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Abstract: The discrete element numerical method has been usually used for some parameter sensitivity analysis of geo-materials in 

the compression test and the Brazilian splitting test. However, there have been limited studies systematically focusing on mesoscopic 

influencing factors and 3D fracture process in mode I fracture toughness tests. The 2D discrete element methods cannot reflect the 

real mechanical behavior of a 3D model. Therefore, a three-dimensional flat joint model (FJM3D) is used in this paper to investigate 

the effects of microstructure parameters and bond mesoscopic parameters on mode I fracture toughness tests with different notch 

shapes. The microstructure parameters include the square root of average particle radius ( R ), model resolution ( ), and 

maximum/minimum particle diameter ( max min/d d ). Bond meso-parameters include average coordination number (CN), slit element 

fraction ( s ), bond tensile strength ( b ), bond cohesion ( bc ), friction coefficient (  ) and friction angle ( ). Results of parameter 

sensitivity analysis show that the mode I fracture toughness ( IcK ) is positively correlated with R , CN, and b , and negatively 

correlated with max min/d d and s . There are no obvious linear relationships between IcK  and  , bc ,  ,  . In addition, 

suitable ranges of  and max min/d d are recommended to obtain an appropriate mode I fracture toughness with a low level of 

variation. Based on the results of parameter sensitivity analysis, the mechanical behaviors of the Kowloon granite with notched 

semi-circular bend (SCB) and cracked chevron notched semi-circular bend (CCNSCB) specimens are calibrated. The failure process 

of mode I fracture toughness tests with different notch shapes indicates that the pre-peak and post-peak behaviors of the SCB test is 

more consistent with the laboratory test. 

Keywords: mode I fracture toughness; flat-joint model; sensitivity analysis; SCB; CCNSCB 
 

1  Introduction 

Rock fracture toughness is an important parameter 
to describe rock resistance to crack initiation and pro- 
pagation, which can be used to identify and predict the 
immediate damage of rock mass structures, and provide 
guidance for improving the stability and safety of rock 
mass structures. In addition, it can guide the develop- 
ment of new technologies for mineral resources, such 
as mechanized mining, blasting, hydraulic fracturing, 
etc.[1–2]. 

Due to high compressive strength and low tensile 
strength of rocks, mode I fracture (open or tensile type) 
is regarded as the most basic and important type in rock 
fracture mechanics. The semi-circular bend (SCB) method 
is recommended by International Society for Rock Mech- 
anics (ISRM) for mode I fracture toughness, and it has 
received much attention in the field of rock fracture[3–4]. 
For the laboratory measurements, there are currently 
four methods to measure the mode I fracture tough- 
ness, including chevron bend (CB) test, short rod (SR) 
test, cracked chevron notched Brazilian disc (CCNBD) 

test , and semi-circular bend (SCB) test. Compared 
with CB, SR and CCNBD methods, SCB has several 
advantages: (1). the specimen preparation is simple and 
the specimen size is small; (2). the loading equipment is 
relatively simple, and the three-point bending load is 
applied by commonly used compression equipments; (3). 
the fracture toughness can be calculated with only the 
maximum load. The cracked chevron notched semi- 
circular bend (CCNSCB) specimen can be regarded as 
half of the CCNBD specimen in app- earance, which 
essentially eliminates the assumption of symmetrical 
crack propagation in the CCNBD test. Therefore, it is 
a improvement of the CCNBD method. In recent years, 
the CCNSCB method has attracted a lot of attention due 
to its advantages, but its progressive fracture process has 
not yet been effectively evaluated. Some scholars[6–8] used 
the SCB and CCNSCB methods to measure the mode I 
fracture toughness ( IcK ) of the same kind of rock, and 
they found that the fracture toughness of CCNSCB 
specimens was generally higher than that of SCB spe- 
cimens. However, the essential reasons for the above 
results have not yet been revealed. In numerical sim- 
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ulations, Potyondy et al.[9] used the bonded-particle 
model (including contact bonds and parallel bonds) to 
obtain mode I fracture toughness and found that particle 
size was not a free parameter. The FJM3D (three-dimen- 
sional flat joint model) was applied by Xu[2] for 
CCNSCB and fracture toughness was found to be linearly 
positively correlated with bond tensile strength, and the 
square root of the particle diameter, and negatively 
correlated with the square root of the maximum and 
minimum particle ratio. Overall, the response of the 
meso-parameters of different fracture toughness test 
methods or contact models can be quite different. 

