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Analytical solution of startup critical hydraulic gradient of fine particles 
migration in sandy soil 
 
WANG Ming-nian1, 2,  JIANG Yong-tao1, 2,  YU Li1, 2,  DONG Yu-cang1, 2,  DUAN Ru-yu1, 2 
1. School of Civil Engineering, Southwest Jiaotong University, Chengdu, Sichuan 610031, China 

2. Key Laboratory of Transportation Tunnel Engineering of Ministry of Education, Southwest Jiaotong University, Chengdu, Sichuan 610031, China 

 

Abstract: Suffusion will occur in the internally unstable sandy soil because of the groundwater seepage. Soil failure caused by the 

suffusion has adverse effects on the building structures or foundations. In this paper, a model that can calculate the force acted on fine 

particles in seepage field was established by considering the effective stress of soil and the stress reduction of fine particles. 

According to the equilibrium state of ultimate stress, the formula for calculating the startup critical hydraulic gradient of fine particles 

migration in sandy soil during the suffusion process was obtained. A DEM-CFD coupled method and the existing experimental data 

were used to validate the proposed model. The results showed that the fine particles in the sandy soil started in rolling mode in the 

beginning, and the startup critical hydraulic gradient is found to be affected by the seepage flow, soil characteristics, and the 

properties of the particles. The startup critical hydraulic gradient of fine particles on the surface of sandy soil was found greatly 

affected by the buried depth. The difference between the highest and lowest startup critical hydraulic gradient of the fine particles 

buried in 1 cm depth was 10.169%, and the difference was reduced to 1.061% when the buried depth was 10 cm. The maximum 

standard error of the calculation method was 6.038% while compared to the numerical simulation results, the maximum standard 

error compared to the seepage test results was 11.211%. Therefore, the proposed model can accurately predict the startup critical 

hydraulic gradient of sandy soil fine particles. 

Keywords: seepage; suffusion; fine particle loss; onset of migration of fine particles; critical hydraulic gradient; DEM-CFD coupling 
 

1  Introduction 

Different from silt and clayey soil with small particle 
size and uniform distribution, the sandy soil with a 
wide range of particle size distribution may show the 
migration and loss of fine particles which flow through 
the soil matrix formed by coarse particles without 
destroying the soil structure under the seepage[1]. This 
phenomenon is called suffusion[2]. The soil with 
potential suffusion is internally unstable [3]. Under the 
groundwater seepage condition, the seepage damage 
caused by the suffusion of internally unstable sandy 
soil will affect the performance of geotechnical structures 
or foundations, such as dams, embankments and railway 
subgrade[4–5]. 

The possibility of internal instability of sandy soil 
depends on particle gradation, particle shape, pore 
structure, etc., which is called geometric condition at 
the beginning of the instability. The hydraulic gradient 
and the resulted effective stress are called the initial 
hydraulic conditions[6]. Suffusion will begin when the 
soil satisfies both geometric and hydraulic conditions. 
The loss process of fine particles under suffusion can 
be divided into two stages: (1) the startup stage—  
the fine particles break away from the soil skeleton 
and no longer transfer stress; (2) the migration stage— 
the fine particles separate from the soil skeleton and 

move into the pore network with the seepage water 
flow. 

In terms of geometric conditions, Kézdi[7], Kenney 
et al.[8] Indraratna et al.[9] put forward the evaluation 
methods and standards of soil internal stability, which 
have been verified by a large number of theoretical, 
experimental research and engineering practice. In 
terms of hydraulic conditions, Indraratna et al.[10] pro- 
posed a theoretical model for the migration and loss of 
fine particles in soil along the pore channel based on 
the concept of equivalent pore diameter. Wang et al.[11] 
obtained the formula for calculating the critical hydraulic 
gradient of fine particles according to the ultimate stress 
balance of fine particles in the pore channel. According 
to the limit moment equilibrium condition of fine 
particles rolling around fixed particles, Huang et al. [12] 
obtained the formula for calculating the critical hydraulic 
gradient of fine particles in soil by rolling mode. 
Chang et al.[13] carried out seepage tests, and found that 
under initial conditions, the startup hydraulic gradient is 
smaller than that of seepage failure hydraulic gradient, 
and both increase with the increase of confining 
pressure. Liang et al.[14] defined the low and high 
critical hydraulic gradient corresponding to the local 
movement and global loss of fine particles based on 
the seepage test. Li et al.[6] considered the stress 
reduction and took the zero effective stress state of fine 
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particles as the soil seepage failure condition, and 
obtained the hydraulic gradient calculation formula of 
seepage failure. Israr et al.[15] introduced stress reduction 
coefficient and considered the friction between soil 
particles, then established the theoretical model of soil 
seepage failure. Meanwhile, they gave the corresponding 
formula for calculating hydraulic gradient of soil seepage 
failure. 

