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Hysteresis incremental model of soil-water characteristic curve based on pore
expansion and contraction

CHEN Ke, CAO Wen-gui, CHEN He
College of Civil Engineering, Hunan University, Changsha, Hunan 410082, China

Abstract: The void ratio of soil has an important influence on the soil-water characteristic curve (SWCC) of unsaturated soil.
Experimental studies have shown that pores expand or contract under different hydraulic load paths, which results in the hysteresis of
the soil-water characteristic curve (SWCC). Based on this finding, this paper assumes that the expansion and contraction of pores can
cause the hysteresis of the soil-water characteristic curve (SWCC). In this study, axial translation technique is employed as an
example to explain the expansion and contraction of soil pores under hydraulic loading. Then, an incremental equation for the
soil-water characteristic curve that can describe the hysteresis is derived. In this equation, expansion and contraction of pores are
calculated by assuming fi to be a constant and combining the redefined equivalent pore radius with the Fredlund-Xing equation. The
proposed soil-water characteristic curve model can be used to predict other scanning curves by simply using the model parameters
obtained from the main drying curve and an arbitrary scanning curve. Finally, the applicability of the proposed model to different soil
types is verified using five data sets obtained from tests. It is also shown that the proposed model is capable of predicting high-order

scanning curves.
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1 Introduction

The matrix suction—saturation curve (also known
as the soil-water characteristic curve, SWCC) is of great
significance for describing the mechanical properties
of unsaturated soils. It is widely used in the estimation
of the shear strength, volume deformation and permeability
of unsaturated soils!'). A large number of studies!*-*!
show that SWCC is closely related to hydraulic load
paths, and SWCC under different hydraulic load paths
has obvious hysteresis characteristics, that is, the non-
one-to-one correspondence between matrix suction
and saturation during drying and wetting. Therefore, in
order to reduce the engineering calculation error, the
establishment of the SWCC equation that can reflect
the hysteresis characteristics has important theoretical
significance and practical value.

The hysteresis characteristics of SWCC have attracted
wide attention from researchers’-®l. So far, many SWCC
retention equations have been proposed, which can be
roughly divided into two categories. The first category
is the empirical model obtained by analyzing experimental
data, such as described by Li et al.’, Scott et al.'],
Nimmo!!"). The second category is the physical model
based on the hysteresis effect mechanism!'?), such as
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contact angle hysteresis, bottleneck effect and pore
expansion and contraction. The contact angle hysteresis

modell!3-16

| suggests that changes in the surface tension
of the liquid and the free energy of the system cause
differences in the wet and dry contact angles, as well
as the advancing and receding contact angles. The
effect of this difference on water holding capacity of
unsaturated porous media results in hysteresis in SWCC.
The bottleneck effect model! %! attributes the hysteresis
to the uneven distribution of pore size and irregular
shape. During the wetting and drying process, the fluid
movement in the irregular pores exhibit transition

21-22] (called the Haines transition), resulting

behavior!
in hysteresis characteristics of unsaturated soil SWCC.
However, the hysteresis effect caused by the mechanism
of pore expansion and contraction is limited to experimental
studies?*~?%], For example, Sharmal®! studied the influence
of porosity changes on the water-holding behavior of
unsaturated soils under the separate action of hydraulic

[24]

and mechanical loads. Romero!“* studied the variation

law of porosity with saturation of unsaturated soil
under the coupling of mechanical and hydraulic loads
and its influence on the hysteresis effect of SWCC.

25]

Simms et al.**! studied the influence of hydraulic load
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on the expansion and contraction of the pore size by
analyzing the evolution law of the pore distribution
function under different hydraulic loads (that is, the
law of pore size changing with hydraulic load). These
experimental studies show that the expansion and
contraction of the pores of the soil with different
hydraulic load paths will cause the hysteresis in SWCC
and scanning curves.

Based on this finding, this article assumes that pore
expansion and contraction can cause hysteresis in SWCC
and scanning curves and establishes a mesoscopic model
that can describe the expansion and contraction of soil
pores under hydraulic loads based on the principle of
axis translation technique. Then the equivalent radius of
the pore defined by the variable cross-section capillary
model is combined with the Fredlund-Xing equation
to derive a SWCC and scan curve incremental model
that considers pore expansion and contraction and reflects
the hysteresis effect. Parameters that are necessary for
using this model can be simply determined from the
main drying curve and an arbitrary scan curve. That is,
this model is capable of predicting other scan curves
with known parameters.