At present, investigation of mode I fracture toughness 
tests by discrete element is mainly based on the stand- 
ard BPM model, which is mostly 2D model. However, 
the 2D model cannot truly reflect the fracture process 
of 3D specimens. Most sensitivity analysis of para- 
meters is for the compression test and the Brazilian 
splitting test and there are limited studies for SCB and 
CCNSCB tests. In the mode I fracture toughness test, 
the straight-through notch and the cracked chevron 
notch are the most used shapes, but the role played by 
different notch shapes has not been fully understood. 
Based on this, it is necessary to use the widely used 
FJM3D model for numerical evaluation of the SCB and 
CCNSCB methods. First, a set of modelling method 
for fracture toughness that meets the smoothness requi- 
rements is developed, and the influence of mesostruc- 
ture and meso-parameters of the FJM3D model on 
mode I fracture toughness is systematically studied. 
Based on the results of para- meter sensitivity analysis, 
the mechanical behaviors of the Kowloon granite are 
calibrated, providing suggestions for calibrations of meso- 
parameters in mode I fracture toughness tests. Finally, 
the mode I fracture process of SCB and CCNSCB 
specimens with different notch shapes is analyzed 
from a mesoscopic perspective. 

2  Flat-joint mode I fracture toughness model 
and introduction of SCB and CCNSCB methods 

2.1 Flat joint model 
The particle flow code (PFC) is widely used to simu- 

late rock mechanical behavior, especially fracture and 
nonlinear behavior. The calculation in PFC is performed 
by alternately applying Newton's second law between 
particles and the force-displacement law between 
contacts. Compared with the continuous method that 
indirectly characterizes fractures, PFC can directly 
characterize the fracture through structural unit or 
contact fracture without special fracture criteria[9–10]. 
With its unique advantages in the study of rock or 
rock-like fracture mechanism, the standard BPM is 
widely used in many fields, such as rock engineering, 
slope engineering, mining engineering, etc. 

The FJM model is superior to the standard BPM 
model in reproducing the fracture mode and macro- 
mechanical behavior of brittle rocks[2, 11–13]. The following 
is a detailed introduction of the FJM3D model from 
the four main aspects of solving the standard BPM 
defects: (1). A new bond meso-parameter installation 

spacing ratio is introduced to increase the self-locking 
effect between particles. (2). The contact mechanics 
behavior of FJM3D is described by equal volume 
elements between abstract surfaces. Each element can 
be bonded or non-bonded with friction, so the contact 
state of flat joints can be deformed, damaged or partially 
damaged.(3). Flat joint contacts include bonded elements 
(type B) and non-bonded elements (types G and S). 
The model is randomly assigned to the intermediate 
contact surface between particles according to the 
proportions of the three types of elements. The non- 
bonded elements are used as pre-cracks in the model 
to simulate natural defects such as pores or cleavage in 
the tight rock. (4). The stress-related shear strength is 
introduced. The shear strength of the bonded element 
follows the Coulomb criterion with tension cut-off, 
and the non-bonded element follows the Coulomb slip 
criterion, as shown in Figs.1(b) and 1(c). Among them, 
points 1–3 are to modify the contact microstructure 
parameters, and the point 4 is to modify the constitu- 
tive relationship. The FJM3D model has been improved 
from the above aspects and the three major characteristics 
of brittle rocks including high tension compression 
ratio, large friction angle and nonlinear envelope can 
be well reproduced. More detailed descriptions of the 
FJM3D mechanism can be found in the literatures[2, 13], 
which will not be repeated here. 
2.2 Numerical model of model I fracture toughness 

In traditional modeling methods of SCB and CCNSCB 
tests, a semicircle is usually cut off from a cuboid[14–16] 
and the notch is generated by deleting particles. The wide 
wall or traditional cylindrical support is used as the 
upper support[17]. There are some problems existing in 
these methods such as uneven circumference and notch, 
insufficient contact between supports and particles, 
which makes it easy to fail when loading the model. 
Although a smaller particle diameter can relatively 
improve the smoothness of the disc surface, it increases 
the calculation amount of the model. A set of I-type 
fracture toughness test modeling method (see Fig.2) is 
developed in this article, and the steps are as follows: 

(1) The multiple narrow bars are regarded as a 
cylinder when generating a disc, and a dividing wall is 
inserted in the middle to divide the disc into half circles. 
The smoothness of the circumference, front and rear 
surfaces and bottom surface of the semicircle model is 
ensured, and the smoothness of the circumference and 
the lower support is controlled by the circumference 
resolution. 