At present, scholars have done a lot of research on 
the migration process of fine particles in soil pore 
network and hydraulic gradient of seepage failure, 
however, there is no research on the effects of effective 
stress on fine particles in the migration startup process. 

In order to solve the problem of suffusion of 
internally unstable sandy soil under the seepage, a 
model that can calculate the force acted on internally 
unstable soil under seepage is established in this paper 
from the point of view of fine particle startup, combined 
with soil effective stress and stress reduction on fine 
particles. The idea and method for calculating the 
force acted on fine particles are given, and the critical 
hydraulic gradient of fine particles is put forward for 
the first time. The formula for calculating the critical 
hydraulic gradient of fine particles in sandy soil is 
derived according to the ultimate stress equilibrium 
state, which provides the basis for quantitative analysis 
of the hydraulic conditions for the migration of fine 
particles. According to the calculation formula, the 
variation of critical hydraulic gradient of fine particles 
with buried depth is obtained. The verification of DEM- 
CFD coupling method and existing experimental data 
shows that the formula can accurately predict the 
startup critical hydraulic gradient of fine particles 
migration in sandy soil. 

2  Stress analysis of fine particles 

2.1 Effective stress on fine particles under the 
seepage 

Skempton et al.[16] proposed the concept of critical 
fine particle content. If the fine particle content is less 
than the critical fine particle content, the fine particles 
can’t fill the pores between the coarse particles. At this 
time, the fine particles bear relatively low stress and 
may move under the seepage force, which is called an 
internally unstable soil[17]. In order to quantify this effect, 
Skempton suggested a stress reduction coefficient α, 
which is defined as the ratio of the stress transmitted 
by fine particles to the effective stress of the over- 
burden. 

As shown in Fig. 1, the buried depth of the soil 
element S is H, and area is a, which are taken from the 
sandy soil affected by seepage (hydraulic gradient i, 
seepage direction θ). Considering stress reduction for 
fine particles, the dead weight of overlying soil is 

aH  , and under the seepage, the seepage force [18] 
of overlying soil is w sini aH  . The equilibrium state 
of vertical stress of the soil element is 

w ,finesin yaH i aH a                      （1） 

where   is the stress reduction coefficient;    is 
the buoyant unit weight of the soil; a is the area of the 
soil element; H is the buried depth of the fine particles; 
i is the hydraulic gradient; w is the unit weight of the 
water; θ is the seepage direction; and ,finey  is the 
vertical effective stress transmitted by the fine 
particles. 

The vertical effective stress transmitted by fine 
particles can be obtained: 

,fine w( sin )y i H                         （2） 

The horizontal effective stress of fine particles is 

,fine 0 ,finex yK                              （3） 

where 0K is the lateral pressure coefficient of the soil, 
for sandy soil[19] there is 0 1 sinK    ; and is the 
effective internal friction angle of the soil. 

For the internally unstable soil, when the fine 
particles are eroded, the effective stress carried by the 
fine particles is 0, namely, 

,fine 0y                                   （4） 

The corresponding hydraulic gradient can be 
obtained: 

c
w sin

i


 


                               （5） 

where ci  is the hydraulic gradient of seepage failure  
of internally unstable soil proposed by Skempton et al. 

 

 
Fig. 1  Stress balance of soil element under seepage action 

 
2.2 Force of fine sandy soil particles under seepage 

As shown in Fig. 2, regarding the soil as a con- 
tinuous, uniform and isotropic material, the xoy 
coordinate system is rotated counterclockwise around 
the o-point at any angle β to obtain the “mon” 
coordinate system, and the stress components in the 
“mon” coordinate system are [20]

2 2
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where m and n are the normal stresses on m 

and n planes (normal directions of planes are parallel 
to m and n axes, respectively), respectively; mn  is the 
tangential stress on m-plane pointing to n-plane; and 

nm is the tangential stress on n-plane pointing to 
m-plane. 

