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Triple-shear failure criteria and experimental verification for unsaturated soils 
 
CHEN Hao1,  HU Xiao-rong1 
1. School of Civil Engineering and Architecture, Nanchang University, Nanchang, Jiangxi 330031, China 

 

Abstract: Based on the triple-shear failure criterion of materials and the mechanical properties of unsaturated soils, the triple-shear 

failure criteria of the single stress variable and the double stress variable for unsaturated soils are put forward, and their characteristics 

are analyzed. The results show that the existing failure criteria for unsaturated soils can be interpreted approximately with the new 

criteria by changing the influence coefficient b of the principal stress. For loci on the π plane, the failure criteria proposed in this 

paper cover all the convex regions from the inner boundary of the single-shear failure criterion to the outer boundary of the 

triple-shear failure criterion. Therefore, the new criteria are suitable for unsaturated soils under various complex stress states and can 

reflect the inequality in uniaxial tension and compression of the unsaturated soils. In addition, several true triaxial test results reported 

by other researchers are adopted to verify the proposed criteria. For the unsaturated clayey sands, the true triaxial test results were 

found in good agreement with the values predicted by the triple-shear failure criteria of the single stress variable and the double stress 

variable when the influence coefficient of the principal stress b=0.6, and the predicted values given by the double stress variable 

criterion are more consistent than that of the single stress variable criterion. For the unsaturated loess, true triaxial test values are also 

in good agreement with the values predicted by the triple-shear failure criteria when the influence coefficient of principal stress b=0.2, 

and the difference is smaller between the two kinds of triple-failure failure criteria than that of the clayey sands. 
Keywords: unsaturated soils; triple-shear failure criteria; single stress variable; double stress variable; experimental verifications 

 

1  Introduction 

The shear failure theory of unsaturated soils mainly 

includes the effective stress-based shear failure theory 

put forward by Bishop[1], the shear failure theory of 

double stress state variable proposed by Fredlund et al.[2], 

the theory of swelling pressure affecting the strength 

of unsaturated soils put forward by Lu et al.[3] and the 

shear failure theory of generalized hyperbolic suction 

of unsaturated soils put forward by Shen[4]. However, 

these failure criteria do not consider the effect of inter- 

mediate principal stress on the shear strength of unsaturated 

soils. The constitutive model of unsaturated soils established 

on the basis of spatial mobilized plane (SMP) criterion[5] 

considers the effect of intermediate principal stress on 

the strength of unsaturated soils, but the predicted results 

under triaxial extension are obviously not in agreement 

with the actual situation. Based on the new double- 

shear failure criterion by Mao-hong Yu, Zhang et al.[6] 

developed a new double-shear failure criterion for the 

true triaxial status of unsaturated soils. Although the 

criterion takes into account the influence of intermediate 

principal stress, it has the problem of the existence of 

double failure angles[7]. Through the flexible true triaxial 

test, the influence of intermediate principal stress on the 

strength of Shanghai fine sand under different influence 

coefficients of intermediate principal stress was analyzed 

by Hu et al.[8], and it was concluded that the strength 

characteristic of fine sand was closely related to the 

intermediate principal stress. By conducting the true 

triaxial drained shear test on Fujian standard sand, 

Zhang et al.[9] found that the density of sand during shear 

dilatancy changes with different intermediate principal 

stress coefficients, thus affecting the shear behavior of 

sand. Hu et al.[1011] put forward a triple-shear failure 

criterion which can fully reflect the geotechnical char- 

acteristics on the basis of dodecahedral elements. Based 

on this criterion, the triple-shear failure criteria for 

unsaturated soils with single stress variable and double 

stress variable are proposed in this paper, and their 

characteristics are analyzed. In addition, the proposed 

criterion is verified by the true triaxial test data.  

2  Triple-shear failure criterion for  
unsaturated soils 

The triple-shear failure criterion[12] is 
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where 1   is the maximum effective (net) principal 

stress; 2   is the intermediate effective (net) principal 

stress; 3   is the minimum effective (net) principal 

stress; c is the effective cohesion;   is the effective 

angle of internal friction; and b is the influence coe- 

fficient of the intermediate principal stress which should 

be obtained from the shear test of a specific soil, and 

the expression demonstrating its characteristic needs 

to be specifically studied. 