2 Mesoscopic model of pore expansion and
contraction

As it is widely known, the complex pore structure
in soil makes its hydraulic behavior path-dependent.
Studies have shown [2>-2¢] that changes in soil porosity
have a significant impact on the water-holding behavior
of unsaturated soils, and different load types (mechanical
loads or hydraulic loads) and their paths have different
effects on the porosity of unsaturated soil. As shown in
Fig. 12 under the action of mechanical load path 4
—B—C and hydraulic load path C—D—FE (see Fig.
1(a)), the soil porosity has changed significantly. The
pore deformation under mechanical load can only be
partially restored, and the soil pore deformation under
hydraulic load can be restored to a large extent (see
Fig. 1(b)). On the other hand, the two different stress
paths of hydraulic load C—D and D—F cause differences
in the path of changing soil porosity. In other words,
under different hydraulic paths, the change of void
ratio exhibits a hysteresis effect. This is the cause of
the hysteresis observed from the SWCC (see Fig.1(c)).
It should be pointed out that this article only considers
soils with wet expansion and dry shrinkage properties.
This property is related to the type of soil and its stress

https://rocksoilmech.researchcommons.org/journal/vol41/iss10/4
DOI: 10.16285/j.rsm.2019.7054

state. This article does not investigate soils with wet
shrinkage properties. Since the difference in void ratio
with changes in hydraulic load involves the change of
soil micro-pores, in order to study this physical property,
it is necessary to establish a meso-analysis model that
considers changes in pore size with hydraulic load.
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Fig.1 The effect of different loads and stress paths on void
ratio and SWCCs!?6!

This paper takes the axis translation technique as
an example to explain the mesoscopic behavior of soil
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pores expansion and contraction under hydraulic load.
Figure 2(a) is a schematic diagram of the interface between
the unsaturated soil specimen and the ceramic plate with
high air entry value in the axis translation technique.
As shown in Fig.2(a), the ceramic plate with high air
entry value was saturated before the test, so that it only
allowed water to pass through. Here we take the hydraulic
unloading path (wetting process) as an example. The
completely dry soil specimen is subjected to a wetting
test, that is, the air pressure u, is reduced, so that water

enters the soil specimen from the porous ceramic plate.

The soil specimen enters a steady state after a long
enough time under a certain air pressure value u,, water
pressure uy and a water head /¢ in the pore of the soil
specimen. The process that the pressure comes to an
equilibrium can be simplified as Fig. 2(b).

Air pressure

- Water

[ Soil particles l l l l l
Porous ceramic plate
Air Membrane

of water
‘ \ Porous ceramic plate
o OVAD>

Water pressure
(a) Schematic diagram of the interface between the unsaturated soil
specimen and the ceramic plate with high air entry value

Uy +pghe=y +uy

Uy Tpghor<y +uy,
} Ua

02

Initial state Transient state Steady state

(b) Schematic diagram of pore expansion and contraction

Fig.2 Pore expansion and contraction model under
hydraulic loading

Comparing Fig.1 and Fig. 2(b), when the hydraulic
load decreases (C—D in Fig.1(a)), v +uw>uat pgh, , the
soil specimen is in the wetting process (Fig.1(c)), and
pores expand. Macroscopically, the void ratio fincreases
(C—D in Fig.1(b)). In the same way, when the hydraulic
load increases (D—F in Fig. 1(a)), w tuw<uat pgh,,
the soil specimen is in the drying process. Pores shrink
and macroscopically, the void ratio f decreases (Fig.
1(b)) in D—F). When the system is in an equilibrium
state in terms of pressure, v +uw=u.+ pgh, , the suction
can be calculated using w =u.—uwt pgh,. Since pgh,

Published by Rock and Soil Mechanics, 2020

is relatively small compared to u,—u, it is negligible.
Then the matrix suction can be expressed as y =u,—
uw. Combining it with the Young-Laplace equation, we
get

w=u —u, =< (D
’

where C =2 ocos@, ois the surface tension of water,

6 1is the contact angle;  is the matrix suction; and

r is the equivalent radius of soil pores.