Under the seepage, the gravity of fine particles 
is[18] 

3 (1 )

6

d e
G

  
                           （7） 

where d is the particle size;   is the buoyant unit 
weight of the soil; and e is the void ratio. The 
supporting force N of the fine particles in equilibrium 
with the dead weight can be decomposed into mN and 

nN along the m and n axes, respectively in the mon 

coordinate system. 
As shown in Fig. 3, it can be considered that the 

force acted on fine particles consists of two parts, i.e., 
the effective stress in the soil, and the dead weight and 
the supporting force in equilibrium. The forces acted 
on the fine particles by the surrounding particles are 
combined into the contact force acted at the four 
intersections of the m-axis and n-axis parallel lines 
passing through the center of the particles and the 
surface of the particles. The contact force can be 
calculated by integrating the area of action with the cor- 
responding stress component and adding the 
supporting force component： 

( )d
1

i
i is

F s N
e


 

                        （8） 

 
(a) xoy coordinate system                                          (b) mon coordinate system 

Fig. 2  Effective stress of soil mass  

 

 
Fig. 3  Stress analysis of fine particles 

 

where iF  is the ith contact force; i  is the stress com- 
ponent corresponding to the ith contact force; s is the 
area of the stress component that acted on, which is 

2 / 4d ; and iN is the supporting force component 
corresponding to the ith contact force. 

Under the seepage, fine particles are affected by 
the seepage force due to pore water flow, and the 
seepage velocity is very small. Ignoring the change of 
dynamic water head, the seepage force on a single 
particle is [18] 

2
w

1
( )

6 kF d i d ed                        （9） 

where kd is the equivalent size of soil particle, kd   
1 / ( / )i ip d ; and ip  is the percentage content of soil 
particles with particle size of id . 

Under the seepage condition, the force acted on 
fine particles is shown in Fig. 4. 

 

 
Fig. 4  Stresses acted on a fine particle under seepage action 
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3  Startup critical hydraulic gradient of fine 
particles  

3.1 Geometric conditions of fine particle startup 
migration 

At present, scholars have proposed a variety of soil 
internal stability evaluation criteria[7–9] to judge the 
occurrence of suffusion. For example, Kenney et al. [8] 
thought that when min( / ) 1F H  , fine particles can fill 
the pores between coarse particles, and suffusion will 
not occur (for particles with arbitrary particle size, F is 
the mass fraction of soil particles with particle size of 
0–d; H is the mass fraction of soil particles with 
particle size of d–4d). 

As shown in Fig.5(a), there are different entrances 
and exits of the pores between particles, and these 
openings form a “constriction” along the flow path 
through the material; and for a single fine particle, 
there is a series of pores and constriction of different 
sizes around. The diameter of the largest sphere which 
can pass through the collar stuck is called the collar 
stuck size. When the fine particle size is larger than 
the adjacent collar stuck size in the potential startup 
direction, the fine particle can’t start, if it is smaller 
than the collar stuck size, suffusion may occur. 

With the increase of hydraulic gradient, the fine 
particles that meet the geometric conditions to startup 
will eventually migrate. As shown in Fig. 5(b), it can 
be considered that the fine particles are located at the 
startup point of the pore channel. If the fine particles 
overcome the contact force of the surrounding particles 
under the seepage force, they will break away from the 
soil skeleton and no longer transfer stress, that is, the 
fine particles will start migrate. At this time, there are 
two potential startup modes of fine particles: rolling 
and sliding. 
3.2 Rolling 

As shown in Fig. 6(a), when fine particles start 
rolling, there are two possibilities: rolling around the 
upper contact point M and rolling around the lower 
contact point N. Take the rolling startup around the 
lower contact point N as an example. 