2.1 Failure criterion for unsaturated soils with  

single stress variable 

Based on Terzaghi's effective stress theory, Bishop 

proposed the effective stress of unsaturated soils with 

a single stress variable   , which can be expressed as 

follows: 

     a a w au u u u s                  (2) 

where 
a

u  is the pore air pressure; 
w

u  is the pore 

water pressure; au   is the effective normal stress; 

a wu u = s  is matrix suction; and   is the effective 

stress parameter, the value of which ranges from 0 to 1. 

It is dry soil when   is equal to 0 and it is saturated 

soil when   is equal to 1. 

Substituting Eq.(2) into Eq.(1) gives: 
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where 1 , 2 , 3  are the maximum principal stress, 

the intermediate principal stress and the minimum 

principal stress, respectively. 

In order to replace the principal stresses in Eq.(3) 

by other stress variables, the total stress space shown 

in Fig.1 is introduced. 

The following equations can be obtained from Fig.1, 

 
Fig. 1  Geometric space of principal stresses 
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where   is the normal distance from the stress point 
P to the origin;   is the normal distance from the 
stress point P to the isotropic stress axis; 

oct
  is the 

octahedral effective stress (net normal stress), expressed  

as oct a
3

u
    ; p  is the average effective principal  

stress; q  is the generalized shear stress; and   is the 
Lode angle. 

Substituting Eq.(4)into Eq.(3) yields: 
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2.2  Characteristic analysis of the failure criterion  
for unsaturated soils with a single stress variable 

The model characteristic analysis can be divided 
into the loci analysis and meridian analysis on the π 
plane. The yield locus of the new triple-shear failure 
criterion (Eq.(3)) on the π plane is shown in Fig.2, in 
which the effective stress parameter   is 0.5 for the 
analysis of unsaturated soil failure criterion. Figure 2(a) 
is the loci analysis diagram on the π plane with the 
variation of the intermediate principal stress influence 
coefficient b when the net normal stress oct 100 kPa    
and the matrix suction 50 kPas  . Figure 2(b) is the 
loci analysis diagram on the π plane with the variation 
of the matrix suction s when the net normal stress oct    
100 kPa and the intermediate principal stress influence 
coefficient 0.1b  . Figure 2(c) is the loci analysis 
diagram on the π plane with the variation of the net 
normal stress oct

  when the matrix suction 50 kPas   
and the intermediate principal stress influence coefficient 

0.1b  . Figure 2(d) is the loci analysis diagram on the 
π plane with the variation of the matrix suction s when 
the net normal stress oct 100 kPa    and the intermediate 
principal stress influence coefficient 0.6b  . Figure 
2(e) is the loci analysis diagram on the π plane with the 
variation of the net normal stress oct

  when the matrix 
suction 50 kPas   and the intermediate principal stress 
influence coefficient 0.6b  . 

 

  
(a) Variation of b value                      (b) Variation of s value (convex)                     (c) Variation of 

oct
   (convex) 

   
(d) Variation of s value (non-convex)                      (e) Variation of 

oct
   (non-convex) 

Fig. 2  Loci on the π plane of the triple-shear failure criterion of the single stress variable for unsaturated soils 
 

It can be seen from Fig.2(a) that the loci intersects 
at a point of 60° coordinate line, and there is a point at 

which one of the loci is tangent to the normal line of 
60° coordinate line. The influence coefficient of inter- 
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mediate principal stress of this loci is b0. When the 
value of b satisfies 00 b b≤ ≤ , the new triple-shear 
failure criterion produces the loci of a convex plane,  
otherwise it leads to the loci of a non-convex plane. The 

relation is shown as follows: 
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0 0.128b  can be calculated from Eq.(11). 
As can be seen from Fig.2, when either two of the 

net principal stress, matrix suction and the influence 
coefficients of intermediate principal stress are kept 
constant, the size of the loci plane increases with the 
increase of the remaining one. For example, in the loci 
with a varying influence coefficient of the intermediate 
principal stress, 0b   indicates the simple shear failure 
theory, and the size of the corresponding loci, i.e. the 
one based on the Mohr-Coulomb criterion, is the minimum; 

1b   indicates the triple-shear failure criterion, and 
the size of the corresponding loci is the largest; b 
being equal to other arbitrary values leads to the corre- 
sponding loci. Therefore, the loci of the triple-shear 
failure theory for unsaturated soil on π plane covers all 
the convex regions from the inner boundary representing 
the simple shear failure theory to the outer boundary 
representing the triple-shear failure criterion[13]. It also 
shows that the criterion is suitable for unsaturated soils 
under various complex stress states. 