(2) The narrow wall acts as the top support, and the 
cylinder generates the bottom support to ensure that the 
support is in full contact with the particles. 

(3) The straight-through notch and the cracked 
chevron notch are generated by a cuboid and a double 
semicircle of discrete fracture network (DFN), which 
avoids the serrated grooving produced by the traditional 
method and meets the smoothness requirements for 
notches. 

The circumferences of numerical specimens of 
SCB and CCNSCB composed of 39 narrow bars gen- 
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erated by the above method and the notches generated 
by DFN are very smooth, which meets the requirements 
of full load contact and smoothness. 
2.3 SCB test and CCNSCB test method 

Figure 3(a) shows a schematic diagram of the geo- 
metric dimensions of the SCB specimen, and the corres- 

ponding symbol annotations and adopted dimensions 
are listed in Table 1. The numerical specimen is com- 
posed of 4472 particles and is kept under quasi-static 
loading at a rate of 0.004 m/s until failure. Using the 
maximum load maxP and geometric parameters obtained 
above, the calculation formula of IcK is as follows[3]: 

 
 

          
(a) FJM3D model contact                                   (b) Bonded element in FJM3D model  

 

 
(c) Non-bonded element in FJM3D model 

Fig. 1  Meso-structure and force-displacement of FJM3D 

 
 

       
 

 

 

 

 

 
 
   (a) Approximately smooth semicircular disk             (b) Three-point bending support        (c) Smooth notch generated by DFN 

Fig. 2  Generation method of FJM3D model for mode I fracture toughness 
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(a) SCB specimen                                           (b) CCNSCB specimen 

Fig. 3  Geometrical dimensions of mode I fracture toughness specimen 
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                           （1） 
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( 2 )] [1.071 34.401( 2 )]

Y s R

s R s R 

     

 


     （2） 

where /a R  ; Y  is the critical stress intensity 
factor, with a value of 2.905. 

Figure 3(b) shows a schematic diagram of the geo- 
metric dimensions of the CCNSCB specimen, and the 
corresponding symbol annotations and adopted dim- 
ensions are listed in Table 2. The particle composition and 
loading rate of the numerical specimen are consistent 
with the SCB test. The maximum load maxP  and geo- 
metric parameters are used in the calculation of 

IcK [6]: 

max
Ic

P
K Y

B R
                              （3） 

 

Table 1  Recommended geometrical dimensions of SCB 
specimen 

Parameter 
Value or range recommended  

by ISRM 

Parameter values in 
numerical test model 

/ mm 

Diameter D 
Larger than 10 times of particles 

diameter or 76 mm 
75.0 

Thickness B Larger than 0.4D or 30 mm 30.0 
Straight notch 

length a 
0.4≤ 2a/D ≤0.6 15.0 

Support spacing s 0.5≤ s/D ≤0.8 37.5 

 

Table 2  Recommended geometrical dimensions of 
CCNSCB specimen 

Parameter 
Recommended 
value or range 

Parameter values in 
numerical test model

 / mm 
Diameter D 75 mm 75.00 
Thickness B 0.44 ≤ B/R ≤ 1.04 30.00 

Minimum chevron notch 
length a0 

a0/R =0.263 7  9.89 

Maximum chevron notch 
length al 

0.4 ≤ al/R ≤ 0.8 24.38 

Support spacing s － 37.50 

3  Meso-influencing factors for mode I fracture 
toughness 

The meso-influencing factors used for sensitivity 
analysis are divided into two categories: microstruc- 
ture parameters and bond meso-parameters. The micro- 

structure parameters include the square root of average 
particle radius R , model resolution , and maximum/ 
minimum particle diameter max min/d d . Bond meso- 
parameters include average coordination number CN, 
S-type element fraction s , bond tensile strength b , 
bond cohesion bc , friction coefficient  , and friction 
angle . Five to six groups of values are set for each 
parameter. In each group, five random seeds are used 
to generate different arrangements. The control variable 
method using single factor is adopted: when the influence 
of a certain factor is considered, other parameters remain 
unchanged. 
3.1 Effects of meso-structure parameters on KIc  