Under dry condition, the fine particles located at 
the startup point of the pore channel, (angle between 
the pore channel and the horizontal direction is  ), 
are no longer affected by 1,m nF , 1,m tF , 2,m nF , 2,m tF ;and 
the normal contact forces perpendicular to the pore 
channel 1,n nF and 2,n nF remain unchanged, while the 
tangential contact forces 1,n tF and 2,n tF are adjusted. 
Under the seepage condition, the normal contact forces 
of fine particles at two contact points are expressed 
as MnF and NnF ，and the tangential contact forces are 

MtF and NtF . In this case, the normal contact force on 
both sides of the pore channel is redistributed, and it is 
assumed that the penetration force component perpen- 
dicular to the pore channel is borne by the normal 
contact force on both sides of the pore channel, we can 
get 

 

(a) Particle distribution 

 

 

(b) Pore channel 

Fig. 5  Particle distribution and migration loss channels 

 

 

 

(a) Rolling 
 

 

(b) Sliding 

Fig. 6  Initiation of fine particle migration 
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2
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2
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                  （10） 

where MnF  and NnF  are the normal contact forces at 
M and N points, respectively; and F is the penetration 
force on fine particles. 

The tangential contact force is 

tan

tan
Mt Mn

Nt Nn

F F

F F



 
 

                         （11） 

where MtF  and NtF are tangential contact forces at M 
and N points, respectively; and   is the effective 
internal friction angle of the soil. 

When the fine particles roll around the lower 
contact point N, there is a torque balance for the N 
point. 

cos( ) sin 0
2 2 Mt

d d
F G F d               （12） 

By solving all formulas simultaneously, the hydraulic 
gradient of fine particles rolling around the lower 
contact point N in sandy soil can be obtained as follows: 

2 2

2
w w

2 2

2
w w

3 (1 sin sin ) tan (1 ) sin

3 sin (1 sin sin ) tan (1 )( )[cos( ) tan sin( )]

3 (1 sin sin ) tan (1 ) (sin 2 tan cos )

3 sin (1 sin sin ) tan (1 )(

k
rN

H e d

H e d ed
i

H e d

H e d ed



     
          

       
     

     
        


       

    

[0 ,90 ] [270 ,360 ]

[90 ,270 ]
)[cos( ) tan sin( )]k




    






    

   

 


 

（13） 
Similarly, the hydraulic gradient of fine particles 

rolling around the upper contact point M in sandy soil 
can be obtained as follows: 

2 2

2
w w

2 2

2
w w

3 (1 sin sin ) tan (1 ) (sin 2 tan cos )

3 sin (1 sin sin ) tan (1 )( )[cos( ) tan sin( )]

3 (1 sin sin ) tan (1 ) sin

3 sin (1 sin in ) tan (1 )(

k
rM

H e d

H e d ed
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H e d

H e d ed





       
          

     
     

       
        


     

    

[0 ,90 ] [270 ,360 ]

[90 ,270 ]
)[cos( ) tan sin( )]k




    






    

   

 


 

（14） 

3.3 Sliding 
As shown in Fig. 6(b), when the fine particles start 

in a sliding manner, the force is balanced along the 
direction of the pore channel:  

cos( ) sin 0Mt NtF G F F                （15） 
By solving all equations simultaneously, the startup 

hydraulic gradient initiated by sliding of fine particles 
in sandy soil can be obtained as follows:

2 2

2
w w

s 2 2

2
w w

3 (1 sin sin ) tan (1 ) (sin tan cos )

3 sin (1 sin sin ) tan (1 )( )cos( )

3 (1 sin sin ) tan (1 ) (sin tan cos )

3 sin (1 sin sin ) tan (1 )( )cos

k

k

H e d

H e d ed
i

H e d

H e d ed





       
       

       
     

       
     


       

    

[0 ,90 ] [270 ,360 ]

[90 ,270 ]
( )




 






  

   

 


      （16） 

3.4 Startup critical hydraulic gradient 
Fine particles will start to move when the hydraulic 

gradient meet any startup mode. By comparison, it is 
found that the startup hydraulic gradient required for 
fine particles rolling is less than that of the startup 
hydraulic gradient of sliding, indicating that fine 
particles in sandy soil will generally start by rolling. 
As a kind of critical hydraulic gradient, the hydraulic 
gradient corresponding to fine particle migration startup 
is called startup critical hydraulic gradient in this 
paper.  