It can be seen from Eq. (1) that the matrix suction
of the soil is inversely proportional to the equivalent
radius of soil pores. Therefore, during the dry-wet cycle
of the soil, the expansion and contraction of pores will
cause the soil with the same moisture content to have
different matrix suctions in different processes (wetting
or drying), which will lead to the hysteresis in the water
holding behavior of the soil. However, the uniform capillary
model in Fig.2(b) cannot describe the inhomogeneity of
the pore structure in the porous medium. In order to describe
the inhomogeneity of the pore structure, this paper intro-
duces a variable cross-section capillary model as shown
in Fig. 31'%). In Fig. 3, R is the pore radius. SR is the pore
throat radius, L and AL are the lengths of the pore and
pore throat, respectively, where 0< g <1, 1>0. Using
the geometric relationship in Fig. 3, the equivalent radius

r can be calculated as

Fig.3 Capillary model with variable cross-section

2
r= P AR 2)
1+4

where g and A depict the inhomogeneity of pores. In
the process of pore expansion and contraction, only the
pore size changes, while the total length of the pore remains
practically unchanged, so 4 can be approximated as a

constant.
3 Hiysteresis equation for scanning curves

In general, the relationship between degree of saturation
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and matrix suction is defined as unsaturated soil water
retention curve or soil-water characteristic curve (SWCC).
In order to describe the hysteresis characteristics of the
SWCC boundary curve and the scanning curve, the main
boundary (main drying or main wetting) curve is usually
used as the reference curvel?’2%l. The Fredlund-Xing
model *” and the VG model % are usually used as the
boundary curve equation. In this paper, the Fredlund-
Xing model is used as the main drying reference curve
to study the hysteresis in water-holding behavior of
unsaturated soils, namely

S, ={ln[e+(w, /a)"]} ™ (3)

where S. is the effective degree of saturation; y, is the
matrix suction on the main drying curve; aq, nq and mq
are the fitting parameters of the main drying curve model;
and e is the natural constant.

From Egs. (1) and (2), the relationship between matrix
suction y and pore radius R is obtained as

| a+ac?
VIR g2

Similarly, the relationship between matrix suction

4

and pore radius R on the main drying curve can be

expressed as

| a+ac?
Ve TR0+ 820

where f, is the aperture control parameter on the main

(5

drying curve.

Combining Egs. (4) and (5), the relationship between
the suction y on the scanning curve and the suction
v, on the main drying curve can be expressed as

N1+ 822
VN1 g

Substituting Eq. (6) into Eq. (3), we can obtain the
scanning curve equation with the main drying curve as

(6)

the reference curve, namely

—m,
d
ny

In e+[—(l+ﬂ2ﬂb)v/2 jz

VD)
1+ B Da’

S:

€

When the aperture control parameter g =p,, the
scanning curve degenerates to the main drying curve.
It should be emphasized that this article assumes that
when the hydraulic path is stable, the soil pores expand
and shrink uniformly, that is, the pore size control parameter
on both the main drying curve and the main wetting curve
are constant. When the direction of the hydraulic path

https://rocksoilmech.researchcommons.org/journal/vol41/iss10/4
DOI: 10.16285/j.rsm.2019.7054

changes, pores exhibit inhomogeneous expansion and
contraction, that is, pore control parameters on the scanning
curve are constantly changing with the hydraulic load.
Since the hysteresis in the water-holding behavior
of unsaturated soils is a process related to hydraulic path,
Eq. (7) cannot be directly applied to predict SWCC and
scanning curves. For this reason, it is necessary to establish
an incremental relationship among the effective degree
of saturation S., matrix suction y and pore size parameters
£ under different hydraulic paths. If we take derivative

of Eq. (7)
dSe = aSe d(//+ aSe dﬂ:(ase +%%de =
oy op oy Of dy
T e £ )7 el 2 +1) (1 L %jdw
w 1+ A4° dy
(&)

where &=+ 8w’ /[a’(1+BA)].

