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Effective stress yielding behavior of unsaturated loess under true triaxial 
conditions 
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1. School of Civil Engineering，Henan Polytechnic University, Jiaozuo, Henan 454000, China 

2. Capital Construction Department, Henan Polytechnic University, Jiaozuo, Henan 454000, China 

 

Abstract: To study yield characteristics of unsaturated loess in the effective stress space, a series of undrained isotropic net stress 

compression consolidation and shear tests with different intermediate principal stress parameters b is conducted on unsaturated intact 

loess by using true triaxial apparatus. The effective stress yielding behaviors of unsaturated loess under true triaxial compression 

conditions are studied. The results show that the effective stress ratio decreases with an increase in intermediate principal stress or net 

confining pressure, and the effect of intermediate principal stress on effective spherical stress is greater than on the generalized shear 

stress. The yield curves determined by the effective stress ratio-volume strain curves have good regularity in the effective stress space, 

the effective yield stress at yield point increases with an increase in intermediate principal stress and initial suction. The effective 

stress yield strength surfaces and the strength failure surfaces on the π plane are in good agreement with the SMP strength criterion. 
As the effective spherical stress and initial suction are larger, the yield strength surface and strength failure surface are more larger. 
The equations of elastic shear strain and plastic shear strain under true triaxial conditions are proposed. By analyzing the relationship 

between effective stress and plastic strain, it is concluded that the plastic potential surfaces on different meridian planes in the 

effective stress space are elliptical, and the elliptical yield surface increases with an increase in intermediate principal stress. 
Keywords: unsaturated intact loess; effective stress; yield; plastic potential surface 
 

1  Introduction 

Unsaturated soils are composed of solid, liquid and gas 

phases, and their properties are more complex than saturated 

soils. Unsaturated soils are widely used in engineering, thus 

many scholars have done a great deal of researches on their 

mechanical properties. Effective stress research is the basis and 

premise for  studies on mechanical properties of unsaturated 

soils. Especially after Terzaghi[1] put forward the effective stress 

formula of saturated soil and the successful applications of 

effective stress principle, effective stress has received 

widespread attention from scholars both domestic and abroad 
[2–11]. Based on the effective stress concept of saturated soil, 

Bishop[2] put forward the effective stress formula of unsaturated 

soil, which is a formula of single stress variable. It has the 

advantages of simple formula and easy to grasp, and has been 

widely applied in engineering field. Jennings et al.[3] found that 

all the samples exhibited characteristics of collapsibility in the 

wetting process  (i.e., the stage of suction reduction), through 

the consolidation experiment of unsaturated soil. However, the 

calculation of single stress variable effective stress formula 

proposed by Bishop[2] would obtain the result of expansion, 

which was obviously not consistent with the fact. Therefore, 

Jennings et al.[3] questioned the effective stress of single stress 

variable, that it could not describe the collapsibility 

phenomenon of unsaturated soil in the humidification process. 

Thus, Coleman[4], Bishop et al.[5–6] proposed two independent 

stress variables of net stress and matric suction to describe the 

strength and deformation of unsaturated soils. Fredlund et al.[7] 

verified the validity of double stress variables by zero position 

tests. Since then, the double stress variables have developed 

rapidly and been dominant in the study of unsaturated soil 

mechanics for a long time. However, Wheeler et al.[8] pointed 

out that the properties of unsaturated soil are not only affected 

by the net stress and matric suction, but also other factors such 

as the degree of saturation. Even though the net stress, matric 

suction and void ratio are the same, the mechanical properties 

of soils with different degrees of saturation and the interaction 

between soil particles (the so-called effective stress) are 

different. This shows that the strength and deformation of 

unsaturated soil cannot be determined by using only two 

independent stress variables. Subsequently Bolzon et al.[9] 

replaced the Bishop effective stress parameter  with the degree 

of saturation Sr from the perspective of soil mechanics, and 

defined the effective average stress (i.e. the average soil 

skeleton stress) of unsaturated soil as:   
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rp p S s                                        （1） 

where p is the net mean stress; Sr is the saturation; s is the 

suction.  