The minimum hydraulic gradient required in different 
startup modes is taken as the critical hydraulic gradient 
for fine particles to start: 

q min( , , )rN rM si i i i                         （17） 

where rNi  is hydraulic gradient when the fine particles 
startup in rolling around the contact point N, and rMi  
is the hydraulic gradient when fine particles startup in 
rolling around the contact point M. 

The critical hydraulic gradient of fine particles in 
sandy soil is 

2 2

q 2
w w

3 (1 sin sin ) tan (1 ) (sin 2 tan cos )

3 sin (1 sin sin ) tan (1 )( )[cos( ) tan sin( ) ]k

H e d
i

H e d ed

       
          

       


        
              （18） 

Equation (18) shows that when the buried depth is 
shallow, the critical hydraulic gradient of fine particles 
in sandy soil is not only related to seepage flow (hydraulic 
gradient, seepage direction) and soil characteristics 
(stress reduction coefficient, buoyancy unit weight, 
effective internal friction angle, void ratio, equivalent 

particle size). It is also affected by the buried depth 
and particle size, At the same time, the startup critical 
hydraulic gradients of fine particles in different directions 
are also different. 

When the buried depth is large ( H d ), the Eq. 
(18) can be simplified to 
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q
w sin

i


 


                              （19） 

Equation (19) is the commonly used hydraulic 
gradient of seepage failure at present, which suggests 
that the critical hydraulic gradient of fine particles has 
nothing to do with the characteristics of particles and 
is controlled by soil buoyancy unit weight, stress 
reduction coefficient and seepage flow. 

4  Results and discussion 

Different from the previous understanding, according 
to the formula for calculating the critical hydraulic 
gradient of fine particles, the hydraulic gradient of fine 
particles under the seepage is not only related to 
seepage flow, soil characteristics and particle size, but 
also affected by the buried depth of fine particles. 
According to the formula for calculating the critical 
hydraulic gradient of fine particles, this section analyzes 
 

the critical hydraulic gradient of fine particles in diff- 
erent buried depths of sandy soil samples under the 
upward seepage flow condition, and discusses the effect 
of the buried depth of fine particles on the critical 
hydraulic gradient. 
4.1 Physical and mechanical parameters of sandy 
soil samples 

The filter consists of the coarse component and 
the fine component from the sandy soil sample. The 
coarse component is coarse sand with particle size 
0.5–2.0mm, and the PSD curve and the constriction 
size distribution（CSD）curve are shown in Fig. 7. Fine 
particles with particle sizes of 0.1, 0.2 and 0.3 mm 
were used as fine component to form sandy soil samples. 
The stress reduction coefficient of sandy soil sample 
is determined according to the method from Israr et 
al.[15], and the physical and mechanical parameters of 
soil sample are shown in Table 1. 

Table 1  Physical and mechanical properties of soil samples 

Sample 
number 

Density  
/ (kg·m–3) 

Void ratio 
e 

Buoyant unit 
weight    
/ (N·m–3) 

Average 
diameter kd  

/ mm 

Stress reduction 
coefficient  

Effective internal 
friction angle   

/ (°) 

Hydraulic gradient at 
failure state 

1 1 720 0.821 11 710 0.623 0.174  0.194 
2 1 820 0.739 12 450 0.688 0.745 30 0.928 
3 1 820 0.757 12 510 0.819 1.000  1.251 

 

 
Fig. 7  Coarse particle size distribution and CSD curves 

 
4.2 Critical startup hydraulic gradient of fine 
particles under upward seepage 

Soil sample 2 with fine particle size of 0.2 mm is 
taken as an example. Under the vertical seepage, the 
critical hydraulic gradient of fine particles with different 
burial depths is calculated as shown in Fig. 8. 

 

 
Fig. 8  Startup critical hydraulic gradient of fine particles 

with different buried depths 

It can be seen from Fig. 8 that there are differences 
in the critical hydraulic gradient of fine particles starting 
in different directions. With the increase of buried 
depth, the critical hydraulic gradient of fine particles 
increases gradually and approaches to the hydraulic 
gradient of seepage failure. 