The values of R  are set to be 0.80, 0.977, 1.127, 
1.238 and 1.377 mm, respectively; the values of Ψ are 
set to be 5, 8, 11.8, 14, 16.6 and 20, respectively; and 
the values of max min/d d are set to be 1:1, 1.3:1, 1.66: 
1, 2:1, 2.25:1 and 2.5:1. The relationship between IcK  
and meso-influencing factors is displayed in Fig.4. The 
average value and standard deviation of IcK  obtained 
from the SCB and CCNSCB tests increase linearly with 

R . The increasing rate (about 0.51 to 0.55) is basically 
the same, and the effect of R on both IcK values is 
also the same. In addition, with the same R , the average 
value of IcK obtained by CCNSCB is greater than that 
of SCB, which is about 22% higher than that of SCB. 
There is no obvious linear correlation between the 
average value of IcK  and Ψ, and the standard devia- 
tion is negatively correlated with Ψ. Moreover, the 
standard deviation obtained by the model with Ψ greater 
than 11.8 is smaller. It is recommended that the resolu- 
tion of the SCB and CCNSCB numerical specimens 
should be kept above 11.8. The average value of IcK  
and standard deviation decrease linearly with max /d  

mind , and the decreasing rate of CCNSCB is greater 
than that of SCB. With the same max /d mind , the 
average value of IcK obtained by CCNSCB is greater 
than that of SCB, which is about 21% higher than that 
of SCB. There is a small fluctuation when max min/d d is 
smaller than 2. Therefore, it is better to keep the value 
of max min/d d  between 1 and 2 in the numerical 
simulation of SCB and CCNSCB. 
3.2 Effects of bond meso-parameters on KIc  
3.2.1 Effect of average coordination number CN on 

IcK  
The average coordination numbers CN are set to 

be 7.6, 8.2, 9, 9.7, 10.5 and 11.5, respectively. A 
positive correlation between IcK and CN is observed 

B 
C

s
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in Fig.5. A larger CN indicates that there are more flat 
joint contacts around the particles, which means that 
the self-locking effect of the particles is enhanced, and 
a greater stress is required to destroy particle contact. 
In addition, IcK  obtained in the CCNSCB test is greater 
than that of the SCB test. 

 

 
    (a) Square root of average particle radius 

 

 
      (b) Model resolution Ψ 

 

 
      (c) Maximum/minimum particle diameter max min/d d  

Fig. 4  Effects of meso-structure parameters on mode I 
fracture toughness KIc  

 

 
Fig. 5  Effect of average coordination number CN on mode 

I fracture toughness KIc  

3.2.2 Effect of S-type element fraction s  on IcK  
The S-type element fractions s  are set to be 0.1, 

0.2, 0.3, 0.4 and 0.5. Figure 6 shows that IcK  obtained 
from both the SCB and CCNSCB tests decreases with 
increasing s . The increasing s indicates an increase 
of the crack density of the model, which damages the 
integrity of the bond chain between the particles. Then 
the fracture stress of the specimen decreases accordingly. 
For a low crack density ( s ≤0.3), the decreasing rate 
of SCB is larger than CCNSCB; for a high crack density 
( s ≥ 0.3), the decreasing rate of SCB is smaller than 
CCNSCB. The CCNSCB tests are more sensitive to 

s  in cases of a high crack density. 
 

 
Fig. 6  Effect of S-type element fraction s  on mode I 

fracture toughness KIc  

 
3.2.3 Meso-strength parameters 

To investigate the influence of the bond meso- 
strength parameters on IcK , six different values are 
chosen for bond cohesion bc , bond tensile strength 

b , friction coefficient  , and friction angle  . The 
relationships between IcK and bc , b ,   and   are 
displayed in Fig.7. 

IcK is only linearly correlated with b . In addition, 

IcK obtained in the SCB test is smaller than in the 
CCNSCB test, and the rate of increase is smaller than 
CCNSCB. The linear fitting equation between b  
and IcK obtained in the SCB test is as follows: 

Ic b0.046 0.014K   ， 2 0.999R              （5） 

The linear fitting equation between b  and IcK  
obatined in the CCNSCB test is as follows: 