It can be seen from Eq. (8) that for a given increase
in suction dy , part of it is caused by the increase in
degree of saturation dS., and the other part is caused by
the increase in aperture parameters df . From the analysis
that has been mentioned in previous sections of this
paper, it can be seen that on the drying scan curve, S
decreases with the increase of matrix suction. On the
wetting—drying curve, [ increases with the decrease
of matrix suction. That is, when dy >0, df <0; when
dy <0,dB >0. Therefore, [ABw/(1+AB)]-dB/dy <0
is always valid. Therefore, Eq. (8) can be rewritten as
BT [y £ 7)1 el 2+ 1) (1ol
dy y

D)

(100

A d
= Loy
v

where |w| is the distribution coefficient of the influence

of the effective degree of saturation S. and the pore size
control parameter S on the change of matrix suction
and 0<|w|<1.If |o|=0, it means that the increase of
matrix suction is all caused by the change in the degree
of saturation. If |w|=1, it means that the increase of
matrix suction is all caused by the change of pore size.
Studies have shown that 3% when the direction
of the hydraulic load path changes, the slope of the scan
curve tends to 0, dS./dy =0, as shown in Fig. 4. The initial
point (4 or C) of the scanning curve in the figure should
satisfy the boundary condition dS./dy =0, that is, |e|=1.
Under this condition, the change in matrix suction is
completely caused by the change in pore size. Since the
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aperture control parameter on the main boundary curve
is a constant, the intersection of the scanning curve and
the main boundary curve, that is, the end point (B or D)
of the scanning curve, should satisfy the boundary condition
dp/dw =0. In addition, the scanning curve is inside the
main hysteresis loop. In other words, the hysteresis loop
is composed of the main drying and main wetting curves.
Therefore, B, < p < p, . Based on the above boundary
conditions, this paper establishes a nonlinear equation to
describe the nonlinear law of the change of the distribution
coefficient caused by the aperture control parameter f
under different hydraulic paths, namely

ﬂ_ﬂd ’ d 0
[ﬂw_ﬂdj Ve

n
ﬂ W ﬂ d

wheren (0<7;<1) is the nonlinear changing parameter

of the pore size, which determines the distribution ratio

(1D

ol =

of the pore size control parameter increment df and the
degree of saturation increment dS; to the matrix suction
increment dy . It can be seen from Eq. (11) that for the
initial stage of the scanning curve, S =p,(dy <0) or
B =5, (dy >0),
(point C, point 4) in Fig. 4. For the final stage of the
scanning curve, S =4, (dy<0)or B=p,(dy>0), |o|=1
which also satisfies the boundary conditions (point D,

| =0 satisfies the boundary conditions

point B) in Fig. 4.
Substituting Eq. (7) into Eq. (9) we get

ds, U et (] _ oS )1 - |w|)
c

dy
Combining Egs. (11) and (12), we have
ds,

€

(12

dy
TMaly S (S L - (MT dy >0
v P =B
T g e () S 1‘(%T W<
74 w — Pd
(13

Equation (13) is the hysteresis increment equation
of the scanning curve developed in this paper that can
describe the hydraulic path. Equation (13) shows that
the change of matrix suction is simultaneously affected
by changes in degree of saturation and pore expansion
and contraction. Since the main wetting curve can be
regarded as the scanning curve with the starting point
on the ending point of the main drying curve, the model
in this paper can also predict the main wetting curve.

Published by Rock and Soil Mechanics, 2020

Se

Fig.4 A schematic diagram for boundary conditions of
scanning curves

4 Determination of parameters

The scanning curve equation proposed in this paper
contains six parameters: aq, M4, 14, S,, A and 7, among
which aq, mq and nq are the fitting parameters of the
Fredlund-Xing model; and g, and A are the pore control
parameters and 7 is the control parameter of change
rate of pore aperture. The model parameter determination
process is as follows:

(1) The parameters aq, mq and nqare obtained by fitting
the main drying curve data through the Fredlund-Xing
model. A scanning curve is chosen arbitrarily as the
parameter calibration curve and the initial point (Sco,
¥, ) of the scanning curve is determined.

(2) Set B,(0<p,<1)and 4 (0<A) and calculate the
initial value of the aperture control parameter using Eq.
(6) and the initial saturation Seo.

(3) Set the parameter 7 (0<7 <1) and calculate the
initial distribution coefficient || using Eq. (11) and
the initial value of the aperture control parameter g, .

(4) Set the matrix suction increment dy and use
Eq. (12) to calculate the degree of saturation increment
dS.. Therefore, the next calculation point (Se1,y, ) can
be expressed as (Seo +dSe, w, +dw ).