When the matrix suction 50 kPas   and the principal 
stress influence coefficient b equals 0.1 and 0.6, respe- 
ctively, the meridian is drawn on the p -q plane according 
to Eq.(8), as shown in Fig.3. 

It can be seen from Fig.3 that the stress path of the 
new triple-shear strength of unsaturated soil in the 
p -q plane is a straight line that does not pass the 

origin, and the change of the principal stress influence 
coefficient b has an effect on the pure shear meridian 
( 30  o ). When 0 0.1b  , the pure shear meridian is 
close to that under conventional triaxial extension 
status( 60  o ); and when 0 0.6b  , the pure shear 
meridian is close to that under conventional triaxial 
compression status ( 0  o ). 
2.3  Failure criterion for unsaturated soils with  
double stress variables 

Fredlund et al.[14] adopted the double stress variables 
that consisted of net stress a( )iju   and matrix suction 

a w( ) iju u   as the characteristic stresses of unsaturated 
soils, in which the total cohesion of unsaturated soil is 
formed by combining the matrix suction as the adsorption 
cohesion s

c  and the saturated effective cohesion c  [15]. 
The three net principal stresses are written respectively 
as  

 

(a) b=0.1 

 
(b) b=0.6 

Fig. 3  Meridians of the triple-shear failure criterion of the 
single stress variable for unsaturated soils 
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Substituting Eq.(12) into Eq.(1) gives 
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Adopting various fundamental formulations may 
results in sc   a w wtanu u   , or   b

s a w tanc u u   , 
or sc   a w tanku u S  , etc., where w  is the volumetric 
water content; S is the degree of saturation; k is the 
fitting parameter; and b  is the suction angle. 

Substituting Eq.(4) into Eq.(13) leads to 
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2.4  Failure criterion for unsaturated soils with  
double stress variable 

Similar to the characteristics of the unsaturated soil 
failure criterion with the single stress variable, the yield 
locus of the new triple-shear failure criterion based on 
Eq.(13) on the π plane is shown in Fig.4. Figure 4(a) is 
the loci diagram on the π plane corresponding to the 
change of the influence coefficient of principal stress b 
when the net normal stress oct 100 kPa    and matrix 
suction 50 kPas  . Figure 4(b) is the loci diagram on 
the π plane corresponding to the change of matrix 
suction s when the net normal stress oct 100 kPa    and 
the influence coefficient of intermediate principal stress 

0.1b  . Figure 4(c) is the loci diagram on the π plane 
corresponding to the change of net normal stress oct   
when the matrix suction 50 kPas   and the intermediate 
principal stress influence coefficient 0.1b  . Figure 4(d) 
is the loci diagram on the π plane corresponding to the 

 

  
(a) Variation of b value                      (b) Variation of s value (convex)                   (c) Variation of 

oct
   (convex) 

   
(d) Variation of s value (non-convex)                      (e) Variation of 

oct
   (non-convex) 

Fig. 4  Loci on the π plane of the triple-shear failure criterion of the double stress variable for unsaturated soils 
 
change of matrix suction s when the net normal stress 
influence coefficient 0.6b  . Figure 4(e) is the loci 

diagram on the π plane corresponding to the change of 
net normal stress oct   when the matrix suction s=50 kPa 
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and the medium principal stress influence coefficient 
0.6b  . The influence coefficient of principal stress b0 

at the boundary loci is equal to 0.128 as calculated by 
Eq.(11). 

When the matrix suction s=50 kPa and the intermediate 
principal stress influence coefficient is equals 0.1 and 
0.6, respectively, the meridian is plotted on the p q 
plane according to the Eq.(17), as shown in Fig.5. 

It can be seen from Fig.5 that the meridian charac- 
teristics of the failure criterion for unsaturated soils 
with the double stress variable is basically similar to those 
for unsaturated soils with the single stress variable, 
however, according to the specific numerical analysis, 
the longitudinal and transverse intersections are increased 
on the p q plane. 
 

