 2 3 1 3
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1 2 1 3 2 3
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( ) ( ) ( )
6

m

S

J

σ σ σ
σ σσ

σ σ σ σ σσ

σ σ σ σ σ σ

= < 
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
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
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 （26） 

By substituting Eq. (25) into Eqs. (23) and (24), we 
can obtain:  

ND 1 3 s( ) exp
3ij

tt tσ σ σε
τ

− −  =  
 

              （27） 

Thus, the variable-order fractional damage creep equa- 
tion under tri-axial state can be derived by substituting 
Eqs. (22)−(27) into Eq. (20): 

1 3 1 3 1 3

0 1
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1 3
1 3 s

1

11 1 3 1 3 1 3

0 1
( )

1 3 1 3 s

1

1 3 s

( ) ( ) 2
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3 3 9
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G G K
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G t
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G G K

t tt
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α

α

σ σ σ σ σ σ δ

σ σ σ σ σ
Γ α

ε σ σ σ σ σ σ δ

σ σ σ σ σ
Γ α η τ

σ σ σ

− − + + + +

 −

− <

= − − + + + +

 − − −  +  

 
 − ≥

（28） 

4  Verification of variable-order fractional 
damage creep model 

4.1 Verification of reasonability of tri-axial model 
For verifying the applicability of proposed variable- 

order fractional damage creep model in the description 
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of nonlinear mechanical behavior of rock creep, in this 
study, the creep experimental data of sandstone under 
conventional tri-axial creep experiments is selected from 
previous studies[28]. Sandstone samples are taken from 
a deep foundation pit in Chongqing and the long-term 
strength of sandstone sample is 51.11 MPa. A series of 
compressive creep experiments was conducted on sand- 
stone samples under a confining pressure of 5 MPa by 
RLW-2000 apparatus. The specific experimental scheme 
is shown in Fig. 6. 

 
Fig. 6  Triaxial creep test scheme for sandstone 

 
Based on the sandstone creep data under a confining 

pressure of 5 MPa, the tri-axial variable-order fractional 
damage creep model of Eq. (27) is adopted to analyse 
the experimental data. In order to concisely show the 
applicability of proposed model on tri-axial creep experi- 
mental data, tri-axial sandstone creep data under six diff- 
erent stress status (vertical pressures with 10.63, 21.27, 
31.90, 42.53, 53.17 and 63.80 MPa and confining pressure 
with 5 MPa) are selected as fitting data. Figure 7 shows 
the high correspondence between experimental data and 
fitting curves. The model can not only describe the vis- 
coelastic behaviors in decaying creep and steady creep 
stages, but also shows advantages in characterizing the 
nonlinear behavior in accelerating creep stage. As listed 
in Table 1, although the parameters under different stress 
levels vary at a certain degree, the variations of fitting 
parameters are insignificant. Especially, for a given rock, 
the parameters in the model can be assumed to be constant, 
which further verifies the applicability and reasona- 
bility of proposed tri-axial variable-order fractional damage 
creep model. 
4.2 Validity analysis of model parameters  

It can be known from above fitting results in Section 
4.1, the proposed model is in good agreement with experi- 
mental data. The fitting parameters change regularly with 
the increase of stress level. It is worth noting that when 

 
(a) Experimental data under confining pressure of 5 MPa and vertical 

pressures of 10.63, 21.27 and 31.90 MPa and curve-fit of proposed model 

 

(b) Experimental data under confining pressures of 5 MPa and vertical 
pressures of 42.53, 53.17 and 63.80 MPa and curve-fit of proposed model 

Fig. 7  Fitting curves of variable-order fractional damage 
creep model based on tri-axial creep experimental data 

 
Table 1  Fitting parameters of creep model based on tri-axial 
creep data of sandstone 

σ1 /MPa G0 /GPa G1 /(GPa·hα) K /GPa τ η /(GPa·hα)

10.63 0.043 0.189 0.071 0.420 6 ― 

21.27 0.079 5.643 0.152 0.340 1 ― 

31.90 0.120 0.890 0.253 0.403 2 ― 

42.53 0.150 7.725 0.349 0.113 7 ― 

53.17 0.186 1.774 0.450 0.450 4 ― 

63.80 0.214 0.642 0.546 0.346 7 2.027 

 
stress levels are 21.27 and 42.53 MPa, comparing to 
other stress levels, abnormal variations appear in shear 
modulus G1 and relaxation time τ , which is resulted from 
uncertainty and randomness of testing data and errors 
of fitting method. Therefore, the validity analysis of the 
obtained fitting parameters is reasonable, which contributes 
to the promotion and application of the variable-order 
fractional damage creep model. 

As shown in Fig. 8, when the confining pressure is 
5 MPa, shear modulus G0 of the fitting parameter increases 
linearly with the increase of axial stress, and the change 
law conforms to the law that instantaneous elastic modulus 
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Fig. 8  Relationship between fitting parameters G0 and 
vertical stress 

 
increases with the increase of stress level[27]. The shear 
modulus under different stress levels can be obtained 
by substituting into the function 0 13.24 11.43G σ= + . 

 
Fig. 9  Relationship between fitting parameters K and 

vertical stress 
 

As shown in Fig. 9, when the confining pressure is 
5 MPa, bulk modulus K of the model fitting parameter 
increases linearly with axial stress and bulk modulus under 
various stress levels can be calculated by function, 

19.05 33.38K σ= − . 

5  Conclusions 

By using the equivalence between fractional Zener 
model and time-varying viscosity Zener model, the impor- 
tance of relaxation time in the evolution of rheological 
viscoelasticity is highlighted based on the idea of equi- 
valent viscoelasticity. 

Based on the relaxation time, a new damage factor 
dependent on relaxation time is proposed and its physical 
meaning in the process of rock damage is clearly explained, 
which can describe the nonlinear mechanical behavior 
of rock in the accelerating creep stage. 

A varying-order function related to relaxation time 
is proposed and a uniaxial variable-order fractional damage 

creep model is constructed, and the uniaxial model is 
further extended to tri-axial variable-order fractional 
damage creep model. 

Based on current experimental creep data of sandstone, 
the applicability and reasonability of the proposed model 
are verified. The new model can well fit three creep 
stages of sandstone and has a good correlation with 
the experimental data. 

The validity of the model fitting parameters is analyzed 
and the mathematical expressions of shear modulus and 
bulk modulus with variation of stress levels are also 
provided. The proposed creep model can be better applied 
to other complex stress levels in further study.  
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