Miao[10] established a constitutive model of unsaturated soil 

according to the effective stress Eq. (1) proposed by Bolzon et 

al.[9]. Sun [11] used Eq. (1) to represent the average soil skeleton 

stress and established the constitutive model of unsaturated soil 

by comprehensively considering the two stress variables and 

degree of saturation. Chen et al.[12] used Eq. (1) to express the 

effective mean stress, and studied the critical state 

characteristics of undisturbed loess in the p′-q and e-lnp' planes 

under conventional triaxial shear condition. The above results 

[10–12] are all based on the conventional triaxial stress conditions, 

without considering the influence of intermediate principal 

stress on soil strength and deformation. At present, there are 

few true triaxial test reports on the change law of effective 

stress yield conditions of unsaturated loess. The stress on the 

soil skeleton directly affects the deformation and strength of 

soil. Therefore, based on the effective stress Eq. (1) proposed 

by Bolzon et al. [9], this paper studied the change laws of the 

effective stress yield of unsaturated intact loess. Utilizing true 

triaxial apparatus, the effect of intermediate principal stress on 

the effective stress and yield characteristics of the unsaturated 

loess are discussed. And some theoretical basis are provided for 

the development of effective stress for unsaturated soil. 

2  Test apparatus and methods 

2.1  Test apparatus 

The test apparatus adopted the true triaxial apparatus of 

Xi'an University of Technology, which can independently apply 

three-dimensional principal stresses to the specimen and 

measure the three-dimensional strains and volumetric strain. 

The true triaxial instrument was modified to meet the 

requirements of unsaturated soil test. Pore gas pressure 

controlling and measuring devices were added at the connecting 

position of the sample cap, so that air pressure could be 

uniformly applied to the sample. Clay plate was added to the 

pressure chamber base, which allowed water to pass but not gas 

when saturated. A high-precision sensor was connected to the 

base of the instrument for measuring the pore water pressure of 

the sample. The matric suction was the applied air pressure 

minus the measured pore water pressure . The details of 

instrument structure were described in the literature [13–15]. 

2.2  Sample preparation and test methods 

The test samples are Q3 undisturbed loess in Xi'an, Shaanxi 

province of China. Samples are from 8 m below the surface. 

The basic physical properties of the sample are listed in Table 1. 

The soil sample is cut into 7 cm×7 cm×14 cm according to the 

preparation method of intact sample. In accordance with the 

geotechnical testing rules, four different moisture contents are 

prepared at 12.8%, 16.1%, 17.8% and 20.3%. The 

corresponding initial suction s0 under stress-free conditions are 

455 kPa, 170 kPa, 92 kPa and 46 kPa, respectively. 

During the test, the drainage valve on the base of the 

instrument is always closed and set to undrained condition. 

During the consolidation process, the net confining pressure σ3 

are 50kPa, 100kPa, 200kPa and 300kPa, respectively. The 

method of strain loading is adopted in the shear test and the 

intermediate principal stress parameter b (b = 0, 0.25, 0.5, 0.75, 

1) is a constant. Which is, when the net confining pressure is 

constant, the shear tests with five different intermediate 

principal stress parameter b values are carried out, respectively. 

The shear rate is 0.005mm/min. Specific loading and test 

methods are described in the literature [14–15]. 