 
(a) b=0.1 

 
(b) b=0.6 

Fig. 5  Meridians of the triple-shear failure criterion of the 
double stress variable for unsaturated soils 

 

3  Verification of the failure criterion by true 
triaxial test results of unsaturated soils 

The theoretical verification includes two types: verifi- 
cation by laboratory tests and verification by results in 
the literature. In order to ensure the verification is objective 
and convincing, this paper uses the results in the literature 
in the verification. 
3.1 Verification by using flexible true triaxial test 
results of unsaturated clay sand (SP-SC) 

Hoyos et al.[16] carried out flexible true triaxial tests 

using compacted clay sand (SP-SC). In their tests, dry 
weight d =15.344 kN/m3, effective cohesion 0 kPac  , 
effective internal friction angle 33  o , and different 
matrix suctions (50, 100 and 200 kPa) corresponded to 
different cohesions (26.0, 34.7 and 52.5 kPa) were emp- 
loyed. The test procedures included 8 fully drained static 
compression tests (HC), 6 fully drained conventional 
triaxial tests (CTC), 6 fully drained triaxial compression 
tests (TC), 3 fully drained triaxial tensile tests (TE) and 
3 fully drained direct shear tests (SS). The predictions 
of the triple-shear failure criterion for unsaturated soil 
proposed in this paper is compared with the experimental 
results, as shown in Figs.68. As the reference[16] did 
not give the value of the effective stress parameter  , 
this value with the single stress variable was calculated 
based on the experimental data as approximately 0.5. 

 

 
Fig. 6  Comparisons between the new triple-shear failure 

criteria and flexible true triaxial shear test results 
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based on the unsaturated soil strength theory will 
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using the triple-shear failure criterion for unsaturated 
soils with the single stress variable and the experimental 
results is relatively larger, but the same evolution behavior 
is observed for both, which demonstrates the rationality 
of the criterion to a certain extent. 

When the matrix suction 50 kPas   and the Lode 
angle  =0° are employed, the predicted values using 
the triple shear failure criterion with the double and 
single stress variable on the p q plane are compared 
with the experimental data, respectively, as shown in 
Fig.7. 
 

 
Fig. 7  Meridian validations with the true triaxial  

shear test results 

 
As can be seen from Fig.7, the experimental data are 

basically consistent with the predicted values using the 
triple-shear failure criterion under double stress variable 
condition, which verifies its correctness. Although it is 
also different from the predicted value of the triple-shear 
failure criterion with the single stress variable, the overall 
trend is still the same. 

The triple-shear failure criterion for unsaturated 
soils proposed in this paper is compared with the Tresca 
criterion, Drucker-Prager criterion, Mohr-Coulomb criterion, 
Matsuoka-Nakai criterion and Lade-Duncan criterion 
listed in the references[1718], as shown in Fig.8. 

 

 
Fig. 8  Comparisons between the triple-shear failure criteria 

and the other failure criteria 

It is concluded from the diagram that: (1) The loci 

of the new triple-shear failure criterion for unsaturated 

soils is between the loci of Mohr-Coulomb failure criterion 

and the loci of outer circle Drucker-Prager failure criterion. 

According to the verification in the above literature, the 

predicted values by the outer circle Drucker-Prager failure 

criterion is overestimated, while that by the Mohr-Coulomb 

failure criterion is underestimated, indicating that neither 

of them can well model the strength characteristics of 

unsaturated soils, which is also shown in the literature[1920]. 

(2) When the influence coefficient of intermediate pri- 

ncipal stress 0.6b   is adopted, the corresponding loci 

of the triple-shear failure criterion for unsaturated soils 

is close to the loci of the Lade-Duncan failure criterion, 

and when the influence coefficient of intermediate 

principal stress 0.2b  , the corresponding loci of the 

triple-shear failure criterion is close to that of the 

Matsuoka-Nakai failure criterion, which indicates that 

other criteria can be approximately represented by the 

triple-shear failure criterion. 

3.2 Verification of the failure criterion by mixed  

rigid-flexible true triaxial tests of unsaturated loess 

Wang[21] carried out mixed rigid-flexible true triaxial 

tests on unsaturated loess. In the tests, the effective 

saturated cohesion 5.3 kPac   and the effective internal 

friction angle of the soil   27.9° were measured. 