Ic b0.055 0.046K   ， 2 0.996R              （6） 

The correlation coefficients of the above two fitting 
relations are close to 1, which well confirms the conclu- 
sions derived by Potyondy et al.[9]. However, there are 
still some differences between these two relationships. 
The intercepts of the linear fitting equations of the SCB 
and CCNSCB tests are 0.014 MPa·m0.5 and  0.046 MPa· 
m0.5, respectively; and the non-zero intercept is caused 
by fracturing-induced tension failure. The other three 
strength parameters bc ,  , and   have basically no 
effect on IcK   and   control the post-peak behavior 
of the load-displacement curve in the compression test 
and the friction angle in the model, separately. No 
matter how   and   change, IcK  obtainned in 
the SCB and CCNSCB tests remains unchanged, and 
the former is smaller than the latter. 
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    (a) Bond cohesion bc  

 

 
     (b) Bond tensile strength b  

 

 
     (c) Friction coefficient  

 

 
    (d) Friction angle  

Fig. 7  Effect of bond strength on mode I fracture  
toughness KIc  

4  Meso-analysis of mode I fracture toughness 
test of the Kowloon granite 

4.1 Calibration of mode I fracture toughness in 
FJM3D model 

The Kowloon granite[8] in the northwest of Hong 
Kong Island is investigated in this study. This rock is a 
medium-grained granite with an average grain diameter 
of 0.92 mm. It is mainly composed of 54.2% quartz, 

23.2% potassium feldspar, and 13.8% plagioclase and 
8.9% biotite. The radius of the SCB specimen is 42 mm, 
the thickness is 36 mm, the length of the prefabricated 
straight-through notch is 21 mm, and the distance 
between the double supports is 25.2 mm, which is 
consistent with the recommended value or range of 
ISRM[3]. The same radius and thickness of the CCNSCB 
specimen are chosen as the SCB, with the minimum 
length of the prefabricated chevron notch of 11.08 mm, 
the maximum length of 27.3 mm, and the distance 
between the double supports of 33.6 mm. The MTS815 
servo-controlled testing system for rock mechanics 
equipped with a three-point bending fixture is used for 
fracture toughness test. The average value obtained from 
the six groups of SCB specimens is 1.24 MPa·m0.5 
with the standard deviation of 0.05 MPa·m0.5; the 
average value obtained in the seven groups of CCNSCB 
specimens is 1.94 MPa·m0.5 with the standard deviation 
of 0.17 MPa·m0.5. 

The size of the FJM3D model used to simulate the 
mode I fracture toughness of the Kowloon granite is 
consistent with the laboratory test, and the quasi-static 
loading is maintained at a rate of 0.004 m/s. The average 
value and standard deviation of results in the SCB 
numerical test in Table 4 are basically the same as the 
indoor tests, which has a good agreement with the mode 
I fracture toughness of the rock. Figure 8 shows the 
load–displacement curves of the SCB and CCNSCB 
specimens in numerical tests and indoor tests using the 
parameters in Table 3. Most mechanisms of the mode I 
fracture of the Kowloon granite (except for compaction 
stage), such as deformation characteristics, peak load, and 
post-peak behavior can be reproduced in the SCB num- 
erical test. At present, the pore compaction process 
similar to that of natural specimens cannot be realized 
in the FJM model. The average value and standard 
deviation of results in the CCNSCB numerical tests in 
Table 4 are smaller than those of the laboratory tests. 
However, the deformation characteristics are consistent, 
and the slopes (elastic modulus) of the straight-line 
segments of the two curves are approximately equal. 
Unlike the indoor test, a local peak is observed in the 
peak load–displacement curve of the CCNSCB nume- 
rical test. A sharp drop for the post-peak behavior does 
not occur at the minimal displacement, and a drop step 
by step is witnessed. According to the analysis in Section 
3.1, an increase of R  and a decrease of max min/d d  
can increase IcK , and now max min/d d  is reduced to 
1.0. The black dashed line in Fig.8(b) shows the load– 
displacement curve after the adjustment of max min/d d . 
It can be seen that the peak value of mode I fracture 
obtained in the numerical model increases, which can 
well match the peak load of the indoor test. Meanwhile, 

max min/d d also has a certain influence on the deforma- 
tion characteristics. When the mesoscopic parameters 
can be matched with the mode I fracture load-displace- 
ment curve of the SCB specimens, IcK  obtained in 
CCNSCB specimens with the corresponding parameters 
is too small. 
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Table 3  Meso-parameters used to simulate Kowloon granite 