 

Table 1  Physical properties of specimen 

Relative 
density, sG

Moisture 
content, 0w

/ % 

Dry density 

d  

/ (g·cm3) 

Void 
ratio, 0e  

Liquid 
limit, Lw

/ % 

Plastic 
limit, Pw

/ % 

2.7 16.1 1.345 1.007 31.67 20.91 

3  Analysis of test results 

3.1  Effective stress-strain relationship of unsaturated soil 

3.1.1 The relationship between effective stress ratio and 

generalized shear strain 

The expression of generalized shear stress q is as follows: 

2 2 2
1 2 2 3 3 1

1
( ) ( ) ( )

2
q                       （2） 

Figure 1 shows the (q/p') - εs relationship curves between 

effective stress ratio (q/p') and generalized shear strain εs of 

unsaturated intact loess with initial suction s0 = 170 kPa. When 

the net confining pressure σ3 is constant, the effective stress 

ratios at different b values all increase with the increase of 

generalized shear strain. The (q/p') – εs curves show a 

downward trend with the increase of b value, that is when εs is 

constant, the effective stress ratio reduces with the increase of b 

value. This indicates that the effect of intermediate principal 

stress increase on the effective spherical stress is greater than 

that of generalized shear stress. Meanwhile, by comparing  

Figs. 1 (a)–(d), it can be seen that the effective stress ratio 

decreases with increasing net confining pressure. 
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     (a) 3  50 kPa 

 

 
      (b) 3  100 kPa 

 

 
      (c) 3  200 kPa 

 

 
     (d) 3  300 kPa 

Fig.1  q/p′- s  relationship curves 

 

3.1.2 The relationship between effective stress ratio and 

volumetric strain 

Figure 2 shows the εv–lg(q/p ′) curves, which are 

relationship between effective stress ratio and volumetric strain 

under true triaxial shear for unsaturated intact loess (s0 = 170 

kPa). When the net confining pressure σ3 is constant, the 

εv–lg(q/p′) curve moves upward to the left with the increase of b 

value, which demonstrates that when lg(q/p') is constant, the 

volumetric strain of soil increases with increasing b value. By 

comparing Figs.2 (a)–(d), the volumetric strain of soil increases 

with increasing σ3. Meanwhile, according to the method of 

Chen[16], the yield point of effective stress space can be 

determined by the intersection point of two straight lines on the 

εv–lg(q/p′) curve, and the stresses (q'y, p'y) of yield point are the 

yield stresses, as shown in Fig.2. When σ3 is constant, the yield 

point moves towards the upper left side with increasing b value.  

 

 
(a) 3  50 kPa 

 

 
(b) 3  100 kPa 

 

 
(c) 3  200 kPa  

 

 
(d) 3  300 kPa 

Fig.2  v -lg(q/p′) relationship curves 
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Which is, εv increases and lg(q/p') decreases, indicating that the 

increase of b value has greater influence on the effective 

spherical stress than on the generalized shear stress. 

3.2  Change of effective stress shear yield strength 

3.2.1 Relationship between the generalized shear stress and 

average effective spherical stress in the shear yield state  

According to the method shown in Fig.2, the yield stress 

(q'y, p'y) of yield point in the effective stress space for 

unsaturated intact loess can be determined. Figure 3 shows the 

p'-q relationship curves between generalized shear stress and 

average effective spherical stress at the shear yield state for 

unsaturated undisturbed loess. As can be seen from Fig.3: 

Under true triaxial shear condition, the p'-q curves between 

generalized shear stress and average effective spherical stress in 

the shear yield state are all in curvilinear pattern, this is due to 

the destruction of original soil structure with the increase of 

effective spherical stress, and the yield shear stress of soil is 

reduced [14].  

By comparing Fig.3 (a) and (b), the effective yield stress 

(q'y, p'y) of the soil rises with the increase of b value. It draws 

the conclusion that effective yield stress of unsaturated soil is 

related to the intermediate principal stress. This is because on 

the one hand , the compression strength of the soil is 

strengthened with the increase of b value, hence the ability to 

resist the deformation of the soil is strengthened. On the other 

hand, the vertical structure of the soil is enhanced, so the 

effective yield stress of the soil is greater [14].  