The ratio of the difference between the highest and 
lowest startup critical hydraulic gradient of fine particles 
in the same buried depth in different directions and the 
lowest startup critical hydraulic gradient is defined as 
the coefficient of variation, namely 

q,max q,min

q,min

=
i i

i



                           （20） 

where   is the coefficient of variation; q,maxi is the 
highest startup critical hydraulic gradient; and q,mini  
is the lowest startup critical hydraulic gradient. 

The highest and lowest startup critical hydraulic 
gradient and coefficient of variation of fine particles 
are shown in Fig. 9. It can be seen from the figure that 
with the increase of buried depth, the critical hydraulic 
gradient of fine particles is gradually close to the 
hydraulic gradient of seepage failure. At the same time, 
the difference between the highest and lowest critical 
hydraulic gradient of fine particles decreases gradually, 
and the coefficient of variation is 0.101 69 when the 
buried depth is 1 cm. The coefficient of variation is 
0.052 165 when the buried depth is 2 cm. and the 
coefficient of variation is 0.010 61 when the buried 
depth is 10 cm. 
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Fig. 9  Minimum and maximum startup critical hydraulic 

gradient and coefficient of variation 

5  Formula verification 

5.1 DEM-CFD coupled simulation verification 
At present, the DEM-CFD coupled simulation method 

 

has been widely used in the field of geotechnical and 
underground engineering. The DEM-CFD coupled 
simulation method is used to simulate the seepage of 
internally unstable sandy soil, and the formula for 
calculating the critical hydraulic gradient of fine 
particles is verified. The solid phase and liquid phase 
simulations are carried out by using the discrete 
element (DEM) software PFC3D and the computational 
fluid dynamics (CFD) software OpenFOAM, respectively. 

From the previous section, it is known that the 
critical hydraulic gradient of fine particles in the 
surface layer of sandy soil (buried depth is less than 
1cm) is greatly affected by buried depth. Considering 
the calculation efficiency, the size of sandy soil model 
is 1cm × 1cm × 1cm. Physical and mechanical parameters 
are selected as shown Table 1. The PFC model para- 
meters are shown in Table 2.

 Table 2  PFC model parameters 

Sample 
number 

Fine particle 
diameter 

/ mm 

Fine particle 
content 

/ % 

Coarse particle 
diameter 

/ mm 

Number of 
particles 

 

Density 
/ (kg·m–3) 

Modulus 
/ MPa 

Stiffness ratio 
Friction 

coefficient 

1 0.1  8 0.5～2.0 60 666 3 600 1 1 0.4 
2 0.2 14 0.5～2.0 15 872 3 600 1 1 0.4 
3 0.3 14 0.5～2.0 5 885 3 600 1 1 0.4 

 
The PFC model and flow field for soil sample 2 

are shown in Fig. 10. 
 

   

(a)  PFC model                   (b) Flow field 
Fig. 10  PFC model and flow field 

 
In the simulation process, an increasing vertical 

upward hydraulic gradient is applied to the sandy soil 
sample, and the migration and loss state of fine 
particles under different hydraulic gradient is shown in 
Fig. 11. 

Figure11(a) that when the hydraulic gradient 0i  , 
the fine particles in the soil sample basically remain 
constant. A small number of fine particles change their 
locations and the particles start to move as illustrated 
in Fig.11(b) when the hydraulic gradient 0.4i  . It is 
seen most of the fine particles change their locations 
and migrate and move under the seepage (Fig. 11(c)) 
when the hydraulic gradient 0.8i  . As can be seen 
from Fig. 11(d), when the hydraulic gradient 1.3i  , 
both coarse and fine particles begin to move, and the 
soil sample is damaged by uplift. 

The sandy soil sample is divided into five layers 
vertically from top to bottom, and the displacement 

and quantity of fine particles in each layer are 
monitored during the simulation process. If the fine 
particles can move to the adjacent pores through the 
constriction, the startup occurs. / 2kd  is taken as 
the startup critical value of displacement of fine 
particles, and when the displacement of fine particles 
is greater than the critical value, the startup of fine 
particles is considered. The change of the number of 
fine particles in each layer is shown in Fig. 12, and the 
change in the startup number of fine particles is shown 
in Fig. 13. 