Contact 
model Property Basic value

 Minimum particle diameter mind / mm 1.5 

 Maximum/ minimum particle diameter 

max min/d d  
1.66 

 Installation spacing ratio ratiog  0.4 
 Number of radial elements rN  1 

 Number of elements in the circumferential 
direction aN  

3 

 S-type element fraction s  0.1 
 

Flat joint 
Effective modulus of particle and bond 

c cE E / GPa 
10.5 

 Normal to tangential stiffness ratio of particle 
and bond n s n sk k k k  

1.5 

 Bond tensile strength and standard deviation 

b / MPa 
35±0 

 Bond cohesion and standard deviation bc / 
MPa 

220±0 

 Friction coefficient  0.4 
 Friction angle / (°) 0 
 Installation spacing ratio 0g  0 
 Friction coefficient  0.5 
Smooth joint Normal strength of bonding system / MPa 0 
 Tangential strength of bonding system / MPa 0 
 Friction angle of bonding system / (°) 0 

 

Table 4  Results of Kowloon granite obtained from laboratory 
tests[8] and FJM3D simulations 

Mode I fracture toughness test Laboratory Simulation 
SCB test maxP / kN 3.20±0.382(n=6) 3.26±0.085(n=4)
SCB test IcK / (MPa·m0.5) 1.24±0.05(n=6)  1.38±0.036(n=4)
CCNSCB test maxP / kN 2.54±0.250(n=7) 2.13±0.055(n=4)
CCNSCB test IcK / (MPa·m0.5) 1.94±0.17(n=7) 1.74±0.045(n=4)

Note: n represents the number of trials or the number of random seeds. 

 

 
(a) SCB test 

 

 
   (b) CCNSCB test 

Fig. 8  Stress–strain curves of mode I fracture  
toughness tests 

4.2 Numerical test process of mode I fracture 
toughness in FJM3D 

The five side views in Fig. 9 correspond to points 
a, b, c, d, and e of the load–displacement curve, Tn  
and Sn  indicate the number of tension cracks and 
shear cracks, respectively. According to the crack growth 
distribution, the meso-scale numerical model I fracture 
toughness test of SCB is divided into three stages: the 
initiation of the straight-through notch tip (point a), 
the stable growth of the straight-through notch (points  
a–c) and the penetrating stage (points c–e). At the 
initiation stage of the straight-through notch tip, the 
initiation cracks are scattered at the tip of straight- 
through notch, all of which are tensile cracks. Moreover, 
the number of cracks is about 5% of the total number 
of cracks at the peak. The load at load point a is 2.58 kN, 
which is about 79% of the peak load. Then the load is 
applied to point b, and the steady propagation of cracks 
occurs vertically upwards. The cracks are all tension 
cracks, which are about 49% of the total number of cracks 
at the peak. The cracks are close to each other in space, 
which can be regarded as the formation  

 

 
(a) Relationships between load, crack number and displacement 

 

   
(b) 2.58 kN (79%Fp)    (c) 3.14 kN (96%Fp)    (d) 3.25 kN (99%Fp)  

(nT=10, nS=0)        (nT=107, nS=0)         (nT=169, nS=0) 
 

  
(e) 3.27 kN (100%Fp)   (f) 2.16 kN (66%Fp) 

(nT=218, nS=0)       (nT=770, nS=0) 

Fig. 9  Development of the failure process in  
the SCB numerical test of arrangement 4 
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(a) Relationships between load, crack number and displacement 

 

   
(b) 1.61 kN (77%Fp)    (c) 1.80 kN (86%Fp)   (d) 2.09 kN (100%Fp) 

(nT=7, nS=0)         (nT=28, nS=0)          (nT=71, nS=0) 

 

  
(e) 2.08 kN (99.5%Fp)   (f) 1.20 kN (57%Fp)  

(nT=206, nS=0)       (nT=1 039, nS=0) 

Fig. 10  Development of the failure process in the CCNSCB 
numerical test of arrangement 4 

 
of a macro-crack. Afterwards, the cracks continue to 
grow steadily, and the load at point c reaches the maxi- 
mum value of 3.11 kN. Then it enters the post-peak stage: 
the load drops approximately vertically from point c to 
point e, and the number of tension cracks increases sharply 
with extremely small displacements. Finally, a macro 
crack that penetrates the surface of the semi-disc is 
formed (see Fig.11). In addition, it is not difficult to 
find that the crack front is approximately linear during 
the entire progressive failure process. 