 

 
      (a) b=0 

 

 
     (b) b=0.25 

Fig.3  Yield curves in the p′-q plane under  
true tri-axial shear  

When the b value is constant, the effective yield stresses 

exhibited by the yield curves rise with increase of initial suction 

s0, which indicates that the yield effective spherical stress and 

yield shear stress increase with the increase of s0 under true 

triaxial shear condition. This is because the larger the s0, the 

smaller the water content, the stronger the structure and better 

capacity to withstand higher compression and shear. In addition, 

the effect of suction can improve the structural stability of soil 

skeleton [14,17–23].  

From the above analysis, it can be seen that the shear 

shrinkage yield curves determined by the curves between 

effective stress ratio and volumetric strain under true triaxial 

shear have good regularity in the effective stress space. The 

effective yield stress of yield point increases with increasing 

intermediate principal stress and initial suction. When the b 

value is constant, the yield curve tends to expand outward with 

the increase of initial suction. 

3.2.2 Variation of shear shrinkage yield strength of effective 

stress on the π plane 

Figure 4 shows the effective stress yield strength surfaces 

on the π plane, where the hollow points are test points and the 

solid lines are theoretical lines. It can be seen from Fig.4 that 

the effective stress yield strength surfaces of unsaturated intact 

loess are similar in shape on the π plane, and can be 

approximately fitted by the SMP strength criterion. It can be 

seen from Figs.4(a) and (b) that when the initial suction is 

constant, the yield strength surface of soil tends to expand 

outward with the increase of the effective spherical stress, 

indicating that the larger the effective spherical stress, the 

greater the yield strength. As shown in Fig.4 (c), when the 

effective spherical stress is constant, the yield strength surface 

of soil tends to expand outwards with increase of initial suction, 

indicating that the larger the initial suction, the greater the yield 

strength. Figure 4(d) shows the yield strength surfaces of each 

strength criterion on the π plane when s0 = 455 kPa, p′ = 400 

kPa. It can be seen that the yield strength based on different 

strength criteria in the descending order are Mises criterion, 

Treasa criterion, SMP criterion and Mohr-Coulomb criterion. 

The test points in this paper are coincident with SMP strength 

criterion, which shows that SMP strength criterion can well 

describe the yield strength of unsaturated intact loess at 

different intermediate principal stress ratios under true triaxial 

condition. Matsuoka studied the strength criterion on SMP, 

which can consider the influence of intermediate principal 

stress on the soil strength[24]. It is connected to six corners of 

Mohr-Coulomb criterion on the π plane. Treasa criterion has no 

relation with hydrostatic pressure. It is not suitable for the soil 

materials with frictional property, and does not consider the 

effect of intermediate principal stress. It is a regular hexagon on 
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the π plane. Mises criterion is a constant distortion energy 

theory, which has no relation with hydrostatic pressure. It 

cannot describe the change of soil strength with Lode angle, 

and appears as circumcircle of Treasa criterion on π plane. 

Mohr–Coulomb criterion does not consider the influence of 

intermediate principal stress, and there are singular points on 

the failure surface, which is difficult to deal with in the 

numerical analysis. It is a hexagon with unequal angle on π 

plane. 
 

 
(a) s0=455 kPa 

 

 
(b) s0=170 kPa 

 

 
(c) p′=100 kPa 

 

                
(d) s0=455 kPa, p′=400 kPa 

Fig.4  The effective stress yield strength line of π plane 

3.3  Variation of shear failure strength of effective stress 

3.3.1 Relationship between the generalized shear stress and the 

average effective spherical stress in shear failure state  

Figure 5 shows the failure state line of unsaturated intact 

loess on the p'-q plane under different b values. It can be seen 

that when the b value is constant, the test points of unsaturated 

intact loess with different initial suctions are all in a narrow 

distribution band on the p'-q plane, and can be approximated to 

a straight line passing the origin. In reference [25], when b = 0, 

the failure state line on the p'–q plane is also a straight line 

passing through the origin. Therefore, under different b values, 

the failure state line of unsaturated intact loess on the effective 

stress p'–q plane can be approximated to a straight line past the 

origin. At the same time, by comparing Figs.5(a) with (b), it is 

found that the effective spherical stress and the failure strength 

of soil increase correspondingly with the increase of 

intermediate principal stress. 