 

   

(a) i=0.0                   (b) i=0.4 

 

   

(c) i=0.8                  (d) i=1.3 

Fig. 11  Fine particle migration and particle loss 
 under seepage 

0.00 0.04 0.08 0.12 0.16 0.20
0.2 

0.4 

0.6 

0.8 

1.0 

Minimum startup critical hydraulic gradient 
Maximum startup critical hydraulic gradient
Coefficient of variation

Buried depth / m 

H
yd

ra
ul

ic
 g

ra
di

en
t 

0.0

0.2

0.4

0.6

0.8

1.0

C
oe

ff
ic

ie
nt

 o
f 

va
ri

at
io

n 

ci  0.928 

7

WANG et al.: Analytical solution of startup critical hydraulic gradient of fin

Published by Rock and Soil Mechanics, 2020



                       WANG Ming-nian et al./ Rock and Soil Mechanics, 2020, 41(8): 25152524                 2522   

 

 

   

 第 层1
 第 层2
 第 层3
 第 层4
 第 层5

 
 
 

Fig. 12  Number of fine particle changes 

 

   

 第 层1
 第 层2
 第 层3
 第 层4
 第 层5

 
 
 

Fig. 13  Number of startup-fine particle changes 

 

It can be seen from Fig. 12 that under the seepage, 
the number of fine particles in the bottom fourth and 
fifth layers of the soil sample decreases continuously, 
and under the supplement of fine particles lost in 
fourth and fifth layers, the number of fine particles in 
the second and third layers changes little. As the 
number of fine particles migrate to the first layer, the 
number of fine particles in the first layer increases 
gradually. As shown in Fig. 13, with the increase of 
the hydraulic gradient, the number of migrated fine 
particles in layers 1–5 increased, and the number of 
moved fine particles increases gradually with the 
increased of hydraulic gradient. 

After the initial equilibrium, there are suspended 
particles in the model which do not transfer stress, and 
the suspended particles may start moving when the 
hydraulic gradient is very small. We found that in the 
initial stage of seepage, the startup rate of fine particles 
(the ratio of the number of fine particles to the total 
amount of fine particles) changed abruptly with the 
increase of hydraulic gradient, and when the startup rate 
of fine particles reached 1%, it basically changed with 
the law of hydraulic gradient. In order to eliminate the 
impact of suspended particles, the hydraulic gradient 
corresponding to the startup of 1% of fine particles in 
each layer is taken as the lowest startup critical 
hydraulic gradient of fine particles, and the startup rate 
of fine particles in each layer varies with the hydraulic 
gradient as shown in Fig. 14. 

 

    

 第1层
 第2层
 第3层
 第4层
 第5层

 

 
 

Fig. 14  Startup rate of fine particles 

 
As can be seen from Fig. 14, under the seepage, 

the startup rate of fine particles in layers 1–5 has 
reached 1% successively, and with the increase of 
hydraulic gradient, the fine particles in each layer are 
basically started. 

The minimum startup critical hydraulic gradient of 
fine particles obtained by calculation formula and 
numerical simulation is shown in Fig. 15, and the calcula- 
tion results of the formula are basically consistent with 
the results of numerical simulation. 

 

 
Fig. 15  Minimum startup critical hydraulic gradient 

 

The comparison of the minimum startup critical 
hydraulic gradient of fine particles obtained by the 
calculation formula and numerical simulation is shown 
in Fig. 16. The data points are basically distributed 
along the isoline, and the maximum standard error is 
6.038%, deviation is within 6%. 

 

 
Fig. 16  Comparison of model and numerical simulations 
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5.2 Model validation with existing test data 
Israr et al.[15] carried out permeability tests on granular 

soils with different relative densities, and the variation 
of effluent turbidity and flow velocity with hydraulic 
gradient is plotted in Fig. 17. 

 

 
Fig. 17  Effluent turbidity and flow velocity variations 

versus hydraulic gradient 

 
Figure 17 presents that the turbidity of the effluent  

 

keeps a low value at the beginning of seepage, indicating 
that the suspended particles in the soil will be lost with 
the water flow after the beginning of seepage. With the 
increase of hydraulic slope, the turbidity of effluent 
suddenly begins to increase rapidly under a critical 
gradient, corresponding to the lowest startup critical 
hydraulic gradient of fine particles in the surface layer. 
The hydraulic gradient continues to increase, and when 
the effluent turbidity reaches 60FTU, the effluent velocity 
increases suddenly, and the seepage failure occurs in 
the soil sample, which corresponds to the failure 
hydraulic gradient. 