(5) Calculate the increment of the aperture control
parameter df using Eq. (10) and then we can obtain
B=p+dpB.

(6) Repeat the calculation for the next point.

(7) Fit the test data and the predicted data to calibrate
the parameters 5,, 4 and 7.

Obviously, no matter on the main boundary curve
or the scanning curve, with the change of hydraulic load,
the soil pores will expand and shrink unevenly. Therefore,
the aperture control parameters S, on the drying curve
should also change continuously with the hydraulic load.
Therefore, fitting different scan curves by the above-
mentioned parameter determination method will result
in different values of g, . However, to simplify the model,
it is assumed that the pore size control parameter on the
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main drying curve f, is a constant. In order to test the
feasibility of this hypothesis, figures 5(a) and 5(b) show
the SWCC prediction curves under constant and variable
conditions, respectively and compare them with the drying-
wetting cycle test data of sintered glass beads . The
results show that treating £, as a constant can still better

30 -
h o A o Testing points
2 | —— Main drying curve
-.—- Calibration curve
- - - Prediction curve
=0.10
< 20 | fu
Ay
=4
EN
g 15}
3]
2
R
£ 10 |
=
5 L
0

Effective degree of saturation S, /%

(a) Buis a constant

reflect the hysteresis characteristics of SWCC, so this
simplification is feasible. In practical applications, if
there are many scanning curve data, you can select multiple
scanning curves to determine multiple values of £, , and
then take the average value to improve the accuracy of
model prediction.

30
h o A o Testing points
2 L —— Main drying curve
--=- Calibration curve
s 20 f
=
S
g
s 15t
2
B
g
s 10 F
mg=112.52 “a.
ST oa=1s ~o.
n=0.4 \'\l‘b
0 1 1 1 1
0 20 40 60 80 100

Effective degree of saturation S. /%

(b) S is a variable

Fig.5 Comparison between theoretical and tested SWCCs of sintered glass beads!®s!

5 Test verification

This section uses clayey silt!!*], Caribou silty loam!*],
silty loam"®], Houston sand®’! and the US Silica F-95
sand*® as the testing material. 5 groups of testing data

Table 1 Parameters of SWCC and scanning curve model

include both main drying and several scanning curves
to further verifies the rationality and feasibility of the
model. Model parameters obtained by the above parameter

determination method are listed in Table 1.

Type of soil aq ng mq LS A n Source of data
Sintered glass beads 29.60 3.17 112.52 0.10 15.8 0.40 Poulovassilis!*]
Clayey silt 298.70 0.81 1.68 0.11 52.3 0.93 Azizi et al.l'¥]
Caribou silty loam 154.30 2.52 3.63 0.35 14.8 0.99 Toppl¥!
Silty loam 1 044.50 3.90 5.31 0.51 15.3 0.61 Wei et al.3]
Houston sand 1.66 8.67 1.01 0.46 99.8 0.98 Lins et al. 37
the US Silica F-95 sand 12.48 6.31 49.01 0.44 16.2 0.70 Muraleetharan et al.l*®]

Figure 6 shows the testing data of drying-wetting cycles
of clayey silt!!*]. Based on the parameter determination
steps described in Section 4, the main drying curve is
first fitted using the Fredlund-Xing model to obtain the
parameters aq=298.7, m¢=1.68 and ng=0.81. B, (0<p,<1),
n(0<n<l) and A (A>0) are the value range of these
parameters. Arbitrarily set the initial values of S,=0.5,
17=0.3 and A =10 within their value range to calculate
the prediction curve; then compare the calculated value
of the model with the test data of an arbitrarily selected
scanning curve. Use the ‘global search’ function in
MATLAB global optimization toolbox and search for the

https://rocksoilmech.researchcommons.org/journal/vol41/iss10/4
DOI: 10.16285/j.rsm.2019.7054

minimum root mean square error between the calculated
value of the model and the experimental data, thereby
determining the optimal solution of the model parameters
B, n and A tobe p,=0.11, =093 and 1 =523.
Then the obtained model parameters can be used to predict
other scanning curves. In the same way, the SWCC
prediction curves of drying-wetting cycle of Caribou

silty loam™ and silty loam[*®!