When the matrix suction s was 100 kPa, the corresponding 

cohesion was determined as 48.3 kPa. Meanwhile, through 

the shear failure test of unsaturated soils, the corresponding 

effective stress parameter was derived as 0.91 [21]. 

Figure 9 shows the comparison between the predicted 

values by the triple-shear failure criterion with both 

double stress variable and single stress variable and the 

experimental data when the matrix suction of s=100 kPa, 

the influence coefficient of intermediate principal stress 

of 0.2b  , the net principal stress of 100, 200 and   

300 kPa, respectively, and the Lode angles of 0°, 30° 

and 60°, respectively, were adopted. 

It can be seen from the diagram that the test data are 

in good agreement with the predicted values, validating 

the triple-shear failure criterion for unsaturated soils. 

In addition, with the increase of net principal stress, the 

loci of triple-shear failure criterion of unsaturated soils 

expands, and the predicted values by the triple-shear 

failure criterion with both the double stress variable 

and the single stress variable basically coincide under 

the same condition. 
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Fig. 9  Comparisons between the new triple-shear failure 
criteria and rigid-flexible true triaxial shear test results 

 
When the matrix suction s=100 kPa and the influence 

coefficient of intermediate principal stress 0.2b  are 
employed, the predicted values by the triple-shear failure 
criterion with both the double stress variable and the 
single stress variable are compared with the experimental 
data on the p q plane, and the results are shown in 
Fig.10. 

 

 
(a) With the double stress variable 

 
(b) With the single stress variable 

Fig. 10  Meridian validation with the true triaxial  
shear test results 

 

It can be seen from the diagram that the meridians 
of the triple-shear failure criterion with both the double 
stress variable and the single stress variable on the p q 

plane are basically in agreement with the experimental 
data. Therefore, the robustness of the triple-shear failure 
criterion for unsaturated soils can be verified. 

4  Conclusion 

Based on the triple-shear failure criterion, the triple- 
shear failure criteria for unsaturated soils with both the 
double stress variable and the single stress variable are 
proposed. The criterion takes the dodecahedron as the 
geometric model and considers the joint action of the 
three principal shear plane stress pairs. A simple exp- 
ression is adopted which avoids the problem of the 
existence of the double failure angles in the unified 
double shear strength criterion. 

The loci of the triple-shear failure criteria for unsaturated 
soils covers all the convex regions from the simple shear 
failure theory of the inner boundary to the triple-shear 
failure criterion of the outer boundary, which shows that 
the criterion is suitable for unsaturated soils under various 
complex stress states and can model the characteristics 
of uniaxial tension and compression of unsaturated soils. 

The true triaxial test results of unsaturated clay sand 
is in good agreement with the predicted values by the 
triple-shear failure criterion when the influence coefficient 
of medium principal stress 0.6b   is adopted. The true 
triaxial test results of unsaturated loess is in good agree- 
ment with the predicted value by the triple-shear failure 
criterion when the influence coefficient of intermediate 
principal stress 0.2b   is used. The applicability of the 
triple-shear failure criterion for unsaturated soils is 
validated. In addition, the predicted values of unsaturated 
clay sand with the double stress variable are in a better 
agreement with the experimental values than those with 
the single stress variable, while difference in the predicted 
values with both the double stress variable and the 
single variable are small for unsaturated loess. Moreover, 
the approach with the single stress variable can directly 
use    to analyze the deformation and strength of 
unsaturated soils, which is simple and convenient. The 
approach with the double stress variable uses two inde- 
pendent variables, which can comprehensively characterize 
the mechanical features of unsaturated soil, although it 
is relatively more complex in calculating the deformation 
of unsaturated soils. 

The predicted values by triple-shear failure criterion 
for unsaturated clay sand with the double stress variable 
is compared with those by other strength criteria. Drucker- 
Prager failure criterion and Mohr-Coulomb failure 
criterion cannot well reflect the strength characteristics 
of unsaturated soils. However, when the triple-shear 
failure criterion adopts 0.2 and 0.6 for the influence 
coefficient of intermediate principal stress, the predicted 
values are very close to those by the Lade-Duncan criterion 
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and Matsuoka-Nakai criterion respectively, and can 
well reflect the strength characteristics of unsaturated 
soils. Therefore, the triple-shear failure criterion can 
approximately represent other failure criteria. 
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