The meso-scale numerical model I fracture toughness 
test of CCNSCB is divided into three stages: the initiation 
of the cracked chevron notch tip (point a), the stable 
growth of the cracked chevron notch (points a–c) and 
the penetrating stage (points c–e). The rupture process 
of the CCNSCB numerical test is similar to the indoor 
test. The load for the crack initiation is 1.61 kN, which 
is located at the tip of the chevron notch. The cracks 
are all tensile cracks, which is about 10% of the total 
number of cracks at the peak. Subsequently, the tensile 
cracks steadily propagate upward along the chevron 
notch, and the cracks are also tensile cracks. The load 
at load point b is 1.80 kN, which is about 86% of the 

peak load. Afterwards, it enters the stage of unsteady 
propagation and penetration: the load at point c reaches 
the maximum value of 2.09 kN. Meanwhile, the length 
of the mesoscopic tension crack reaches the critical 
value. Unlike the SCB specimen, the load in the 
CCNSCB test decreases stepwise from point c to point 
e. The tensile cracks extend from the chevron notch to 
the surface of the semi-circular disc, and then the number 
of cracks increases sharply with a small displacement, 
which is about 15 times the total number of cracks at 
the peak. At point c, the cracks increase sharply as the 
load decreases, and finally a macroscopic crack that 
penetrates the surface of the semi-disc is formed. During 
the whole process (from point a to d), the front edge of 
the crack is basically curved, which is different from 
the theoretically- assumed straight-through crack[18–19]. 
The discrete element model reflects the heterogeneity of 
the specimen. 

The difference between CCNSCB and SCB tests is 
because different notch shapes correspond to different 
fracture mechanisms. The stress at the tip of the chev- 
ron notch is more concentrated than that of the straight 
notch, causing the bond at the tip to break first. When 
the crack extends to the root of the chevron notch, the 
length of the crack in space is the largest at this time 
and the stress is less concentrated than that at the tip of 
the chevron notch. The test requires a certain time step 
to intensify the stress concentration and cause the bond 
to break. Therefore, fluctuations can be observed in the 
load–displacement curve. The reason why the fracture 
toughness of CCNSCB specimens is generally higher 
than that of SCB specimens can also be explained from 
the perspective of numerical experiments. 

Figures 11(a) and 11(b) show that there is a single 
macroscopic crack in the loading direction of the SCB 
and CCNSCB specimens in the laboratory test and the 
thin black line indicates the macroscopic crack. The 
fracture specimens of the numerical test are shown in 
Figs.11(c) and 11(d) and the red disc represents the 
meso-crack. These two cracks are comparable, and a 
macro-crack can be witnessed in the loading direction. 
Although the meso-cracks of the FJM3D model are 
discrete, a single macro-crack can still be clearly distin- 
guished. 

In addition, the macroscopic cracks of SCB and 
CCNSCB specimens in the laboratory test are generally 
parallel to the loading direction, and different degrees 
of distortion can be observed in the local cracks in 
Figs. 12(a) and 12(b) (local display range: vL  10 mm). 
Figures 12(c) and 12(d) show the stereonet projection 
of cracks at the end of the load, indicating that the cracks 
are mostly concentrated at the edge of the sphere. All 
cracks are parallel or nearly parallel to the loading 
direction, which is basically consistent with the results 
of the laboratory test. 
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(a) SCB failure specimen in the laboratory test 

 

 
(b) CCNSCB failure specimen in the laboratory test  

 

 
(c) SCB failure specimen in the numerical test 

 

 
(d) CCNSCB failure specimen in the numerical test 

Fig. 11  Failure specimens from laboratory tests[8]  
and a FJM3D simulation 

 
4.3 Discussion on the tip stress state of mode I 
fracture toughness in numerical tests 

In order to analyze the failure process of the SCB 
numerical specimens, seven measurement circles used 
to record the average horizontal stress are added 
between the straight-through notch of the FJM3D 
numerical specimen and the top load. To compare with 
the finite element results, the length of the straight 
notch of the SCB numerical model used in the 
calculation is 0.3R, the minimum particle diameter is 
2.0 mm, the bond tensile strength is 20 MPa, and the 
other mesoscopic parameters are consistent with Table 1. 
Figure 13 shows the average horizontal stress–displace- 
ment curve and partially enlarged view of measurement 
circles 1–7. The horizontal stress of measurement 
circles 1 to 3 is tensile stress, and the horizontal stress 
of measurement circles 4 to 7 is compressive stress. 
Before the peak load, the horizontal stress increases 
with the increase of the load. When mesoscopic cracks 