can also be obtained by
the above-mentioned parameter determination method,
as shown in Figs. 7 and 8. It can be seen from Figs. 6—8
that the model prediction curve in this paper is in good

agreement with the experimental data.
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Figure 9 shows the curve of SWCC and pore control
parameter S with hydraulic load under the hydraulic
load path 4—B—C—D—E of Houston sand™’!. It can
be observed from Fig.9(a) that the hydraulic load path
B—C (wetting scanning curve) is the unloading path.
S increases at this stage (see Fig. 9(b) B—C). Pores
expand and the influence of dfon the increment in
suction dy gradually decreases. At the same time, the
impact of change in degree of saturation on dy gradually
increases. When the hydraulic path is changed, that is,
when B—C changes to C— D (from unloading to loading),
S decreases (see C—D in Fig. 9(b)). Pores shrink and
the influence of df on the increment in matrix suction
dy gradually increases. At the same time, the influence
of change in the degree of saturation on dy gradually
increases. The increment in matrix suction dy at point
D is all caused by change in degree of saturation.

10% ¢
D —e— Testing points
—— Prediction curve

g 10
s
=
.S
b3t
2
X
s 100

1071 1 1 1 1

0 20 40 60 80 100

Effective degree of saturation S. /%

(a) Comparison of SWCC test data and prediction curve for Houston sand
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09 C
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0.6 |

0.5
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0.4 1 1 )
107! 10° 10! 102

Matrix suction y/kPa

(b) The relationship curve between parameter £ and matrix suction

Fig.9 Comparison between theoretical and tested SWCCs
of Houston sand and the relationship between £ and suction
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The SWCC model proposed in this paper can predict
not only the initial scanning curve with the boundary
curve as the starting point, but also predict the higher
order scanning curve. Figure 10 shows the test data of
drying-wetting cycle of the US Silica F-95 sand*® and
the SWCC multi-order scanning curve predicted using
the model in this paper. As shown in Fig.10, the initial
point A of the first-order wetting scanning curve is on
the main drying curve. As the hydraulic load decreases
(unloading), it gradually approaches the main wetting
curve to point B. Then the hydraulic load path changes
from unloading (4A—B) to loading (B—C). With the
continuous increase of suction, the first-order drying
scanning curve completes a drying-wetting cycle from
point B to point C, then it starts from point C and passes
through the hydraulic load path C—D—E. Then a second-
order wetting and drying scanning curve is generated.
If you continue to change the direction of hydraulic load,
the model in this paper can be used to predict higher
order scanning curves.

The above examples suggests that the incremental
model based on pore expansion and contraction proposed
in this paper can better describe the hysteresis characteristics
of water-holding behavior in unsaturated soils.

16

14 B o A o b % o Testingpoints
—— Main drying curve

12 B --=- Calibration curve

—— Prediction curve

Matrix suction y/kPa

Effective degree of saturation S. /%

Fig.10 Comparison between theoretical and tested SWCCs
of the US Silica F-95 sand

6 Conclusion

Starting from the analysis of the SWCC and scanning
curve hysteresis physical mechanism, it is assumed that
changes in the degree of saturation and pore expansion
and contraction of unsaturated soils can affect the change
of the matrix suction, and thus the water-holding char-
acteristics of unsaturated soils are discussed. The main
conclusions are as follows:

https://rocksoilmech.researchcommons.org/journal/vol41/iss10/4
DOI: 10.16285/j.rsm.2019.7054

(1) According to the existing experimental conclusions,
this paper suggests that the pore expansion and contraction
is the cause of the hysteresis of SWCC and scanning
curves. On this basis, the axial translation technique is
taken as an example to explain the mesoscopic behavior
of the expansion and contraction of soil pores under
hydraulic load.

(2) By combining the equivalent radius of the pore
defined by the variable cross-section capillary model
with the Fredlund-Xing equation, a SWCC and scanning
curve incremental model that considers pore expansion
and contraction and reflect the hysteresis effect is derived.
By taking aperture control parameters as constants, the
model is simplified. The model can be used by simply
determining the parameters through the main drying
curve and arbitrary scanning curves to predict other
scanning curves.

(3) Five sets of test data of different soil types are
used to verify the model in this paper. Results show that
the model can better describe the hysteresis characteristics
of SWCC and scanning curves. The model is also capable
of predicting high-order scanning curves.
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