The minimum startup critical hydraulic gradients 
of fine particles in the surface layer (The soil equivalent 
particle size is taken as the burial depth of surface fine 
particles) obtained by Israr’s test and calculation 
formula in this paper are shown in Table 3. Figure 18 
shows the minimum startup critical hydraulic gradient of 
fine particles obtained by comparing the test data and 
the calculation formula, the data points are basically 
distributed along the isoline, and the maximum 
standard error is 11.211%, deviation is within 12%.

Table 3  Comparison between existing test data and model calculation results 

Sample 
number 

Buoyance unit 
weight    

/ (kN·m–3) 

Relative density 

dR  
/ % 

Fine particle 
content 

/ % 
Void ratio

Stress 
reduction 
coefficient

Equivalent 
particle diameter 

kd  
/ mm 

Equivalent fine 
particle diameter / 

mm 

The lowest startup hydraulic 
gradient q,mini  

Experiment Formula 

Y-R5 9.4 7 
30 

0.925 0.40 
3.95 0.250 

0.362 0.355 
Y-R50 10.4 53 0.680 0.44 0.422 0.391 
Y-R95 11.4 97 0.447 0.51 0.484 0.488 
Z-R5 9.5 5 

20 
0.867 0.53 

1.83 0.100 
0.391 0.453 

Z-R50 10.4 51 0.628 0.64 0.525 0.543 
Z-R95 11.3 94 0.405 0.75 0.602 0.687 
U-R5 9.7 6 

19 
0.855 0.14 

0.45 0.001 
0.099 0.124 

U-R50 10.6 54 0.607 0.17 0.153 0.153 
U-R95 11.5 98 0.379 0.20 0.192 0.198 

 

 
Fig. 18  Comparison between model prediction  

and experimental data 

6  Conclusions 

In order to investigate the startup of suffusion of 
internally unstable sandy soil, a formula for calculating 
the critical hydraulic gradient of fine particles in sandy 
soil is developed, and is verified by DEM-CFD coupled 
method and existing test results. The conclusions are 
as follows: 

The formula for calculating the startup critical 
hydraulic gradient of fine particles in sandy soil is 

derived according to the ultimate stress equilibrium 
state. The maximum standard errors are 6.038% and 
11.211%, respectively with DEM-CFD coupled method 
and seepage test results, indicating that the formula 
can accurately predict the threshold hydraulic gradient 
of fine particles. 

The startup critical hydraulic gradient of fine 
particles on the surface of sandy soil is greatly affected 
by the buried depth. With the increase of buried depth, 
the difference between the highest and lowest critical 
startup hydraulic gradient of fine particles decreases 
gradually and approaches to the hydraulic gradient of 
seepage failure. The difference between the highest 
and lowest startup critical hydraulic gradient is 10.169% 
when the buried depth is 1 cm, and the difference is 
1.061% when the buried depth is 10cm. 

Compared with the numerical simulation and test 
results, there are still some errors in the calculation 
formula. It is considered that there are mainly the 
following reasons. 

(i) In the process of establishing the force balance 
model of fine particles, it is assumed that the soil is a 
continuous, uniform and isotropic material. The stress 
state of fine particles is obtained by the model, which 
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is different from the real stress state of fine particles. 
(ii) Both the calculation formula and the DEM- 

CFD coupled method assume that the sandy soil 
particles are spheres and ignore the shape effect. 

(iii) The formula for calculating the startup critical 
hydraulic gradient is derived from the limit force 
balance of fine particles, without considering the defor- 
mation of fine particles and the adjustment of the 
position between particles. The fine particles may not 
reach the equilibrium state of ultimate stress in reality. 

(iv) The average hydraulic gradient is used in the 
calculation process, and the change of the local 
seepage state is not taken into account. The local 
hydraulic gradient usually changes with the location, 
and the practicability of the calculation formula needs 
to be further improved. 
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