 

 
     (a) b=0 

 

 
    (b) b=0.25 

Fig.5  The damage state line of p′-q plane 

 
3.3.2 Variation of shear failure strength of effective stress on π 

plane 

Figure 6 shows the effective stress strength failure surfaces 

on the π plane, where the hollow points are test points and the 

solid lines are theoretical lines. It can be seen from Fig.6 that 

the effective stress strength failure surfaces of unsaturated intact 

loess on the π plane are similar in shape, which can be 

approximately fitted by the SMP strength criterion. When the 

initial suction is constant, the effective stress strength failure 
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surface of soil tends to expand outward with the increase of 

effective spherical stress, indicating that the larger the effective 

spherical stress, the greater the strength failure surface. By 

comparing  Fig.6 (a) and (b), it is indicated that when the 

initial suction is greater, the effective stress strength failure 

surface of soil is larger. Meanwhile, as shown in Fig.6 (c), 

when the effective spherical stress is constant, the effective 

stress strength failure surface of soil tends to expand outward 

with the increase of the initial suction, indicating that the 

greater the initial suction, the larger the effective stress strength 

failure surface. 

 

 
(a) 0s  455 kPa 

 

 
(b) s0=170 kPa 

 

 
(c) p′=100 kPa 

Fig.6  The effective stress strength failure surface  
on π plane 

3.4  The law of shear yield hardening in different meridian 

planes of effective stress space 

Huang et al.[26–27] believed that the yield surface of soil 

should not be assumed, and the plastic potential function should 

be directly determined by specific experimental data. The 

appropriate hardening parameter should be chosen to make the 

yield function and plastic potential function equal, so as to 

satisfy the associated flow rule, thus the elastoplastic 

constitutive model of soil is established. In this paper, the 

determining methods for yield function and plastic potential 

function in effective stress space are as follows: The elastic 

strain and plastic strain were separated from the test curve by 

conventional triaxial test and isotropic compression test. 

Assuming that pure shear does not cause elastic volumetric  

strain e
v , that is, the elastic volumetric strain increment e

vd is 

caused by effective spherical stress increment dp . And then, 

the elastic volumetric strain e
v  can be obtained from the 

unloading section of the relation curve v – ln p  by isotropic 

compression tests, that is 

e
v

0 0

ln
1

xp

e p







                                  （3） 

where κ is the slope of the curve of the rebound and reloading 

section; xp  is the effective spherical stress applied; 0p  is the 

effective spherical stress corresponding to the initial void ratio. 

At the same time, the plastic volumetric strain p
v  and plastic 

shear strain p
s  can be obtained as follows: 

p e
v v v                                          （4） 

p p
s 1 v

1

3
                                        （5） 

The Eq. (5) is suitable for the case of intermediate principal 

stress parameter b=0. When b≠0, the elastic shear strain e
s  

can be obtained by the generalized Hooke's law: 

e
s

2(1 )

3
q

E

 
                                    （6） 

where 
1

3(1 2 )
e

E p

   ； is the Poisson’s ratio,   0.3. 

In this paper,   0.007. 

Then, when 0b  , the plastic shear strain p
s is 

p e
s s s                                          （7） 

Figure7 shows the p– p
v and q– p

s relation curves of 

unsaturated intact loess (s0=170 kPa) under different b values. It 

can be seen that the p - p
v relation curve rises with the 

increase of net confining pressure, indicating that when p
v is 

constant, effective spherical stress increases with the increase of 

net confining pressure. By comparing Figs.7 (a)–(d), it can be 
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seen that with the increase of b value, both the effective 

spherical stress and the plastic volumetric strain rise 

correspondingly. At the same time, the curve of q – p
s relation 

is approximately hardening curve when the value of b is 

constant, and the generalized shear stress of soil increases with 

the increase of net confining pressure and b value. 