appear at the tip of the straight notch, the stress of the 
measuring circle 1 drops suddenly, and it eventually 
approaches zero as the cracks increase. After the bond 
between particles in the measurement circle 1 is broken, 
the tip of the straight notch is extended correspondingly.  
The horizontal tensile stress in the measurement circle 
2 increases instantly, and the bond breaks beyond the 
cut-off condition of bond tension. Similar phenomena 
are witnessed in the measurement circle 3. Before the 
peak load, the horizontal stress of measurement circles 
4 and 5 basically does not change with the increase of 
the load. The tensile stress does not increase sharply 
until the mesoscopic crack penetrates to the vicinity of  

 

   
(a) SCB laboratory test      (b) CCNSCB laboratory test 

 

 
(c) SCB numerical test 

 

 
(d) CCNSCB numerical test 

Fig. 12  Mesoscopic crack of laboratory tests and stereonet 
projections of cracks in the numerical test  

at 50% post-peak stress 
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 (a) Load, stress–displacement curves 

 

 
 (b) Locally enlarged view 

Fig. 13  Horizontal stress–displacement curve  
in the SCB test 

 
these measurement circles after the peak. The horizontal 
compressive stress of measurement circles 6 and 7 is 
positively correlated with the load. When the crack 
penetrates to their attachment, the compressive stress 
is rapidly converted to tensile stress. The change and 
conversion of the stress at the tip well reflect the pro- 
gressive failure process of the numerical SCB specimens. 
The horizontal stress distribution of each measurement 
circle at the peak load is compared with the calculated 
result of the continuous method[7] in Fig.14. Compared 
with the continuous method, the FJM3D numerical 
model provides a new perspective for the calculation 
of mode I fracture toughness. It has the following 
advantages: (1) some stresses of the measurement 
circles near the upper loading plate are converted from 
compressive stress to tensile stress; (2) the stress dis- 
tribution and its discontinuous decrease can reflect the 
heterogeneity of the specimen. 

 

 
Fig. 14  Horizontal stress distributions from a FJM3D 

 and continuum method in literature[7] 

5  Conclusions 

The flat joint model (FJM3D) is used in this study 
to systematically and deeply analyze the influencing 
factors of the mode I fracture toughness SCB tests and 
CCNSCB tests. By matching the SCB test and CCNSCB 
test of the Kowloon granite, its meso-fracture process 
can be investigated. 

(1) A set of I-type fracture toughness test modeling 
method is developed. Multiple narrow bars are used, 
and the dividing wall is inserted to generate a semi- 
circular disc. The narrow wall is set up as the upper load- 
ing plate. Moreover, the straight-through notch and the 
cracked chevron notch are generated by DFN, which 
achieves smooth modeling and reduces the probability 
of model loading failure. 

(2) The conclusions of the influencing factors of the 
model I fracture toughness test in FJM3D are as follows: 
the mode I fracture toughness IcK  is positively correlated 
with the square root of average particle radius R , aver- 
age coordination number CN, and bond tensile strength 

b , and negatively correlated with maximum/minimum 
particle diameter max /d mind  and S-type element frac- 
tion s . There are no obvious linear relationships between 

IcK  and model resolution  , bond cohesion bc , friction 
coefficient  , friction angle . It is recommended that 
the model resolution should be kept above 11.8 and 
the maximum/ minimum particle diameter should be 
kept below 2 to obtain IcK with a small fluctuation. 

(3) The FJM3D model is well matched with the 
SCB laboratory test results of the Kowloon granite. It 
is also verified that the mode I fracture toughness of 
the CCNSCB test can be matched by adjusting the 
maximum/minimum particle diameter max min/d d . 

(4) By analyzing the crack propagation and horizontal 
stress distribution of the mode I fracture in SCB and 
CCNSCB tests, the failure mechanism of the semi-disc 
with different notch shapes is investigated. The crack 
initiation all happens at the tip of the notch, and the 
crack penetrates the upper loading plate along the load- 
ing radial direction. Additionally, the front edge of the 
crack in the SCB test is basically linear, while that in 
the CCNSCB test is basically curved. The conversion 
between the horizontal stress and the tensile stress of 
the semi-circular disc well reproduces the progressive 
failure mechanism of the semi-circular specimen in 
the three-point bending method. 
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