 

 
       (a) p – p

v curves at b=0 

 

 
      (b) q – p

s curves at b=0 

 

 
     (c) p – p

v curves at b=0.25 

 

 
      (c) q – p

s curves at b=0.25 

Fig.7  p′- p
v and q- p

s relationship curves 

The obtained plastic volumetric strain and plastic shear 

strain are plotted on the p′-q plane, and then the strength line is 

constructed on the p′-q plane. Figure 8 shows the yield surfaces 

of unsaturated intact loess (s0=170 kPa) in effective stress space 

under different b values. In this paper, the plastic volumetric 

strain is taken as the hardening parameter, the p
v  axis and the 

p
s  axis are coincident with the p' axis and the q axis, 

respectively. The any point M（p′，q）of p'-q plane is represented 

by vectors p
v  and p

s , which can be synthetized to obtain the 

direction of plastic strain increment, such as the direction of 

small arrowheads in Fig.8. The streamline clusters in Fig.8 can 

be drawn in the direction of connecting the points. Finally, the 

lines orthogonal to the streamline clusters are made, that is, the 

locus of plastic potential line are obtained. It can be seen from 

Fig.8, the plastic potential locus in the effective stress space 

under different b values are ellipses orthogonal to the p′ axis, 

which is consistent with the conclusion that the plastic potential 

locus in the effective stress space is an ellipse under 

conventional triaxial condition (i.e.b=0)[10–11]. However, by 

comparing Figs. 8 (a)–(e), it can be seen that the elliptical yield 

surface increases with increasing b value. The results show that 

intermediate principal stress has an effect on the unsaturated 

loess yield surface in the effective stress space. The larger the 

intermediate principal stress is, the larger the elliptical yield 

surface is. 
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    (b) b=0.25 
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    (c) b=0.5 

 

 
   (d) b=0.75 

 

 
    (e) b=1 

Fig.8  The plastic potential lines of intact loess  
for 0s  170 kPa 

4  Conclusions 

(1) The effective stress ratio of unsaturated soil reduces 

with the increase of net confining pressure or intermediate 

principal stress. When the net confining pressure is constant, 

the effective stress ratio rises with the increase of generalized 

shear strain under different intermediate principal stress 

condition. The effect of intermediate principal stress on the 

effective spherical stress is greater than that of the generalized 

shear stress. 

(2) The shear shrinkage yield curves determined by the 

curves between effective stress ratio and volumetric strain 

under true triaxial shear have good regularity in the effective 

stress space. The effective yield stress of yield point increases 

with increase of intermediate principal stress and initial suction. 

When the b value is constant, the yield curve tends to expand 

outward with the increase of initial suction. 

(3) The effective stress yield strength surface and strength 

failure surface of unsaturated intact loess on the π plane reflect 

the effect of intermediate principal stress on soil strength well. 

It is coincident with SMP strength criterion. The greater the 

effective spherical stress and initial suction, the larger the yield 

strength surface and the strength failure surface. 

(4) Under true triaxial condition of different intermediate 

principal stresses, the failure state line of unsaturated intact 

loess on the effective stress p′-q plane is approximately a 

straight line passing through the origin. With increasing 

intermediate principal stress, the effective spherical stress and 

the soil failure strength increase correspondingly.  

(5) The formulas of elastic shear strain and plastic shear 

strain are put forward under true triaxial condition. The plastic 

volumetric strain of unsaturated intact loess increases with 

increasing intermediate principal stress. Under different 

intermediate principal stress condition, the q- p
s relation curve 

is approximately hardening curve. By analyzing the relationship 

between true triaxial stress and plastic strain, it is found that the 

plastic potential surface in different meridional planes in the 

effective stress space is elliptical, and the elliptical yield surface 

enlarges with the increase of intermediate principal stress. 
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